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Abstract

In thispaperwedescribenew methodsof denoisingimageswhichcombinewaveletshrinkagewith
propertiesrelatedto the statisticsof quad-treesof wavelet transformvaluesfor naturalimages.
They arecalledTree-AdaptedWavelet Shrinkage(TAWS) methods.The shift-averagedversion
of TAWS producesdenoisingswhich arecomparableto stateof the art denoisingmethods,such
ascycle-spinthresholdingand the cycle-spinversionof the HiddenMarkov Treemethod. The
non-shiftaveragedversionof TAWS is superiorto theclassicwaveletshrinkagemethod,and�ts
naturally into a signalcompressionalgorithm. TheseTAWS methodsbearsomerelation to the
recentlyproposedHiddenMarkov Treemethods,but aredeterministicratherthanprobabilistic.
They mayproveusefulin settingswherespeedis critical and/orsignalcompressionis needed.

Keywords: imagedenoising;wavelettransform;signalprocessing.

1 Intr oduction

This paperdescribesa new methodof denoisingimagescalled TAWS (Tree-AdaptedWavelet
Shrinkage).TheTAWSmethodis amodi�cation of waveletshrinkage,baseduponadeterministic
selectionprocedurefor distinguishingimagedominatedwavelettransformvaluesfrom noisedom-
inatedtransformvalues.Thisselectionprocedureis adaptedfrom anew imagecompressionalgo-
rithm describedin [1]. TheTAWSalgorithmis only slightly morecomplex thanwavelet-shrinkage
[2], yet yieldssuperiordenoisings.It hasa shift-averagedversionwhich yields denoisingscom-
parableor superiorto stateof the art denoisingmethodssuchascycle-spinthresholding[3] and
uHMT-spin[4].

Thepaperis organizedasfollows. In section2, we describetheTAWS method.This section
begins with a brief summaryof the compressionmethodfrom which TAWS is derived. Under-
standingtherationalebehindthiscompressiontechniquehelpsin understandinghow TAWScom-
batstheringing artifactsthatwaveletshrinkagesuffers from. It alsohelpsin understandinghow
TAWS dynamicallyadaptsthesizesof thresholdsin relationto speci�c imagefeatures.In section
3, we reporton denoisingsof test images.A comparisonof TAWS with variousstateof the art
denoisingmethodsis donein thissection.Thepaperconcludesin section4 with abrief discussion
of futurework.

2 The TAWS Method

TheTAWS denoisingmethodis built uponthe ideasinvolvedin a new lossyimagecodeccalled
Adaptively ScannedWaveletDif ferenceReduction(ASWDR),which is describedin [1]. Hereis
asummaryof thismethod,with someamendmentsmadeto adaptto thenoiseremoval case:
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The ASWDR Method

Step 1. Performa wavelet transformof the discreteimage,
����� ���	��

�

, producingthe trans-
formedimage,

��� ��� ���	��

�

. For thedenoisingsreportedonin thispaper, theDaub9/7transform
[5] wasusedexclusively.

Step2. Useascanningorder for searchingthroughthetransformedimage.This is aone-to-
oneandontomapping,

���� ���	��
������ ��


, wherebythetransformvaluesarescannedthroughvia
a linearordering

�����

, � , . . . , � . Thevalueof � beingthenumberof pixelsin theimage.
Initially, thescanningorderis azigzagthroughsubbands,from lower to higher[6].

Step 3. Choosean initial threshold,� , suchthat at leastone transformvalue,
��� ��


say,
satis�es �

��� ��


� �!� andall transformvalues,
��� ��


, satisfy �

��� ��


� "#�$� .

Step4 (Signi�cancepass).Determinenew signi�cant index values—i.e.,thosenew indices
% for which

���

%




hasa magnitudegreaterthanor equalto the presentthreshold.Assign
a value &

�

%


'�

�)(�*,+�-/.

���

%


10

asthe quantizedvaluecorrespondingto the transformvalue
���

%




.

Step5 (Re�nementpass).Re�ne quantizedtransformvaluescorrespondingto old signi�-
canttransformvalues.Eachre�ned valueis a betterapproximationto the exact transform
value.Moredetailsof thisstepwill beprovidedbelow.

Step 6. Createa new scanningorderasfollows. For the highest-scalelevel (the onecon-
tainingtheall-lowpasssubband),usetheindicesof theremaininginsigni�cant valuesasthe
scanorderat that level. Usethe scanorderat level

�

to createthe new scanorderat level
�324�

asfollows. Runthroughthesigni�cant valuesat level
�

in thewavelettransform.Each
signi�cant value,calledaparentvalue,inducesasetof four child valuesasdescribedin the
spatial-orientationtreede�nition in [7]. The�rst partof thescanorderat level

�526�

contains
theinsigni�cant valueslying amongthesechild values.Runthroughtheinsigni�cant values
at level

�

in thewavelettransform.Thesecondpartof thescanorderat level
�72��

contains
the insigni�cant valueslying amongthe child valuesinducedby theseinsigni�cant parent
values.Usethisnew scanningorderfor level

�324�

to createthenew scanningorderfor level
�72

� , until all levelsareexhausted.Weshallexplain therationalefor this stepbelow.

