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1 Image compression

There are two typesof image compression:losslessand lossy. With lossless
compression,the original image is recovered exactly after decompression.
Unfortunately, with imagesof natural scenest is rarely possibleto obtain
error-freecompressiomat a rate beyond 2:1. Much higher compressiorratios
canbe obtainedif someerror, which is usually di cult to perceiw, is allowed
betweenthe decompressedmage and the original image. This is lossy com-
pression. In many cases,t is not necessaryor even desirablethat there be
error-free reproduction of the original image. For example,if somenoiseis
presen, then the error dueto that noisewill usually be signi cantly reduced
via somedenoisingmethod. In sud a case,the small amourt of error intro-
duced by lossy compressionmay be acceptable. Another application where
lossycompressions acceptableis in fast transmissionof still imagesover the
Internet.

We shall concentrate on wavelet-basedossycompressiorof grey-lewel still
images.When there are 256levelsof possibleintensity for ead pixel, then we
shall call theseimages8 bpp (bits per pixel) images.Imageswith 4096grey-
levels are referredto as 12 bpp. Somebrief commerns on color imageswill
also be given, and we shall also brie y descrike somewavelet-basedlossless
compressiommethods.

1.1 Lossy compression

The methods of lossycompressiorthat we shall concertrate on arethe follow-
ing: the EZW algorithm, the SPIHT algorithm, the WDR algorithm, and
the ASWDR algorithm. Theseare relatively recert algorithms which achieve
someof the lowesterrors per compressiorrate and highestperceptualquality
yet reported. After describingthesealgorithms in detail, we shall list some
of the other algorithms that are available.

Beforewe examinethe algorithms listed above, we shall outline the basic
stepsthat are commonto all wavelet-basedimage compressionalgorithms.
The v e stagesof compressionand decompressiorare shavn in Figs. 1 and
2. All of the stepsshown in the compressiondiagram are invertable, hence
losslessexcept for the Quantize step. Quartizing refersto a reduction of
the precisionof the oating point valuesof the wavelet transform, which are
typically either 32-bit or 64-bit oating point numbers. To uselessbits in
the compressedransform|whic h is necessaryf compressiorof 8 bpp or 12



bpp imagesis to be achieved|these transform valuesmust be expresseavith
lessbits for ead value. This leadsto rounding error. Theseapproximate,
quartized, wavelet transforms will produce approximations to the images
when an inversetransform is performed. Thus creating the error inherert in
lossy compression.
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Figure 1: Compressionof an image
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Figure 2: Decompressiorof an image

The relationship betweenthe Quantize and the Encode steps, shavn in
Fig. 1, is the crucial aspect of wavelet transform compression.Ead of the
algorithms described below takesa di erent approad to this relationship.

The purposesened by the Wavelet Transform is that it producesa large
number of valueshaving zero, or near zero, magnitudes. For example,con-
sider the image shavn in Fig. 3(a), which is called Lena In Fig. 3(b), we
show a 7-level Daub 9/7 wavelet transform of the Lenaimage. This transform
has beenthresholdd, using a threshold of 8. That is, all valueswhosemag-
nitudes are lessthan 8 have beenset equalto 0, they appear as a uniformly
grey badkground in the imagein Fig. 3(b). Theselarge areasof grey bad-
ground indicate that thereis a large number of zerovaluesin the thresholded
transform. If an inversewavelet transform is performed on this thresholded
transform, then the imagein Fig. 3(c) results (after rounding to integer val-
uesbetweenO and 255). It is dicult to detectany di erence betweenthe
imagesin Figs. 3(a) and (c).

The imagein Fig. 3(c) wasproducedusingonly the 32, 498non-zerovalues
of the thresholded transform, instead of all 262 144 values of the original
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Figure 3: (a) Lenaimage, 8 bpp. (b) Wavelet transform of image, threshold
= 8. (c) Inverseof thresholdedwavelet transform, PSNR = 3914 dB.

transform. This represems an 8:1 compressionratio. We are, of course,
ignoring di cult problemssud ashow to transmit conciselythe positions of
the non-zerovaluesin the thresholdedtransform, and how to encale these
non-zerovalueswith asfew bits aspossible. Solutionsto theseproblemswill
be described below, when we discussthe various compressioralgorithms.
Two commonly usedmeasuredor quartifying the error betweenimages
are Mean Squae Error (MSE) and Peak Signalto Noise Ratio (PSNR). The
MSE betweentwo imagesf and g is de ned by
1X , 2
MSE = = (f0;kl ik 1)
N jik
wherethe sumover j ; k denotesthe sumover all pixelsin the images,and N
is the number of pixels in ead image. For the imagesin Figs. 3(a) and (c),
the MSE is 7:921. The PSNR betweentwo (8 bpp) imagesis, in decibels,

258

PSNR = 10'0910 M_SE

2
PSNR tends to be cited more often, sinceit is a logarithmic measure,and
our brains seemto respond logarithmically to intensity. Increasing PSNR
represeis increasing delit y of compression. For the imagesin Figs. 3(a)
and (c), the PSNRis 39:14 dB. Generally whenthe PSNRis 40dB or larger,
then the two imagesare virtually indistinguishable by human obseners. In
this case,we can seethat 8:1 compressionshould yield an image almost

3



identical to the original. The methods descrilked below do in fact produce
sud results, with even greater PSNR than we have just achieved with our
crude approad.

1 2|5 8|17 24 25 32 1(2|5 8|17 24 25 32
3 4|6 7|18 23 26 31 31416 7|18 23 26 31
9 10|13 14|19 22 27 30 9 10|13 14|19 22 27 30
12 11(15 16|20 21 28 29 12 11({15 16|20 21 28 29
33 34 35 36(49 50 54 55 33 34 35 36(49 50 54 55
40 39 38 37|51 53 56 61 40 39 38 37|51 53 56 61
41 42 43 44|52 57 60 62 41 42 43 44|52 57 60 62
48 47 46 45|58 59 63 64 48 47 46 45|58 59 63 64
(@) 2-level (b) 3-lewel

Figure 4: Scanningfor wavelet transforms: zigzagthrough all-lowpasssub-
band, column scanthrough vertical subbands,row scanthrough horizonal

subbands,zigzagthrough diagonal subbands.(a) and (b): Order of scanned
elemerns for 2-lewvel and 3-lewel transforms of 8 by 8 image.

Beforewe beginour treatment of various\state of the art" algorithms, it
may be helpful to briey outline a \baseline" compressionalgorithm of the
kind descriked in [1] and [2]. This algorithm hastwo main parts.

First, the positions of the signi cant transform values|the oneshaving
larger magnitudesthan the thresholdT |are determinedby scanningthrough
the transform as shown in Fig. 4. The positions of the signi cant valuesare
then encaled using a run-length method. To be precise,it is necessaryto
store the valuesof the signi canae map:

0 ifjwim)j<T

1 ifjw(m)j T, ®)

s(m) =
wherem is the scanningindex, and w(m) is the wavelet transform value at
indexm. From Fig. 3(b) we canseethat there will be long runs of s(m) = 0.
If the scanorder illustrated in Fig. 4 is used, then there will also be long



runs of s(m) = 1. The positions of signi cant valuescan then be concisely
encaled by recording sequence®sf 6-bits accordingto the following pattern:

Oabcde: run of O of length (abcde),
labcde: run of 1 of length (abcde),.

A losslesssompressionsud asHu man or arithmetic compressionpf these
data is also performedfor a further reduction in bits.