Step7. Dividethepresentthresholdby � andrepeatsteps4–7until thisnew thresholdis less
thanapresetvalue 8 .

A few remarksare in orderto clarify the procedureoutlinedabove. First, in the re�nement
pass,theprecisionof quantizedvaluesis increasedto makethemat leastasaccurateasthepresent
threshold. For example, if an old signi�cant transform's magnitude �

���

%




� lies in the interval
� 9

�

�;:=<=0

, say, andthe presentthresholdis
<

, thenit will be decidedat this stepif its magnitude
lies in

� 9

�

�;:=>=0

or
� :=>?�;:=<=0

. In thelattercase,thenew quantizedvaluebecomes
:=>

(�*,+�-/.

���

%


10

, and
in the former case,the quantizedvalueremains

9

��(�*,+�-@.

���

%


10

. The re�nementpassis therefore
simply thebit-planeencodingmethodusedby moststateof theart compressionalgorithms[7].
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Second,whenthe whole procedureis �nished, thena �nal stepof further re�nementcanbe
done.Thequantizedvaluesfor all thesigni�cant coef�cients (thosewhosemagnitudesareat least
aslargeas 8 ) canbefurtherre�ned by successivedivisionsof 8 by � andexecutingthere�nement
step(but not the signi�cance step,no new signi�cant valuesare added). In practice,we have
foundthat � ve morere�nementsareusuallysuf�cient for further improvementof signalto noise
ratio. (Even whenthesefurther re�nementsareomitted—whichis donewhenincluding TAWS
asanoptionwithin thecompressionprocedureASWDR—thereis usuallyonly a smalleffect on
signalto noiseratio.) Finally, all thequantizedvaluesaresetat themidpointsof thequantization
bins,andaninversetransformis performed(aftershrinkage,which we discussbelow) to produce
adenoisedimage.

Third, andmostimportantly, thechangein scanningorderdescribedin Step6 is a new tech-
niquein compression.Unlikemoststateof theartcompressionmethods,ASWDRisnotazero-tree
method.Rather, it utilizesanadaptivescanningdesignedto ef�ciently encodetheexactpositions
of signi�cant transformvalues. It is shown in [1] that this adaptive scanningenablesASWDR
to retainmoresigni�cant detailsin compressedimages.The TAWS methodaimsto utilize this
improvedapproximationpropertyof ASWDR in orderto facilitatenoiseremoval in thresholding
of wavelettransforms.

Therehasbeenrelatedwork doneon reductionof quantizationnoisein compressionandde-
noising([8], [9], [4], [10], and[11]). In [8], theemphasisis oncompressionratherthandenoising,
anda probabilisticmodelis employed(TAWS is a deterministicprocedure).Thework described
in [9] showsthataquantizationprocedurecanbeusedfor denoisings,but theproceduredescribed
is not linkedto a tree-basedcodingschemenor to anembeddedcoder. Bothof thesedesirablefea-
turesarefoundin thelink betweenTAWS andtheASWDR compressionprocedure.TheHidden
Markov Tree(HMT) modeldescribedin [11] is a morepowerful methodthanthe TAWS proce-
dure.TheHMT procedureusesa sophisticateddenoisingschemebasedon a hiddenMarkov tree
model for the signi�cance of the elementsof quad-trees.As pointedout in [10], however, the
HMT methodis an enormouslytime consuming,henceusuallyimpractical,method.TAWS is a
muchsimpler, low-complexity procedure(requiring � . �

0

operations).A TAWS denoisingof a
�

�

���

�

�

� imagetypically requiresjusta few secondsonaPC(200MHz with 32MB RAM). Thus
TAWS is moreadvantageousin situationswherespeedis critical and/orcompressionis needed.
TAWS bearssomerelationto themorerecentlyproposeduniversal HMT (uHMT) methodof [4],
which is a low-complexity HMT algorithm.BothTAWSanduHMT usepropertiesof correlations
acrossscalesin quad-treesof waveletcoef�cients. TAWS,however, is a deterministicprocedure,
unlike uHMT which is probabilistic. Furthermore,in TAWS the inter-layercorrelationsbetween
signi�cant wavelet transformvaluesarebasedon half-thresholdcorrelationsbetweenparentsand
children(moreon thisbelow), notonsamethresholdcorrelationsasin theHMT procedure.

TheTAWS methodof denoisingis a modi�cation of theclassicmethodof waveletshrinkage
denoising.Waveletshrinkageis describedin [2] asanearlyoptimalmethodfor removing additive
Gaussiannoise.

We assumethat a given discreteimageis contaminatedby additive i.i.d. Gaussiannoise
�

.
Thatis, thecontaminatedimage� is relatedto theoriginal image

�

by �

� ��� �

, wherethenoise
values,

� � ���	��


, are independentrandomvariableswith underlyingdistributionsthat areall zero-
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meanGaussiannormalof variance�

�

. It is well-known thatanorthogonaltransformwill preserve
thenoise-type;thetransformednoisewill remainGaussiani.i.d. with meanzeroandvariance�

�

.
Although the Daub9/7 wavelet transformis not orthogonal,it is closeenoughto an orthogonal
transformthat energy-based,thresholddenoisingis still quite effective using it. Moreover, the
symmetryof Daub9/7waveletshelpsin suppressingartifactsat theedgesof denoisedimages.

In [2] and[12], a methodknown aswaveletshrinkage is proven to be asymptoticallynearly
optimalfor removing i.i.d. Gaussiannoise.Thatis, thevalues

�

�

�

� ���	��

�

of thewavelettransformed
noisyimagearesubjectedto thefollowing shrinkage function(where8 is thethreshold):

�

.

�

05�

�

� �

>

if �

�

��" 8

�

2

8 if
�

�!8

�

�

8 if
���

2

8 .

To bemoreprecise,theshrinkageis performedonly on wavelet(detail)subbands,theall-lowpass
subbandis left unaltered. With a � - or

9

-level wavelet transform,the noiseenergy within the
all-lowpasssubbandis usuallysmallenoughto beignored.

Whenappliedto 	 �
	 images,wherea separablewavelet transformis performedby 1D
transformsonrowsandcolumns,thethreshold8 is chosento be 8��

�

��
 ������+���	 . After applying
the shrinkagefunction, an inversewavelet transformis appliedto producethe denoisedimage.
This methodis dubbedtheVisuShrinkmethodin [2]. As shown in [12], theVisuShrinkmethodis
anearlyoptimalmethodfor removing Gaussiannoise.

VisuShrink's optimality is achieved,however, in anasymptoticsenseas 	 tendsto � . When
VisuShrinkis appliedto discreteimageswith a �nite numberof pixels, with low to moderate
signal to noiseratio, it tendsto oversmooth—removing all the noise,but also removing sharp
featuresfrom theunderlyingimages.For example,in Figure1(b) we show a noisyversionof the
Boatsimagein Figure1(a). This noisy imagewasobtainedby addingGaussiani.i.d. noise,with

�

�

�

>

, to theBoatsimage. We shall usetheSignalto NoiseRatio (SNR)—which,in decibels,
is

� >

����+���� .��

�

�

�

���

�

� 2

���

�

�

0

—asour measureof the amountof noisein images.The VisuShrink
denoisedversionof this image,usinga � -level transform,is shown in Figure1(c). We�nd thatthe
SNRhasbeenincreasedfrom

� �"! 9

dB to �

��! <

dB by VisuShrink,but thedenoisedimagesuffers
from seriousringing defects.Theseringingartifactsaremostnoticeablealongthediagonalmasts
of the boats. In Figure1(d), we show the TAWS denoising.It hasan SNR of �

9#! 9

dB which is
��!

�

dB higherthantheVisuShrinkdenoising.Thereis alsosigni�cantly lessringing in theTAWS
denoising.[ht]

Oneobjectionablefeatureof bothdenoisingsis the“mottling,” which is moreprominentin the
uniform backgroundareassuchasthesky andclouds.This mottling artifact is dueto thelow fre-
quency noisein theall-lowpasssubband,whichwasleft unalteredby bothVisuShrinkandTAWS.
To remove thismottling,morelevelscanbeusedin thewavelettransform.In Figure2(a)and(b),
we show denoisingsusing3-level wavelet transforms.Themottling artifact is greatlyreducedin
theseimages,but the VisuShrinkimageis of muchlower resolution. The TAWS denoisinghas
anSNRof �

9#! �

dB which is only slightly below thatof the2-level version.Thereis a degreeof
subjectivity hereasto which of theTAWS denoisingsis better, but clearly they arebothsuperior
to theVisuShrinkdenoisings.[ht]
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The TAWS methodis a combinationof wavelet shrinkagewith the predictive apparatusun-
derlyingStep6 in theASWDR methoddescribedabove. This predictive apparatusmakesuseof
anassumedcorrelationbetweensigni�cant transformvaluesat a threshold� andtheir childrenat
threshold�

�

� . In [13] it is shown thatthereis ahighcorrelationbetweensigni�cant transformval-
ues,whosemagnitudesareat least� , andsigni�cant child transformvalues,whosemagnitudesare
at least�

�

� . Figure4B in [13] providesagoodillustrationof thiscorrelation.That�gure showsa
conditionalhistogramfor �ne scalehorizontalsubbandtransformvaluesfrom theBoatstestimage.
Theconditionalhistogramis of ����+

�

� � � (base2 log of child magnitudes)versus����+

�

� � � (base2
log of parentmagnitudes).It is clearfrom the �gure thata largepercentageof child magnitudes
areabove ����+

�

� � �

2 �

, i.e., areeithersigni�cant at thepresentthresholdor will besigni�cant at
thenext threshold.