Second,the signi cant valuesof the transform are encaled. This can be
done by dividing the range of transform valuesinto subintervals (bins) and
rounding ead transform value into the midpoint of the bin in which it lies.
In Fig. 5 we show the histogram of the frequenciesof signi cant transform
valueslying in 512 bins for the 7-level Daub 9/7 transform of Lena shavn
in Fig. 3(b). The extremely rapid drop in the frequenciesof occurrence
of higher transform magnitudesimplies that the very low-magnitude values,
which occur much morefrequertly, shouldbe encaledusingshorterlength bit
sequencesThis is typically donewith either Hu man encaling or arithmetic
coding. If arithmetic coding is used,then the averagenumber of bits needed
to encale ead signi cant value in this caseis about 1 bit.
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Figure 5: Histogram for 512 bins for thresholdedtransform of Lena

We have only briey sketched the stepsin this baselinecompressional-
gorithm. More details can be found in [1] and [2].

Our purposein discussingthe baselinecompressiomalgorithm wasto in-
troduce somebasic concepts,sud as scanorder and thresholding, which are
neededfor our examination of the algorithms to follow. The baselinealgo-
rithm wasoneofthe rst to be proposedusingwavelet methods|[3]. It su ers
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from somedefectswhich later algorithms have remedied. For instance, with
the baselinealgorithm it is very di cult, if not impossible,to specify in ad-
vancethe exactcompressiorrate or the exact error to be achieved. This is a
seriousdefect. Another problemwith the baselinemethod is that it doesnot
allow for progressie transmission. In other words, it is not possibleto send
successig data padets (over the Internet, say) which produce successigly
increasedresolution of the received image. Progressie transmissionis vital
for applications that include somelevel of interaction with the receiwer.

Let usnow turn to theseimproved waveletimagecompressioralgorithms.
The algorithms to be discussedare the EZW algorithm, the SPIHT algo-
rithm, the WDR algorithm, and the ASWDR algorithm.

1.2 EZW algorithm

The EZW algorithm was one of the rst algorithms to show the full power
of wavelet-basedimage compression.lt was introducedin the groundbreak-
ing paper of Shapiro [4]. We shall descrite EZW in somedetail becausea
solid understandingof it will make it much easierto comprehendthe other
algorithms we shall be discussing. These other algorithms build upon the
fundamenal conceptsthat were rst introducedwith EZW.

Our discussionof EZW will be focusedon the fundamenal ideasunderly-
ing it; we shall not useit to compressany images. That is becausat hasbeen
supersededby a far superior algorithm, the SPIHT algorithm. SinceSPIHT
is just a highly re ned versionof EZW, it makessenseo rst describe EZW.

EZW standsfor Embeddel Zerotree Wavelet. We shall explain the terms
Embedded, and Zerotree, and how they relate to Waveletbasedcompression.
An embeddedcoding is a processof encaling the transform magnitudesthat
allows for progressie transmissionof the compressedmage. Zerotreesare
a conceptthat allows for a conciseencaling of the positions of signi cant
valuesthat result during the embeddedcoding process.We shall rst discuss
embeddedcoding, and then examinethe notion of zerotrees.

The enmbedding processused by EZW is called bit-plane enading. It
consistsof the following v e-stepprocess:

Bit-plane encoding

Step 1 (Initialize ). Chooseinitial threshold, T = Ty, suc that all transform
valuessatisfy jw(m)j < Tg and at leastonetransform value satis es jw(m);j
T0=2.



Step 2 (Update threshold). Let Ty = Ty 1=2.

Step 3 (Signi cance pass). Scanthrough insigni cant valuesusing baseline
algorithm scanorder. Test ead value w(m) as follows:

If jw(m)j Ty, then
Output sign of w(m)
Set wg(m) = Tk
Else if jw(m)j< Ty then
Let wg(m) retain its initial value of O.

Step 4 (Re nement pass). Scanthrough signi cant valuesfound with higher
threshold valuesT;, for j < k (if k = 1 skip this step). For eadh signi cant
value w(m), do the following:

If jw(m)j 2 [wg(m);wg(m) + Ty), then
Output bit 0

Else if jw(m)j 2 [wg(m) + Ty;wg(m) + 2Ty), then
Output bit 1
Replace value of wg(m) by wg(m) + Ty.

Step 5 (Loop). Repeat steps2 through 4.

This bit-plane encaling procedurecan be cortinued for aslong as necessary
to obtain quartized transform magnitudeswg(m) which are as closeas de-
sired to the transform magnitudesjw(m)j. During decaling, the signsand
the bits output by this method can be usedto construct an appraximate
wavelet transform to any desireddegreeof accuracy If instead, a given com-
pressionratio is desired,then it can be achieved by stopping the bit-plane
encaling as soon as a given number of bits (a bit budge) is exhausted. In
either case the executionof the bit-plane encaling procedurecan terminate
at any point (not just at the end of one of the loops).

As a simple exampleof bit-plane encaling, supposethat we just have two
transform valuesw(1l) = 9:5andw(2) = 42. For aninitial threshold, we set
To = 64. During the rst loop, whenT; = 32, the output is the sign of w(2),
and the quartized transform magnitudesare wo(1) = 0 and wg(2) = 32.
For the secondloop, T, = 16, and there is no output from the signi cance
pass. The re nement passproducesthe bit 0 becausew(2) 2 [32 32+ 16).
The quartized transform magnitudesarewg (1) = 0 andwg(2) = 32. During

7



the third loop, when T3 = 8, the signi cance passoutputs the sign of w(1).
The re nement passoutputs the bit 1 becausew(2) 2 [32+ 8;32+ 16). The
quartized transform magnitudesare wo(1) = 8 and wg(2) = 40.

It is not hard to seethat after n loops, the maximum error between the
transform valuesand their quantizel counterparts is lessthan To=2". It fol-
lowsthat we canreducethe error to assmall a value aswe wish by performing
a large enoughnumber of loops. For instance, in the simple example just
described, with sewen loops the error is reducedto zero. The output from
thesesewen loops, arrangedto correspnd to w(1) and w(2), is

w(1): 0 011
w2: + 0 1 0100

Notice that w(2) requiressewen symbols, but w(1) only requires v e.

Bit-plane encaling simply consists of computing binary expansions|
using Tp asunit/for the transform valuesand recordingin magnitudeorder
only the signi cant bits in theseexpansions.Becausethe rst signi cant bit
is always 1, it is not encaled. Instead the sign of the transform value is
encaded rst. This coheren ordering of encaling, with highest magnitude
bits encaled rst, is what allows for progressie transmission.

Wavelet transformsare particularly well-adaptedfor bit-plane encaling.!
This is becausewavelet transforms of imagesof natural scenesoften have
relatively few high-magnitude values,which are mostly found in the highest
level subbands. Thesehigh-magnitudevaluesare rst coarselyapproximated
during the initial loopsof the bit-plane encaling. Thereby producing a low-
resolution, but often recognizable,version of the image. Subsequen loops
encale lower magnitude valuesand re ne the high magnitude values. This
addsfurther details to the imageand re nes existing details. Thus progres-
sive transmissionis possible,and encaling/decoding can ceaseoncea given
bit budgetis exhaustedor a given error target is achieved.

Now that we have descriked the embeddedcoding of wavelet transform
values, we shall descrike the zerotreemethod by which EZW transmits the
positions of signi cant transform values. The zerotreemethod givesan im-
plicit, very compact, description of the location of signi cant valuesby cre-
ating a highly compressediescription of the location of insigni cant values.
For many imagesof natural scenes,such as the Lena image for example,
insigni cant valuesat a given threshold T are organizedin zerotrees.