In Figure3, we provide an illustration of this correlation. This �gure wasobtainedfrom a
Daub9/7 wavelet transformof theBoatsimage.Figure3(a)depictstheinsigni�cant child values
(shown in white) in the

�����

level vertical subbandof signi�cant parentvaluesin the ���	� level
verticalsubband,whenthe thresholdis

9

� . Figure3(b) depictsthenew signi�cant valuesfor the
half-threshold—thosewhosemagnitudesarelessthan

9

� andgreaterthanor equalto
��


—in the
�

���

vertical subband.Notice that the child locationsin Fig. 3(a) aregoodpredictorsfor the new
signi�cant valuesin Fig. 3(b). Although thesepredictionsarenot perfectlyaccurate,thereis a
greatdealof overlapbetweenthetwo images(in fact,thefractionof new signi�cant valuesthatlie
within the �rst partof thescanordercreatedby Step6 is

>#!

�

:

). Noticealsohow the locationsof
signi�cant valuesarehighly correlatedwith thelocationof edgesin theBoatsimage.Thescanning
orderof ASWDRdynamicallyadaptsto thelocationsof edgedetailsin animage,andthisenhances
theresolutionof theseedgesin ASWDRcompressedimages.By adaptingthisselectionprocedure
for signi�cant values,theTAWSalgorithmaimsto improveresolutionof edgedetailsin denoising.
As canbeseenin Figures1(d)and2(b), this reducesringingartifactsin thedenoisingof thenoisy
boatimage.[ht]

A justi�cation for thesecorrelationsfor many naturalnoise-free imagesis basedon the re-
cursive natureof wavelet transforms;the parentvaluesat any level beingproducedfrom a half-
resolutionversionof the imagethat wasusedto producethe child transformvalues. Whenan
orthogonalwavelet transformis appliedto Gaussiani.i.d. randomnoise,however, the resulting
transformvaluesareuncorrelatedsincethey arealso i.i.d. Gaussianrandomvariables(with the
samevarianceas the untransformednoise). Therefore,noisetransformvalueswill exhibit par-
ent/child correlationswith a low probability. Although the Daub 9/7 wavelet transformis not
orthogonal,it is closeenoughto an orthogonaltransformthat signi�cant noisetransformvalues
still exhibit low parent/childcorrelations.

Wenow presentsomestatisticsfor estimatingtheconditionalprobability � .

�
���

� -
���

0

, de�ned
by

� .

�

���

� -
���

05�����

��� . new sig.valuein
�

���

partof scan� new sig.value
0 �

(1)

of anew signi�cant valuebeingfoundwithin the�rst partof thenew scanorder(for a �x edlevel)
createdby ASWDR. In Table1 we give the fractionof new signi�cant valuesbeingfound in the
�rst part of the new scanorderat several levels for four test imagesandfor randomnoise. The
valuesfor therandomnoisewereobtainedby averaging� verealizationsof Gaussianrandomnoise
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with mean0 andstandarddeviation �

<

. (Althoughonly � ve realizationswereused,theresultsin
Table1 for thenoisewerequitestableshowing deviationsof no morethan �

>#! >?�

for all values.)
Thedatain thistableclearlyshow thattheprobabilityin Eq.(1) is muchgreaterfor high-magnitude
thresholdvaluesfor thetestimagesthanfor therandomnoise.(By high-magnitudevalueswemean
thosevalueswhosemagnitudesaregreaterthanthestandarddeviationof thechild subband.)

Parentlevel/Threshold 512 256 128 64 32 16 8
Lena,

:
���

, �

� 9 �

(
>#! 9�>

)
>#! 9 � >#! : 
 >#!

�

� >#! 
�
 >#! 
�< >#! 
�<

Goldhill,
:

���

, �

� 9�:

.

>#! >�>=0 >#! 9?� >#! :

�

>#! :=< >#!

���

>#! 


�

>#! 
�<

Boats,
: ���

, �

��:��

.

>#! � 9=0 >#! 9�9 >#! :

�

>#!

�

9 >#! 
?� >#! 


�

>#! � :

Barbara,
:

���
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� 9�<

(
>#! >�


)
>#! :=9 >#!

�

: >#! 
�> >#! 
�9 >#! 
�< >#! ���

Noise,
:

���

, �

�

�

�
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�

�
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9��

�
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� �

�
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�

> >#!
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�

>
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9��

�
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���

�
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�

: >#! 9 � >#! :

�

>#!

�

: >#! 


�

Boats,
9��

�
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� �

�

.

>#! >�>=0

.

>#! � :�0 >#! :=> >#! :�� >#!

�

: >#! 


�

>#! 
�
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9��

�
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�

���

>#! >?� >#! >

�

>#!