LAlthough other transforms, suc asthe block Discrete Cosine Transform, can also be
bit-plane encaded.



To de ne a zerotreewe rst de ne a quadtee. A quadtreeis a tree of
locationsin the wavelet transform with a root [i; j ], and its children located
at[2i; 2], [2+ 1, 2], [2; 2 +1],and [2i + 1; 2] + 1], and ead of their children,
and soon. Thesedesendantsof the root reac all the way bad to the 1t level
of the wavelet transform. For example,in Fig. 6(a), we shav two quadtrees
(enclosedin dashedboxes). One quadtreehasroot at index 12 and children
at indicesf 41; 42,47, 48g. This quadtreehastwo levels. We shall denoteit by
f12) 41,42, 47,483. The other quadtree,which hasthree levels, hasits root at
index 4, the children of this root at indicesf 13, 14; 15, 169, and their children
at indicesf49,50;:::;64g. It is denotedby f4]13;:::;16j49;:::;64g.

Now that we have de ned a quadtree, we can give a simple de nition
of a zerotree. A zemwtree is a quadtree which, for a given thresholdT, has
insigni c ant wavelettransform valuesat each of its locations. For example,
if the thresholdis T = 32, then ead of the quadtreesshownn in Fig. 6(a) is a
zerotreefor the wavelettransformin Fig. 6(b). But if the thresholdis T = 16,
then f12)41; 42, 47,483 remainsa zerotree,but f4j13;:::;16j49,:::;64g Is
no longer a zerotreebecausets root value is no longer insigni cant.

Zerotreescan provide very compact descriptions of the locations of in-
signi cant valuesbecauseit is only necessaryto encale one symbol, R say,
to mark the root location. The decader can infer that all other locations
in the zerotree have insigni cant values, so their locations are not encoded.
For the threshold T = 32, in the examplejust discussediwo R symbols are
enoughto specify all 26 locationsin the two zerotrees.

Zerotreescan only be usefulif they occur frequenly. Fortunately, with
wavelet transforms of natural scenes,the multiresolution structure of the
wavelet transform doesproduce many zerotrees(especially at higher thresh-
olds). For example,considerthe imagesshowvn in Fig. 7. In Fig. 7(a) we shav
the 2" all-lowpasssubbandof a Daub 9/7 transform of the Lenaimage. The
image 7(b) on its right is the 3 vertical subband produced from this all-
lowpasssubband,with a threshold of 16. Notice that there are large patches
of grey pixels in this image. Theserepresen insigni cant transform values
for the threshold of 16. Theseinsigni cant valuescorrespnd to regionsof
nearly constart, or nearly linearly graded, intensities in the imagein 7(a).
Sud intensities are nearly orthogonal to the analyzing Daub 9/7 wavelets.
Zerotreesarise for the threshold of 16 becausein image 7(c)|the 2" all-
lowpass subband|there are similar regions of constart or linearly graded
intensities. In fact, it was preciselytheseregionswhich were smoothed and
downsampledto create the correspnding regionsin image 7(a). Thesere-
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(a) Scanorder, with two quadtrees (b) Wavelet transform
+ + R | | + + R | +
I [RIR R +|R RI|I I
R L R|R R
we] N

I Lo +

Lo I
| | | |
]
(c) Threshold = 32 (d) Threshold = 16

Figure 6: First two stagesof EZW. (a) 3-lewel scanorder. (b) 3-level wavelet
transform. (c) Stagel, threshold = 32. (d) Stage2, threshold = 16.
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gionsin image7(c) produceinsigni cant valuesin the samerelative locations
(the child locations) in the 2" vertical subbandshawn in image 7(d).

Likewise,there are uniformly grey regionsin the samerelative locations
in the 15t vertical subband[seeFig. 7(f)]. Becausethe 2" vertical subbandin
Fig. 7(d) is magni ed by afactor of two in ead dimension,and the 39 vertical
subbandin 7(b) is magni ed by a factor of four in ead dimension,it follows
that the commonregionsof grey badkground shavn in thesethree vertical
subbandsare all zerotrees.Similar imagescould be showvn for horizortal and
diagonalsubbands,and they would alsoindicate a large number of zerotrees.

The Lenaimageis typical of many imagesof natural scenesand the above
discussiongives somebadkground for understanding how zerotreesarise in
wavelet transforms. A more rigorous, statistical discussioncan be found in
Shapiro'spaper [4].

Now that we have laid the foundations of zerotreeencaling, we can com-
plete our discussionof the EZW algorithm. The EZW algorithm simply
consistsof replacing the signi cance passin the Bit-plane encoding pro-
cedurewith the following step:

EZW Step 3 (Signicance pass). Scanthrough insigni cant valuesusing
baselinealgorithm scanorder. Test ead value w(m) as follows:

If jw(m)j Tk, then
Output the sign of w(m)
Set wgo(m) = Ty
Else if jw(m)j < Ty then
Let wo(m) remain equal to O
If mis at 15t level, then
Output |
Else
Search through quadtree having root m
If this quadtree is a zerotree, then
Output R
Else
Output 1.

During a seart through a quadtree, valuesthat werefound to be signi cant
at higher thresholds are treated as zeros. All descendais of a root of a
zerotreeare skipped in the rest of the scanningat this threshold.
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(b)

0

Figure 7: (a) 2" all-lowpasssubband. (b) 3 vertical subband. (c) 1% all-
lowpasssubband. (d) 2" vertical subband. (e) Original Lena. (f) 13 vertical
subband.
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As an exampleof the EZW method, considerthe wavelet transform shavn
in Fig. 6(b), which will be scannedthrough using the scanorder shown in
Fig. 6(a). Supposethat the initial thresholdis To = 64. In the rst loop, the
threshold is T, = 32. The results of the rst signi cance passare shavn in
Fig. 6(c). The coder output after this rst loop would be

+ IR+ RRRRIRRITIIT + I (4)

correspnding to a quartized transform having just two values: 32. With
+32 at ead location marked by a plus signin Fig. 6(c), and 32 at ead
location marked by a minus sign, and 0 at all other locations. In the second
loop, with threshold T, = 16, the resultsof the signi cance passare indicated
in Fig. 6(d). Notice, in particular, that thereis a symbol R at the position 11
in the scanorder. That is becausehe plus signwhich lies at a child location
is from the previousloop, soit is treated as zero. Henceposition 11 is at the
root of a zerotree. There is alsoa re nement passdonein this secondloop.
The output from this secondloop is then

+ RRR RRRRRRRIITI +11111010 (5)

with correspnding quartized wavelet transform shovn in Fig. 8(a). The
MSE betweenthis quartized transform and the original transform is 48.:6875.
This is a 78% reduction in error from the start of the method (when the
quartized transform hasall zerovalues).

A coupleof nal remarksarein order concerningthe EZW method. First,
it shouldbe clearfrom the discussiorabove that the decaler, whosestructure
is outlined in Fig. 2 above, can reverseead of the stepsof the coder and
produce the quartized wavelet transform. It is standard practice for the
decder to then round the quartized valuesto the midpoints of the intervals
that they werelast found to belongto during the encaling process(i.e., add
half of the last threshold usedto their magnitudes). This generally reduces
MSE. For instance, in the examplejust considered,if this rounding is done
to the quartized transform in Fig. 8(a), then the result is shovn in Fig. 8(b).
The MSE is then 39:6875,a reduction of more than 18%. A good discussion
of the theoretical justi cation for this rounding technique can be found in
[2]. This rounding methal will be employel by all of the other algorithmsthat
we shal discuss.