�
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�

� >#! 
�>

Noise,
9��

�
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�
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�

< >#! ��<

Lena, �
�	�

, �

� �

�

.

>#!

� �
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�

� >#!

�

: >#! :

�

>#! 9�<

Goldhill, �
�	�

, �

��


.

>#! > ��0 >#! 9

�

>#! 9

�
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�	�

, �
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.

>#! : �$0 >#! :=9 >#!

�

> >#!

�

� >#!

� �

Barbara, � �	� , �

� �

�

>#! >�9 >#!

�

� >#! 9 � >#!

�

� >#!

�

�

Noise, �
�	�

, �

�

�

: >#! >�> >#! >�9 >#!

�

�

>#!

���

>#! �

�

Table1: Fractionof new signi�cant valuescapturedby �rst partof thenew scanordercreatedby
ASWDR.Thestandarddeviations� arefor thechildsubbandsof eachlevel. TheNoisevalueswere
obtainedfrom averagingvaluesfor wavelet transformsof � ve realizationsof Gaussianrandom
noisewith mean

>

andstandarddeviation �

<

. A fractionin parenthesesindicatesthatit maybean
unreliableestimateof theconditionalprobability � .

�����

� -
���

0

in Eq.(1), dueto thenumberof new
signi�cant valuesbeingtoo small(lessthan �

>�>

).

Noticethat,for therandomnoiseonly, it is highly unlikely thatanewly signi�cant child value
will be found in the �rst part of the scanorderwhen the thresholdis greaterthanthe standard
deviationfor thechild subband.Thisfacilitatestheseparationof noisedominatedtransformvalues
from imagedominatedtransformvaluesatmuchlowerthresholdsthanis possiblewith thestandard
waveletthresholdingmethods.

Theseconsiderationslead to the following methodof extendingwavelet shrinkageso as to
includemoreimagedominatedtransformvalueslying below theVisuShrinkthreshold,8 � . In the
TAWS method,therearethreeparameterswhich aresetat thestart.Oneparameteris thedescent
index � , which is a non-negative integer. Thecutoff threshold8 is thensetat �78��

�

��	 , wherethe
heightindex � satis�es � �

�

. For all of theTAWSdenoisingsreportedon in thispaper, thevalue
of thissecondparameter� wassetas




� . In Figure2(b),for example,thedescentindex is �

�

� ,

7



so 8

�




��8 �

�

:

. Notethatif �

� >

and �

� �

, then 8

�

8 � andTAWSreducesto theVisuShrink
method.

Thethird parameteris a depthindex � , which is anintegerlying between
�

and � , where � is
thenumberof levelsin thewavelettransform.Weshallclarify below thenatureof thedepthindex

� .
TheTAWS methodconsistsof applyingSteps1 through7 above,but with Step6 modi�ed as

follows. In this stepthe integer � is de�ned via theequation�

�

���

�

� 8 � . That � is an integer
canbearrangedby a rescalingof wavelettransformvalues.

Step 6 (TAWS). For the �rst � cycles throughSteps4–6, producea new scanningorder
usingtheStep6 describedabove in theASWDRmethod.For cycles �

�#�

to �

�

� , scan
only throughchildrencorrespondingto signi�cant parentsin thehighestsubbands(levels1
to � ), while following theoriginal recipeof Step6 in theASWDR algorithmfor theother,
lower, subbands.

Fromthisdescriptionwecanseethat � mustbeno largerthan � . For all of theTAWSdenois-
ingsreportedon below, it wasfoundthatsetting � equalto thesmallerof thevaluesof � and �

producedthebestresults.
Step6 (TAWS)is phrasedin termsof adaptingascanningorder. Sinceascanningorderis apro-

cessof scanningthroughinsigni�cant transformvaluesin orderto selectthosehaving magnitude
abovethepresentthreshold,thisprovidesaselectionprocedurefor distinguishingtransformvalues
dominatedby noisefrom thosedominatedby image.UnlikeVisuShrinkandcycle-spinthreshold-
ing, which useuniform thresholdsfor all transformvalues,the TAWS selectionprocedureuses
differentthresholds( � 8 �

�

� 8 �

�

�

� ! ! ! �

� 8 �

�

�
	 ) which vary in their spatial locations,basedon the

positionsin the scanorder of the transformvaluesto which they are applied. Sucha spatially
adaptive thresholdinggivesTAWSagreater�e xibility thanauniform thresholdingmethod.

In the next sectionwe shall demonstratethat the TAWS procedureoutperformsVisuShrink,
andis competitivewith other, morestateof theart,denoisingmethods.

3 Simulation results

In section2 above,we gave oneexampleof theperformanceof TAWS on denoisinga noisyver-
sionof theBoatsimage. It performedsigni�cantly betterthanVisuShrink,both in termsof SNR
andsubjective visualquality. We shallnow examinehow TAWS performson denoisingthestan-
dardtestimages—Lena, Goldhill, Boats, andBarbara—contaminatedwith additivei.i.d. Gaussian
noiseof variousstandarddeviations.We shallcompareits performanceon thesetestimageswith
VisuShrinkandwith the following stateof the art denoisingmethods:localizedWiener�ltering
[14], cycle-spinthresholding,andtheuHMT methods.

In Table2, we show a summaryof how VisuShrinkandTAWS performedin denoisingthese
test images.In eachcasewe list the highestSNR valuesfor eachmethod. For instance,for the
�rst entry, the Lenaimagecontaminatedwith noiseof standarddeviation

<

, a 1-level transform

8



Image Noise� SNR VisuShrink, � TAWS,� , � , �

Lena
<

�

:�! :

�

�"! �

,
�

�

<#! 


,
9

,
9

,
9

Goldhill
<

�

9#! �

�

:�! �

,
�

�


#!

�

,
9

, � , �

Boats
<

�

�

!

� �


#! :

,
�

�

<#! 


,
9

, � , �

Barbara
<

�

:�!

� ���

! 


,
�

�


#! �

,
9

, � , �

Lena
��
 � <#! :

�

9#! �

, � �

:�!

�

, � , � ,
9

Goldhill
��
 � �"! �

�

��! 


, � ���
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Table2: Comparisonof VisuShrinkandTAWSdenoisings( � is standarddeviationof addedGaus-
siannoise).Thevaluesof � arethenumberof wavelet transformlevels. Thevaluesof � and �

arefor theTAWSdescentanddepthindices,respectively.

producedthebestVisuShrinkdenoisingsowe list thatSNRvalue. Likewise,a
9

-level transform
with parametervalues�

� 9

and �

� 9

producedthebestSNRvaluefor TAWS.
It is clearfrom this tablethatTAWSperformssigni�cantly betterthanVisuShrinkonall of the

testimages.Weillustratedabove,with Figures1 and2, thatTAWSalsoproducesdenoisedimages
with bettervisualquality thanVisuShrinkdenoisedimages.

The VisuShrinkmethodhasbeenimproved upon by several methods. Among the bestare
the following: MatLab's Wiener method[14], the cycle-spinthresholdingmethod[3], and the
HMT methods[11], [10], and[4]. MatLab's Wienermethodutilizes the classicWiener�ltering
procedureon

9

�

9

subimagesof thenoisy image.Thecycle-spinthresholdingmethodaverages
hardthresholdings(all wavelet coef�cients below theVisuShrinkthreshold8�� aresetto zero)of
all cyclic shifts ( � shifts for imageshaving � pixels)of animageandaveragestheresults.The
HMT methodsutilize a Bayesianprobabalisticapproachin connectionwith Markov relationsfor
thesigni�cancestates,relative to thresholding,of thenodesin quad-treesof waveletcoef�cients.
TheoriginalHMT method,describedin [11], is prohibitively timeconsuming.In fact,in [10] and
[15] it is statedthat it cantake from 15 minutesto several hoursto denoise

�

�

� �

�

�

� images.
As pointedout in [4], theuniversal HMT (uHMT) methodwasdevelopedin orderto circumvent
theseconsiderabletime costsof theoriginal HMT method.For thesereasons,we only compare
TAWS with uHMT, sincethey areboth low-complexity � . �

0

algorithms.Thereis alsoa cycle-
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spinaveragedversionof uHMT which averagesuHMT denoisingsof all cyclic shiftsof thenoisy
image.Weshallreferto thismethodasuHMT-spin.

As with cycle-spinthresholdingand uHMT-spin, there is a cycle-spinaveragedversionof
TAWS, which we shall refer to asTAWS-spin. The TAWS-spinmethodsimply consistsof aver-
agingTAWS denoisingsof a �nite numberof cyclic shifts of the image:

����� �52 ���	� 2

%



�

for
���

%

� >

, �

�

,
! ! !

, 	 . In Table3 we list theresultsfor 	

�

� , which is anaveragingof TAWS
denoisingsof �

�

differentshiftings,underthe headingT-S. Experimentsshow that for
�

-, � -, or
9

-level transforms,the SNR valuesrapidly converge asthe numberof shifts increases,andthat
	

�

� yieldsagoodcompromisebetweenincreasedSNRvaluesandincreasedtime andmemory
consumptionneededto performaverages.It is importantto rememberthat althoughcycle-spin
methodsare � . � ����+��

0

methods,it still requiresconsiderablememoryresourcesto storeparts
of previously computedtransformsof shifted images. The TAWS-spinmethodrequiresonly a
modestincreasein memoryresources,just two extra arraysequalin sizeto the imagearrayfor
holdingtheimageshiftsandfor storingpartialaverages.
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Table 3: Comparisonof variousdenoisings( � is standarddeviation of addedGaussiannoise).
Key: VS is VisuShrink,W is MatLab'sWienermethod,HMT is theuHMT method,TAWS is the
TAWSmethod,C-Sis thecycle-spinthresholdingmethod,H-S is theuHMT-spinmethod,andT-S
is theTAWS-spinmethod.