Secondgsincewe live in a digital world, it is usually necessaryo transmit
just bits. A simple encaling of the symbols of the EZW algorithm into bits
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(a) (b)

Figure 8: (a) Quartization at end of 2" stage, MSE = 48.6875. (b) After
rounding to midpoints, MSE = 39.6875 reduction by more than 18%.

would beto useacodesudhasP = 01,N = 00,R = 10,and| = 11. Since
the decaler can always infer preciselywhen the encaling of these symbols

ends(the signi cance passis complete), the encaling of re nement bits can

simply be as single bits 0 and 1. This form of encaling is the fastest to

perform, but it doesnot achieve the greatestcompression.In [4], a lossless
form of arithmetic coding wasrecommendedn orderto further compresshe

bit streamfrom the encaler.

1.3 SPIHT algorithm

The SPIHT algorithm is a highly re ned version of the EZW algorithm.
It was introduced in [5] and [6] by Said and Pearlman. Someof the best
results|highest PSNR valuesfor given compressiorratios|for a wide vari-
ety of imageshave beenobtained with SPIHT. Consequetly, it is probably
the most widely usedwavelet-basedalgorithm for image compression,pro-
viding a basic standard of comparisonfor all subsequehalgorithms.

SPIHT standsfor Set Partitioning in Hierarchical Trees. The term Hi-
erarchical Trees refersto the quadtreesthat we de ned in our discussionof
EZW. SetPartitioning refersto the way thesequadtreesdivide up, partition,
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the wavelet transform valuesat a given threshold. By a careful analysis of
this partitioning of transform values,Said and Pearlmanwereableto greatly
improve the EZW algorithm, signi cantly increasingits compressie power.

Our discussionof SPIHT will consistof three parts. First, we shall de-
scribe a modi ed version of the algorithm introducedin [5]. We shall refer
to it asthe Smatial-orientation Tree Wavelet (STW) algorithm. STW is es-
sertially the SPIHT algorithm, the only di erence is that SPIHT is slightly
more careful in its organization of coding output. Second,we shall descrike
the SPIHT algorithm. It will be easierto explain SPIHT usingthe concepts
underlying STW. Third, we shall seehow well SPIHT compressesmages.

The only di erence betweenSTW and EZW is that STW usesa di erent
approad to encaling the zerotreeinformation. STW usesa state transition
model. From one threshold to the next, the locations of transform values
undergostate transitions. This model allows STW to reducethe number of
bits neededfor encaling. Instead of code for the symbols R and | output by
EZW to mark locations, the STW algorithm usesstates|g, Iy, Sg, and Sy
and outputs code for state-transitionssudr aslg ! Iy, Sg! Sy, etc. To
de ne the statesinvolved, somepreliminary de nitions are needed.

For a given index m in the baselinescanorder, de ne the set O(m) as
follows. If m is either at the 1%t level or at the all-lowpasslevel, then O(m) is
the empty set; . Otherwise,if m is at the j level for j > 1, then

O(m) = f Descendets of index m in quadtreewith root mg.
The signi cance function S is de ned by
o 2 max jw(n)j; it C(m) 6
(m)_?l; if O(m) = : .

With thesepreliminary de nitions in hand, we can now de ne the states.
For a given threshold T, the stateslg, |y, Sg, and Sy are de ned by

m2lr ifandonlyif jw(m)j<T;S(m)<T (6)
m2ly ifandonlyif jw(m)j<T;S(m) T (7)
m2 Sg ifandonlyif jw(m)j T;S(m)<T (8)
m2 Sy ifandonlyif jw(m)j T;S(m) T: (9)

In Fig. 9, we shav the state transition diagram for these states when a
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Figure 9: State transition diagram for STW

threshold is decreasedrom T to T°< T. Notice that oncea location m
arrivesin state Sy, then it will remain in that state. Furthermore, there are
only two transitions from ead of the statesl, and Sg, sothosetransitions
can be coded with one bit eadr. A simple binary coding for these state
transitions is showvn in Table 1.

OldnNew I | Iv | Sk | Sy
Ir 00(01] 10| 11

lv 0 1
Sr 0|1
Sv

Table 1: Code for state transitions, indicatesthat Sy ! Sy transition is
certain (henceno encaling needed).

Now that we have laid the groundwork for the STW algorithm, we can
give its full description.

STW encoding

Step 1 (Initialize ). Chooseinitial threshold, T = Ty, such that all transform
valuessatisfy jw(m)j < Tg and at leastonetransform value satis es jw(m)j
To=2. Assign all indices for the Lt Jevel, where L is the number of levels
in the wavelet transform, to the dominant list (this includes all locations
in the all-lowpasssubband as well as the horizontal, vertical, and diagonal
subbandsat the L™ level). Setthe re nement list of indices equal to the
empty set.

Step 2 (Update threshold). Let Ty = Ty 1=2.
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Step 3 (Dominant pass). Use the following procedure to scan through
indicesin the dominant list (which can changeasthe procedureis executed).
Do
Get next index m in dominant list
Save old state Sgg = S(M; Tk 1)
Find new state Shew = S(m; Tx) using (6)-(9)
Output code for state transition Sod ! Shew
If Shew & Soig then do the following
If Soig & Sr and S,ew 6 |y then
Appendindex m to refinement list
Output sign of w(m) and set wg(m) = Ty
If Sog 6 lv and S,ew 6 Sg then
Append child indices of m to dominant list
If Shew = Sv then
Removeindex m from dominant list
Loop until  end of dominant list

Step 4 (Re nement pass). Scanthrough indices m in the re nement list
found with higher threshold valuesTj, for j < k (if k = 1 skip this step).
For eadt value w(m), do the following:

If jw(m)j 2 [wo(m);wg(m) + Ty), then
Output bit 0

Else if jw(m)j 2 [wo(m) + Ty;wg(m) + 2Ty), then
Output bit 1

Replace value of wg(m) by wg(m) + Ty.

Step 5 (Loop). Repeat steps 2 through 4.

To seehow STW works|and how it improvesthe EZW method|it helps

to reconsiderthe exampleshawvn in Fig. 6. In Fig. 10, we shov STW states
for the wavelet transform in Fig. 6(b) using the sametwo thresholdsas we
used previously with EZW. It is important to comparethe three quadtrees
enclosedin the dashedboxesin Fig. 10 with the correspnding quadtrees
in Figs. 6(c) and (d). There is a large savings in coding output for STW
represemed by thesequadtrees. The EZW symbols for thesethree quadtrees
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are+ 1111, 1111,and+ RRRR. For STW, howewer, they aredescriked
by the symbols + Sg, Sgr, and + Sg, which is a substartial reduction in
the information that STW needsto encale.

Sv | Sv SR IR |, | Sv|Sv|Sv Ir|lv Sv
| | -,
v |Ir [IrR IR ! Sv [[Sri|lr IR |Iv v
'R v Sr| v |
IR IR IR IR E
ly Sy | v Sy
| |
lv Iy I iy ly
(a) Threshold = 32 (b) Threshold = 16

Figure 10: First two stagesof STW for wavelet transform in Fig. 6.

There is not much di erence betweenSTW and SPIHT. The one thing
that SPIHT doesdi erently is to carefully organizethe output of bits in the
encaling of state transitions in Table 1, so that only one bit is output at a
time. For instance, for the transition Ig ! Sg, which is coded as 10 in
Table 1, SPIHT outputs a1 rst and then (after further processing)outputs
a 0. Evenif the bit budgetis exhaustedbeforethe secondbit canbe output,
the rst bit of 1 indicatesthat there is a new signi cant value.