In columns3–6 of Table3, we list the SNR valuesfor denoisingthe sametest imagesasin
Table2 for eachof the methods—VisuShrink,MatLab's Wiener, uHMT, andTAWS—whichdo
not make useof cycle-spinaveraging.In columns7–9,we list theSNRvaluesfor themethods—
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cycle-spin,uHMT-spin, and TAWS-spin—whichdo utilize cycle-spinaveraging. For the four
non-averagedmethods,the largestSNRvaluefor eachof the four testedmethodsis displayedin
bold-face. Likewise, the largestSNRvaluefor eachof the threecycle-spinaveragedmethodsis
displayedin bold-face. We �rst discussthenon-averagedmethods,andthentreatthe cycle-spin
averagedmethods.In everycase,theTAWSmethodemploys thesamevaluesfor � , � , and � , as
wereusedin thedenoisingssummarizedin Table2. Thecycle-spinthresholdingmethodusesfor
eachimagethevalueof � usedfor theVisuShrinkdenoisingsin Table2. We shallexplain below
whichvaluesof � , � , and � wereusedin theTAWS-spindenoisings.

For thenon-averagedmethods,thedatain Table3 show thatnoonemethodis superioramong
thethreebest(Wiener, uHMT, andTAWS).WienerandTAWSyield higherSNRvaluesfor low or
moderatenoiselevels. On theotherhand,uHMT performsbetterwith highernoiselevels,much
betterthanWienerandmoderatelybetterthanTAWS. Note thatTAWS andWienersigni�cantly
outperformuHMT on the Barbaradenoisings.The reasonfor this is that uHMT is basedon a
singlesetof prior assumptionsfor theimagedata.Moreprecisely, uHMT assumesaparticularrate
of decayof wavelet coef�cients acrossscales.Thedefault choiceof this decayrate,speci�ed in
theMatLabcodein [15] andderivedin [10], is appropriatefor smootherimages(imageswith very
little energy in higherspatialfrequencies)likeLena.It is notappropriatefor animagelikeBarbara
which hasmuchgreaterenergy in higherspatialfrequencies.This explainswhy uHMT performs
sowell ondenoisingtheLenaimages,but notsowell on theBarbaraimages.

SinceSNR valuesarenot preciselyequivalentto humanperception,it is importantto exam-
ine somedenoisedimagesusing thesemethods. We show in Figure2, the WieneranduHMT
denoisingsof thenoisy imagefrom Figure1(b), aswell astheVisuShrinkandTAWS denoisings
discussedabove. Although the Wiener denoisinghasthe highestSNR, it also exhibits a large
amountof residual,low frequency noise,which makesit perceptuallyinferior to both theTAWS
anduHMT denoisings.This is evenmoreclearlyrevealedby comparingthemagni�cationof the
Wienerdenoisedimage,in Figure6(a),with themagni�cationsof theuHMT andTAWS denois-
ings,in FigureFigures4(c) and(d). ComparingtheTAWS anduHMT denoisingsin Figure2, the
TAWSdenoisingappearssharper, morefocused,althoughit retainssomeresidualnoise.

This lastpoint is moreclearlyshown in themagni�cationsin Figure4. TheTAWS denoising
in Figure4(d)hasasharper, morefocused,appearance.In contrast,theuHMT denoisingin Figure
4(c)appearsslightly blurred,slightly outof focus.Ontheotherhand,thereareisolatednoisyspots
retainedin theTAWSimage,while theuHMT imageappearscompletelyfreeof randomnoise.[ht]

This raisesan interestingquestionfor future research.Sincethe residualnoiseretainedin
theTAWS denoisingsconsistsof isolatednoisyspots,it is possiblethata �ltering out of isolated
transformvaluesin thehighestsubbandscouldbeusedtopost-processtheTAWSdenoisedimages.
Preliminaryresultsshow thistobeeffective. It alsoappearstobeof considerablevaluein denoising
imagescontaminatedwith specklenoise.Detailswill bereportedin asubsequentpaper.

Anotherpossibilityis toutilizedecayrateassumptions,asuHMT does,in orderto removesome
waveletcoef�cients whichsurvivethecorrelation�lter usedby TAWS.Sincethesecoef�cients are
thesourceof theisolatednoisespots,their removal wouldeliminatethesenoisespots.