The SPIHT encdling process,as descrilked in [6], is phrasedin terms
of pixel locations [i; j] rather than indices m in a scanorder. To avoid
introducing new notation, and to highlight the connectionsbetweenSPIHT
and the other algorithms, EZW and STW, we shall rephrasethe description
of SPIHT from [6] in term of scanningindices. We shall alsoslightly modify
the notation usedin [6] in the interestsof clarity.

First, we needsomepreliminary de nitions. For a given set| of indices
in the baselinescanorder, the signi cance St[l] of | relative to a threshold
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T is de ned by 8 _ _ _
> L if rnnza}XJW(n)j T
Srltl=, o (10)
-0 if rpgxlw(n)j <T.
It is important to note that, for the initial threshold Ty, we have Sy, [I]1= 0
for all setsof indices. If | is a set cortaining just a singleindex m, then for
corveniencewe shall write St[m] instead of St [f mg].
For a succinct presenation of the method, we needthe following de ni-
tions of setsof indices:

O(m) = fDescendenindicesof the index mg
Qm) = fChild indicesof the index mg
dm) = Om) dm)

f Granddhildren of m, i.e., descendats which are not childreng:

In addition, the set H consistsof indices for the L™ level, where L is the
number of levelsin the wavelet transform (this includesall locationsin the
all-lowpasssubbandaswell asthe horizorntal, vertical, and diagonalsubbands
at the L™ level). It is important to remenber that the indicesin the all-
lowpass subband have no descendats. If m marks a location in the all-
lowpasssubband,then O(m) = ;.

SPIHT keepstrack of the statesof setsof indicesby meansof three lists.
They are the list of insigni c ant sets (LIS), the list of insigni c ant pixels
(LIP), and the list of signi cant pixels (LSB. For ead list a setis identi ed
by a singleindex, in the LIP and LSPtheseindicesrepresemn the singleton
sets f mg where m is the identifying index. An index m is called either
signi cant or insigni cant, depending on whether the transform value w(m)
is signi cant or insigni cant with respectto a given threshold. For the LIS,
the index m denoteseither m) or @m). In the former case the index m is
said to be of type Dand, in the latter case,of type G

The following is pseudaode for the SPIHT algorithm. For simplicity, we
shall write the signi cance function Sy, asSy.

SPIHT encoding

Step 1 (Initialize ). Choose initial threshold Ty such that all transform
values satisfy jw(m)j < Tp and at least one value satis es jw(m)j  Tp=2.
Set LIP equalto H set LSPequalto ;, and set LIS equalto all the indices
in Hthat have descendats (assigningthem all type D).

19



Step 2 (Update threshold). Let Ty = Ty 1=2.
Step 3 (Sorting pass). Proceedas follows:

For each m in LIP do:
Output Sg[m]
If Sk[m]= 1 then
Movem to end of LSP
Output sign of w(m); set wg(m) = Ty
Continue until end of LIP
For each m in LIS do:
If mis of type D then
Output Se[D(m)]
If Sk[D(m)] = 1 then
For each n2 qm) do:
Output Sg[n]
If Sk[n]= 1 then
Appendn to LSP
Output sign of w(n); set wg(n) = Ty
Else If Sk[n]= 0 then
Appendn to LIP
If @m) 6 ; then
Movem to end of LIS as type G
Else
Removem from LIS
Else If m is of type G then
Output S [@m)]
If Sk[@m)] = 1 then
Appenddm) to LIS, all type D indices
Removem from LIS
Continue until end of LIS

Notice that the set LIS can undergomany changesduring this procedure, it
typically doesnot remain xed throughout.

Step 4 (Re nement pass). Scanthrough indicesm in LSPfound with higher
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threshold valuesT;, for j < k (if k = 1 skip this step). For ead value w(m),
do the following:

If jw(m)j 2 [wo(m);wo(m) + Ty), then
Output bit 0

Else if jw(m)j 2 [wg(m) + Ty;wg(m) + 2Ty), then
Output bit 1
Replace value of wg(m) by wg(m) + Tg.

Step 5 (Loop). Repeat steps 2 through 4.

It helpsto carry out this procedureon the wavelet transform showvn in Fig. 6.
Then onecanseethat SPIHT simply performsSTW with the binary code for
the statesin Table 1 being output one bit at a time.

Now comesthe payo. We shall seehow well SPIHT performsin com-
pressingimages. To do thesecompressionsve usedthe public domain SPIHT
programsfrom [7]. In Fig. 11 we show seweral SPIHT compressionf the
Lena image. The original Lena imageis shovn in Fig. 11(f). Five SPIHT
compressionsare shavn with compressionratios of 128:1,64:1, 32:1, 16:1,
and 8:1.

There are se\eral things worth noting about these compressedmages.
First, they were all produced from one le, the le containing the 1 bpp
compressionof the Lena image. By specifying a bit budget, a certain bpp
value up to 1, the SPIHT decompressiorprogram will stop decaling the 1
bpp compressedle oncethe bit budget is exhausted. This illustrates the
embeddednature of SPIHT.

Second,the rapid convergenceof the compressedmagesto the original
is nothing short of astonishing. Even the 64:1 compressionin Fig. 11(b) is
almost indistinguishable from the original. A closeexamination of the two
imagesis neededin order to seesomedi erences, e.g.,the blurring of details
in the top of Lena's hat. The imagein (b) would be quite acceptablefor
someapplications, such asthe rst imagein a sequenceof video telephone
imagesor asa thumbnail display within a large archive.

Third, notice that the 1 bpp image has a 40.32 dB PSNR value and
is virtually indistinguishable|ev en under very closeexamination|from the
original. Herewe nd that SPIHT is able to exceedthe simple thresholding
compressionve rst discussedseeFig. 3). For reasonsof space,we cannot
shov SPIHT compression®f many test images,soin Table 2 we give PSNR
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(d) 0:5 bpp (16:1) (ej 1:0 bpp (8:1) (f) Original, 8 bpp

Figure 11: SPIHT compression®f Lenaimage. PSNR values: (a) 27.96dB.
(b) 30.85dB. (c) 33.93dB. (d) 37.09dB. (e) 40.32dB.

valuesfor sewral test images[8]. Thesedata shov that SPIHT produces
higher PSNR valuesthan the two other algorithms that we shall descrike
below. SPIHT is well-known for its superior performancewhenPSNR is used
asthe error measure. High PSNR values, howewer, are not the solecriteria
for the performanceof lossy compressionalgorithms. We shall discussother
criteria below.

Fourth, these SPIHT compressedmageswere obtained using SPIHT's
arithmetic compressioroption. The method that SPIHT usesfor arithmetic
compressions quite involved and spacedoesnot permit a discussionof the
details here. Somedetails are provided in [9].

Finally, it is interesting to compareSPIHT compressionsvith compres-
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Image/Method SPIHT | WDR | ASWDR
Lena, 0.5 bpp 37:09 | 3645 36.67
Lena, 0.25bpp 33:85 | 3339 3364
Lena, 0.125bpp 30:85 | 3042 | 3061
Goldhill, 0.5 bpp 33:10 | 3270 | 3285
Goldhill, 0.25bpp | 30:49 | 3033 | 3034
Goldhill, 0.125bpp | 28:39 | 2825 | 2823
Barbara, 0.5 bpp 31:29 | 3068 | 3087
Barbara, 0.25bpp | 27:47 | 2687 | 27.03
Barbara, 0.125bpp | 24:77 | 2430 | 2452
Aireld, 0.5bpp 28:57 | 2812 | 2836
Air eld, 0.25bpp 25190 | 2549 | 2564
Aireld, 0.125bpp | 23:68 | 2332 | 2350

Table 2: PSNR values,with arithmetic compression

sionsobtainedwith the JPEG method.? The JPEG method is a sophisticated
implemenrtation of block Discrete CosineTransformencaling [10]. It is used
extensiwely for compressionof images, esgecially for transmission over the
Internet. In Fig. 12, we comparecompressionf the Lena image obtained
with JPEG and with SPIHT at three di erent compressionratios. (JPEG
doesnot allow for specifying the bpp value in advance;the 59:1compression
was the closestwe could get to 64:1.) It is clear from these imagesthat
SPIHT is far superior to JPEG. It is better both in perceptual quality and
in terms of PSNR. Notice, in particular, that the 59:1JPEG compressions
very distorted (exhibiting \blo cking" artifacts stemming from coarsequan-
tization within the blocks making up the block DCT usedby JPEG). The
SPIHT compressiongewven at the slightly higher ratio of 64:1, exhibits none
of these objectionable features. In fact, for quick transmissionof a thumb-
nail image (say, as part of a much larger webpage),this SPIHT compression
would be quite acceptable. The 32:1 JPEG image might be acceptablefor
some applications, but it also contains some blocking artifacts. The 32:1
SPIHT compressionis almost indistinguishable (at theseimage sizes)from
the original Lenaimage. The 16:1compressiongor both methods are nearly

2JPEG stands for Joint Photographic Experts Group, a group of engineerswho devel-
oped this compressionmethod.
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indistinguishable. In fact, they are both nearly indistinguishable from the
original Lenaimage.

Although we have comparedJPEG with SPIHT usingonly oneimage,the
results we have found are generallyvalid. SPIHT compressionsare superior
to JPEG compressiondoth in perceptual quality and in PSNR values. In
fact, all of the wavelet-basedimage compressiontechniquesthat we discuss
hereare superior to JPEG. Hence,we shall not make any further comparisons
with the JPEG method.

(a) JPEG 59:1 (b) JPEG 32:1 (c) JPEG 16:1

(d) SPIHT 64:1 (e) SPIHT 32:1 (f) SPIHT 16:1

Figure 12: Comparisonof JPEG and SPIHT compressionf Lena image.
PSNR values: (a) 24:16 dB. (b) 30:11 dB. (c) 3412 dB. (d) 30:85 dB. (e)
3393 dB. (f) 37:09dB.
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1.4 WDR Algorithm

One of the defectsof SPIHT is that it only implicitly locatesthe position
of signi cant coe cien ts. This makesit di cult to perform operations, sud
asregion selectionon compressediata, which depend on the exact position
of signi cant transform values. By region seletion, alsoknown as region of
interest (ROI), we mean selectinga portion of a compressedmage which
requiresincreasedresolution. This can occur, for example,with a portion of
a low resolution medicalimagethat hasbeensert at a low bpp rate in order
to arrive quickly.

Sudt compressediata operationsare possiblewith the WaveletDi er ene
Reduction (WDR) algorithm of Tian and Wells[11]{[13]. The term di er ence
reduction refersto the way in which WDR encalesthe locationsof signi cant
wavelet transform values,which we shall descrike below. Although WDR will
not typically producehigher PSNR valuesthan SPIHT (seeTable 2), we shall
seethat WDR can produce perceptually superior images,esgecially at high
compressiorratios.

The only di erence between WDR and the Bit-plane encoding de-
scribed above is in the signi cance pass. In WDR, the output from the sig-
ni cance passconsistsof the signsof signi cant valuesalongwith sequences
of bits which conciselydescrile the preciselocations of signi cant values.
The bestway to seehow this is doneis to considera simple example.

Supposethat the signi cant valuesare w(2) = +34:2, w(3) = 335,
w(7) = +48:2, w(12) = +40:34,and w(34) = 54:36. The indicesfor these
signi cant valuesare 2, 3, 7, 12, and 34. Rather than working with these
values, WDR works with their successie di erences: 2, 1, 4, 5, 22. In this
latter list, the rst number is the starting index and ead successig number
is the numler of stepsneededo reat the next index. The binary expansions
of these successig di erences are (10),, (1),, (100), (101),, and (10110).
Sincethe most signi cant bit for ead of theseexpansiongs always 1, this bit
can be dropped and the signsof the signi cant transform valuescan be used
instead as separatorsin the symbol stream. The resulting symbol streamfor
this exampleis then +0 +00 + 01 0110.

When this most signi cant bit is dropped, we shall refer to the binary
expansionthat remainsas the reducd binary exmnsion. Notice, in partic-
ular, that the reducedbinary expansionof 1 is empty. The reducedbinary
expansionof 2 is just the 0 bit, the reducedbinary expansionof 3 is just the
1 bit, and soon.
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The WDR algorithm simply consistsof replacing the signi cance passin
the Bit-plane encoding procedurewith the following step:

WDR Step 3 (Signi cance pass). Perform the following procedureon the
insigni cant indicesin the baselinescanorder:

Initialize step-counter C =0
Let Coqq=0
Do
Get next insignificant index m
Increment step-counter C by 1
If jw(m)j Tk then
Output sign w(m) and set wg(m) = Ti
Movem to end of sequence of significant  indices
Let n=C Cgq
Set Cqgq=C
If n> 1 then
Output reduced binary expansion of n
Else if jw(m)j < Ty then
Let wg(m) retain its initial value of O.
Loop until  end of insignificant indices
Output end-marker

The output for the end-marker is a plus sign, followed by the reducedbinary
expansionofn=C+ 1 Cg,q, and a nal plus sign.

It is not hard to seethat WDR is of no greatercomputational complexity
than SPIHT. For onething, WDR doesnot needto seart through quadtrees
asSPIHT does. The calculationsof the reducedbinary expansionsaddssome
complexity to WDR, but they can be donerapidly with bit-shift operations.
As explainedin [11]{[13], the output of the WDR encaling can be arithmeti-
cally compressed.The method that they descrite is basedon the elemenary
arithmetic coding algorithm describedin [14]. This form of arithmetic coding
is substartially lesscomplex (at the price of poorer performance)than the
arithmetic coding employed by SPIHT.

As an exampleof the WDR algorithm, considerthe scanorder and wavelet
transform shown in Fig. 6. For the threshold T, = 32, the signi cant values
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arew(l) = 63,w(2) = 34,w(5) = 49, and w(36) = 47. The output of the
WDR signi cance passwill then be the following string of symbols:

+ +1+ 1111+ 1101+

which comparesfavorably with the EZW output in Eq. (4). The last six
symbols are the code for the end-marler. For the threshold T, = 16, the new
signi cant valuesarew(3) = 31,w(4) = 23,w(9) = 25,and w(24) = 18.
Sincethe previousindices1, 2, 5, and 36, are removed from the sequenceof
insigni cant indices, the valuesof n in the WDR signi cance passwill be 1,
1,4, and 15. In this case,the value of n for the end-marker is 40. Adding on
the four re nement bits, which are the sameasin Eq. (5), the WDR output
for this secondthreshold is

+ 00+ 111+ 01000+ 1010

which is also a smaller output than the correspnding EZW output. It is
alsoclear that, for this simple case,WDR doesnot produce as compactan
output as STW does.

As an example of WDR performancefor a natural image, we show in
Fig. 13 seweral compressionsf the Lena image. These compressionsvere
producedwith the free software [15].