A third option is to changethe valueof the heightindex � . We show below that this option
workedwell for improving TAWS-spindenoisings.
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We now turn to simulationresultsfor thespin-averagedmethods.TheSNRvaluesfor our test
imagesareshown in thelast threecolumnsof Table3. TheTAWS-spindenoisingsusedthevalue

�

�

� , andthevaluesof �

� �

, � , and � , from thoseshown in Table2. For example,thenoisy
Lenaimagewith �

� <

, wasdenoisedby TAWS-spinusing �

�

� , �

� :

, �

� 9

, and �

� 9

(while theTAWSdenoisingused�

�




� , �

� 9

, �

� 9

, and �

� 9

).
Theseresultsarereminiscentof theonesjust discussedfor thenon-averagedmethods.Again,

thereis no methodwhich is clearlysuperiorfor all noiselevels.
In Figure5, weshow denoisedimagesof thenoisyboatimagefrom Figure1(a). In additionto

theTAWS-spindenoisingusing �

�

� , wehavealsoshown a TAWS-spindenoisingwith �

�




�

(which is thevalueof � usedfor TAWS denoisings).TheSNRvaluefor TAWS-spinwith �

�

�

is
>#! :

dB larger than when �

�




� is used. Furthermore,althoughit is hard to see,thereis
considerablylessresidualnoisein theTAWS-spindenoisingfor �

�

� . By usingahighervalueof
� , anda highervalueof � , theTAWS-spindenoisingsareapplyingtheStep6 (TAWS) selection
procedureover a greaterrangeof thresholdvalues(beginningwith a highervalueof � 8 � ) andis
thusableto selectout moreresidualnoisevaluesthanTAWS alonecando. For the simulations
reportedin Table3, we found that using �

�

� in placeof �

�




� generallyproducedhigher
SNRvaluesandvery little residualnoisein TAWS-spindenoisedimages.At this time, we have
not beenableto discover a similar valueof � which worksaswell for TAWS denoisings( �

�

�

reducesresidualnoise,but alsosigni�cantly lowersSNRvalues).[ht]
In Figure6, we show magni�cationsof somedenoisingsof thenoisyboatimagefrom Figure

1. The MatLab Wienerdenoisingis clearly inferior to both the TAWS-spinandthe uHMT-spin
denoising. The TAWS-spinimageis the sharpest,most clearly focused,of the denoisings. In
addition, it exhibits essentiallyno residualnoise. The uHMT-spin imagealsoseemsto contain
no residualnoise,but is slightly moreblurredthanthe TAWS-spinandthe cycle-spinthreshold
denoisings.[ht]

4 Conclusion

Wehavedescribedtwo new methodsfor denoisingimages,theTAWSmethodandtheTAWS-spin
method,which provide denoisingscomparableto stateof theart methods.A problemfor future
researchis how to choosethe parameters� and � usedin the TAWS andTAWS-spinmethod
(andhow to choosetheparameter� in theTAWSmethod).Onepossibilityis aninitial analysisof
thestatisticaltrendsat higherthresholds(severalstandarddeviationsabove thenoise),in orderto
predictagoodendingthreshold.Betterpredictiveschemesthantheparent-childschemeemployed
at presentshouldalsobe investigated,asthey will reducethenumberof isolated,residual,noise
spotsthatappearin TAWS denoisings(aswell asincreasetheSNR).For example,usemight be
madeof a lack of clustering[11] in higherspatialfrequency subbands(this is the basisfor the
isolation �lter describedabove in section3). Finally, integrationof TAWS with ASWDR into a
combinationcompressor/denoiseris animportantgoalfor futureresearch.
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(a)Original (b) Noisy image

(c) VisuShrinkdenoising (d) TAWSdenoising

Figure1: (a) Boatsimage.(b) Noisy image,
�

�

�

>

: �����

� � �"! 9

dB. (c) VisuShrinkdenoising,
2 levels: �����

�

�

��! <

dB. (d) TAWSdenoising,2 levels,
�

�

�
,

�

�

�
: �����

�

�

9#! 9

dB.

15



(a)VisuShrinkdenoising (b) TAWSdenoising

(c) Wienerdenoising (d) uHMT denoising

Figure 2: (a) VisuShrinkdenoising,3 levels, �����
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dB. (b) TAWS denoising,3 levels,
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dB. SeealsoFigure4 andFigure6(a).
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(a) (b)

Figure3: (a) Insigni�cant childrenin the
�����

verticalsubbandhaving signi�cant parentsin the � �	�

verticalsubbandwhenthe thresholdis
9

� . (b) New signi�cant valuesin the
�

���

verticalsubband
whenthethresholdis decreasedto

��


.
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(a)Original (b) Noisy image

(c) uHMT denoising (d) TAWSdenoising

Figure4: Magni�cationsof somedenoisingsfrom Figure2. (a) Original image.(b) Noisy image.
(c) uHMT denoising.(d) TAWSdenoising.
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(a)Cycle-spindenoising (b) uHMT-spindenoising

(c) TAWS-spindenoising,�
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� (d) TAWS-spindenoising,�
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Figure5: (a) Cycle-spinthresholddenoising,�����
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(a)Wienerdenoising (b) Cycle-spinthresholddenoising

(c) uHMT-spindenoising (d) TAWS-spindenoising

Figure6: Magni�cations of somedenoisingsfrom Figures2 and5. (a) Wienerdenoising. (b)
Cycle-spinthresholddenoising.(c) uHMT-spindenoising.(d) TAWS-spindenoising,

�

�

�
.
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