There are a couple things to obsene about these compressions. First,
the PSNR valuesare lower than for SPIHT. This is typically the case. In
Table 2 we comparePSNR valuesfor WDR and for SPIHT on se\eralimages
at variouscompressiorratios. In every case,SPIHT hashigher PSNR values.

Second,at high compressiorratios, the visual quality of WDR compres-
sionsof Lena are superior to those of SPIHT. For example,the 0:0625bpp
and 0:125bpp compression$ave higher resolutionwith WDR. This is easier
to seeif the imagesare magni ed asin Fig. 14. At 0:0625bpp, the WDR
compressiondoesa better job in preservingthe shape of Lena'snoseand in
retaining someof the striping in the band around her hat. Similar remarks
apply to the 0:125bpp compressionsSPIHT, howewer, doesa better job in
preservingparts of Lena's eyes. Theseobsenations point to the needfor an
objective, quartitativ e measureof image quality.

There is no universally acceptedobjective measurefor image quality. We
shall now descrite a simple measurethat we have found useful. Thereis some
evidencethat the visual systemof humansconcenrates on analyzingedgesn
images[16], [17]. To produceanimagethat retains only edgeswe proceedas
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(a) 0:0625bpp (128:1) (b) 0:125bpp (64:1) (c) 0:25 bpp (32:1)

(d) 0:5 bpp (16:1) (e) 1:0 bpp (8:1) (f) Original, 8 bpp

Figure 13: WDR compression®f Lenaimage. PSNR values: (a) 27.63dB.
(b) 30.42dB. (c) 33.39dB. (d) 36.45dB. (e) 39.62dB.

follows. First, a 3-level Daub 9/7 transform of animagef is created. Second,
the all-lowpasssubbandis subtracted away from this transform. Third, an
inversetransform is performedon the remaining part of the transform. This
producesa highpassltered image,which exhibits edgesrom the imagef . A
similar highpass Itered imageis createdfrom the compressedmage. Both
of these highpass ltered imageshave meanvaluesthat are appraximately
zero. We de ne the edgecorrelation 3 by

_ c

3= - °

(0]
where . denotesthe standard deviation of the valuesof the highpass Itered
versionof the compressedmage,and , denotesthe standarddeviation of the

valuesof the highpassltered versionofthe original image. Thus 3; measures
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(a) Original (b) SPIHT, 0:0625bpp (c) WDR, 0:0625bpp

(d) Original (e) SPIHT, 0:125bpp  (f) WDR, 0:125bpp

Figure 14: SPIHT and WDR compression®f Lena at low bpp.

how well the compressedmage capturesthe variation of edgedetails in the
original image.

Using this edgecorrelation measure we obtainedthe resultsshown in Ta-
ble 3. In ewery case,the WDR compressiongxhibit higher edgecorrelations
than the SPIHT compressions.These numerical results are also consisten
with the increasedpresenation of details within WDR images,and with the
informal reports of human obseners.

Although WDR is simple, competitive with SPIHT in PSNR values,and
often provides better perceptualresults, there is still room for improvemer.
We now turn to a recert enhancemenof the WDR algorithm.
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Image/Metho d SPIHT | WDR | ASWDR
Lena, 0.5 bpp 966 976 978
Lena, 0.25 bpp 931 946 1951
Lena, 0.125 bpp :863 :885 :894
Goldhill, 0.5 bpp :920 1958 1963
Goldhill, 0.25 bpp :842 :870 871
Goldhill, 0.125 bpp 747 ;783 1781
Barbara, 0.5 bpp 1932 :955 959
Barbara, 0.25 bpp :861 :894 1902
Barbara, 0.125 bpp ;739 767 ;785
Aireld, 0.5 bpp :922 :939 1937
Aireld, 0.25 bpp :857 871 :878
Aireld, 0.125 bpp :766 1790 :803

Table 3: Edge correlations, with arithmetic compression

1.5 ASWDR algorithm

One of the most recent image compressionalgorithms is the Adaptively
Sannead WaveletDi er ene Reduction (ASWDR) algorithm of Walker [1§].
The adjective adaptivelysannel refersto the fact that this algorithm modi-
es the scanningorder usedby WDR in order to achieve better performance.

ASWDR adapts the scanning order so as to predict locations of new
signi cant values. If a prediction is correct, then the output specifying that
location will just bethe signof the newsigni cant value|the reducedbinary
expansionof the number of stepswill be empty. Thereforea good prediction
sthemewill signi cantly reducethe coding output of WDR.

The prediction method usedby ASWDR is the following: If w(m) is sig-
ni ¢ ant for thresholdT, then the valuesof the children of m are predicted to
ke signi cant for half-thresholdT=2. For many natural images,this predic-
tion method is a reasonablygood one. As an example,in Fig. 15 we show
two vertical subbandsfor a Daub 9/7 wavelet transform of the Lena image.
The image in Fig. 15(a) is of those signi cant valuesin the 2" level ver-
tical subbandfor a threshold of 16 (signi cant valuesshown in white). In
Fig. 15(b), we shav the new signi cant valuesin the 1% vertical subbandfor
the half-threshold of 8. Notice that there is a great deal of similarity in the
two images. Sincethe imagein Fig. 15(a) is magni ed by two in eat dimen-
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(@) (b)

Figure 15: (a) Signi cant values,2" vertical subband,threshold 16. (b) New
signi cant values,1% vertical subband,threshold 8.

sion, its white pixels actually represen the predictions for the locations of
newsigni cant valuesin the 15t vertical subband. Although thesepredictions
are not perfectly accurate, there is a great deal of overlap betweenthe two
images. Notice also how the locations of signi cant valuesare highly corre-
lated with the location of edgesin the Lenaimage. The scanningorder of
ASWDR dynamically adaptsto the locationsof edgedetailsin animage,and
this enhanceghe resolution of theseedgesin ASWDR compressedmages.

A completevalidation of the prediction method just descriked would re-
quire assemdling statistics for a large number of di erent subbands,di erent
thresholds, and di erent images. Rather than attempting sud an a priori
argumern (see[19]), we shall instead arguefrom an a posteriori standpoint.
We shall presen statistics that show that the prediction schemeemployed by
ASWDR does, in fact, encale more signi cant valuesthan are encaled by
WDR for a number of di erent images. As the pseuda@ode preserted below
will show, the only di erence betweenASWDR and WDR is in the predictive
schemeemployed by ASWDR to create new scanningorders. Consequetly,
if ASWDR typically encalesmore valuesthan WDR does, this must be due
to the succesf the predictive stheme.

In Table 4 we shav the numbers of signi cant valuesencaled by WDR
and ASWDR for four di erent images. In almost every case,ASWDR was
ableto encale more valuesthan WDR. This givesan a posteriori validation
of the predictive shemeemployed by ASWDR.

We now preser the pseudaode descriptionof ASWDR encaling. Notice
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Image nMetho d WDR | ASWDR | % increase
Lena, 0.125 bpp 5;241 5;458 4:1%
Lena, 0.25 bpp 10,450 11,105 6:3%
Lena, 0.5 bpp 20;809| 22370 7:5%
Goldhill, 0.125 bpp | 5;744 5.634 1:9%
Goldhill, 0.25 bpp 106,410| 1G 210 1:9%
Goldhill, 0.5 bpp 22,905 23,394 2:1%
Barbara, 0.125 bpp | 5;348 5571 4:2%
Barbara, 0.25 bpp 11,681 | 12174 4:2%
Barbara, 0.5 bpp 23,697 | 24,915 5:1%
Aireld, 0.125 bpp | 5;388 5;736 6:5%
Aireld, 0.25 bpp 16,519 11,228 6:7%
Aireld, 0.5 bpp 19,950 21,814 9:3%

Table 4: Number of signi cant valuesencaled, no arithmetic coding

that the signi cance passportion of this procedureis the sameasthe WDR

signi cance passdescrited above, and that the re nement passis the same
as for Bit-plane encoding (hencethe sameas for WDR). The one new
feature is the insertion of a step for creating a new scanningorder.

ASWDR encoding

Step 1 (Initialize ). Chooseinitial threshold, T = Ty, such that all transform
valuessatisfy jw(m)j < Tg and at leastonetransform value satis es jw(m)j
To=2. Set the initial scanorder to be the baselinescanorder.

Step 2 (Update threshold). Let Ty = Ty 1=2.

Step 3 (Signi cance pass). Perform the following procedureon the insignif-
icant indicesin the scanorder:

Initialize step-counter C =0

Let Coqq=0

Do
Get next insignificant index m
Increment step-counter C by 1
If jw(m)j Tk then
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(a) 0:0625bpp (128:1) (b) 0:125bpp (64:1) (c) 0:25 bpp (32:1)

(d) 0:5 bpp (16:1) (e) 1:0 bpp (8:1) (f) Original, 8 bpp

Figure 16: ASWDR compression®f Lena image. PSNR values: (a) 27.73
dB. (b) 30.61dB. (c) 33.64dB. (d) 36.67dB. (e) 39.90dB.

Output sign w(m) and set wg(m) = Ti
Movem to end of sequence of significant  indices
Let n=C Cgyq
Set Cqgq=C
If n> 1 then
Output reduced binary expansion of n
Else if jw(m)j< Ty then
Let wg(m) retain its initial value of O.
Loop until  end of insignificant indices
Output end-marker as per WDRStep 3
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Step 4 (Re nement pass). Scanthrough signi cant valuesfound with higher
threshold valuesT;, for j < k (if k = 1 skip this step). For ead signi cant
value w(m), do the following:

If jw(m)j 2 [wo(m);wg(m) + Ty), then
Output bit 0

Else if jw(m)j 2 [wo(m) + Ty;wg(m) + 2Ty), then
Output bit 1
Replace value of wg(m) by wg(m) + Ty.

Step 5 (Create new saan order). For ead level j in the wavelet transform
(except for j = 1), scanthrough the signi cant values using the old scan
order. The initial part of the new scanorder at levelj 1 consistsof the
indices for insigni cant values corresponding to the child indices of these
level j signi cant values. Then, scanagain through the insigni cant values
at level j using the old scanorder. Append to the initial part of the new
scanorder at levelj 1 the indicesfor insigni cant valuescorresponding to
the child indices of theselevel j signi cant values. Note: No changeis made
to the scanorder at level L, where L is the number of levelsin the wavelet
transform.

Step 6 (Loop). Repeat steps?2 through 5.

The creation of the new scanningorder only addsa small degreeof com-
plexity to the original WDR algorithm. Moreover, ASWDR retains all of the
attractiv e featuresof WDR: simplicity, progressie transmission capability,
and ROI capability.

In Fig. 16 we shov how ASWDR performs on the Lena image. The
PSNR valuesfor theseimagesare slightly better than those for WDR, and
almostasgood asthosefor SPIHT. More importantly, the perceptualquality
of ASWDR compressionsare better than SPIHT compressionsand slightly
better than WDR compressions.This is especially true at high compression
ratios. In Fig. 17 we shov magni cations of 128:1and 64:1 compressions
of the Lenaimage. The ASWDR compressiondetter presene the shape of
Lena'snose,and details of her hat, and show lessdistortion alongthe side of
her left cheek (especially for the 0:125bpp case). Thesesubjective obsena-
tions are borne out by the edgecorrelationsin Table 3. In almost every case,
the ASWDR compressiongroduce slightly higher edgecorrelation values.

As a further example of the superior performanceof ASWDR at high
compressiorratios, in Fig. 18 we shov compression®f the Air eld imageat
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(@) SPIHT (b) WDR (c) ASWDR

(d) SPIHT (e) WDR (f) ASWDR

Figure 17: SPIHT, WDR, and ASWDR compressionf Lena at low bpp.
(a){(c) 0.0625bpp, 128:1.(d){(f ) 0.125bpp, 64:1.

128:1. The WDR and ASWDR algorithms presene more of the ne details
in the image. Look especially along the top of the images: SPIHT erases
many ne details sud asthe telephonepole and two small squarestructures
to the right of the thin black rectangle. Thesedetails are presened, at least
partially, by both WDR and ASWDR. The ASWDR imagedoesthe bestjob
in retaining somestructure in the telephonepole. ASWDR is also superior
in preservingthe structure of the swept-badk winged aircraft, especially its
thin nose,located to the lower left of certer. Theseare only a few of the
marny details in the airplane imagewhich are better presened by ASWDR.
As quartitativ e support for the superiority of ASWDR in preservingedge
details, we shav in Table 5 the valuesfor three di erent edgecorrelations ,
k = 3, 4, and 5. Here k denoteshow many levelsin the Daub 9/7 wavelet
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(a) Original (b) SPIHT

(c) WDR (d) ASWDR

Figure 18: Comparisonsof 128:1compression®f air eld image

transform were used. A higher value of k meansthat edgedetail at lower
resolutions was consideredin computing the edgecorrelation. These edge
correlations shaov that ASWDR is superior over se\eral resolution levelsin
preservingedgesin the air eld imageat the low bit rate of 0:0625bpp.

High compressiorratio imageslike theseare usedin reconnaissanceand
in medical applications, where fast transmissionand ROI (region selection)
are employed, aswell as multi-resolution detection. The WDR and ASWDR
algorithms do allow for ROI while SPIHT does not. Furthermore, their
superior performancein displaying edgedetails at low bit rates facilitates
multi-resolution detection.

Further researt is beingdoneon improving the ASWDR algorithm. One
important enhancemenwill be the incorporation of an improved predictive
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Corr./Metho d | SPIHT | WDR | ASWDR
3 :665 :692 711
4 ;780 :817 :827
5 :845 :879 :885

Table 5: Edge correlationsfor 128:1compression®f Air eld image

scheme, basedon weighted values of neighboring transform magnitudes as
descrited in [19].

1.6 Lossless compression

A novel aspect of the compression/decompressiomethods diagrammedin
Figs.1and2isthat integer-to-integer wavelettransformscanbe usedin place
of the ordinary wavelet transforms (such as Daub 9/7) descrited sofar. An
integer-to-integer wavelet transform producesan integer-valued transform
from the grey-scale,integer-valued image [20]. Sincen loopsin Bit-plane

encoding reducesthe quartization error to lessthan Ty=2", it follows that
once 2" is greater than Ty, there will be zeo error. In other words, the
bit-plane encaded transform will be exactly the sameasthe original wavelet
transform, hencelosslesencaling is achieved (with progressie transmission
aswell). Of course,for many indices, the zero error will occur sconer than
with the maximum number of loops n. Consequetly, somecare is heeded
in order to e ciently encale the minimum number of bits in eat binary
expansion.A discussiorof how SPIHT is adaptedto achieve losslesencaling
canbefoundin [9]. The algorithms WDR and ASWDR can alsobe adapted
in order to achieve losslesencaling, but public versionsof sud adaptations
are not yet available. (When they are released,they will be accessibleat

[15.)

1.7 Color images

Following the standard practice in imagecompressiorreseart, we have con-
certrated here on methods of compressinggrey-scaleimages. For color im-
ages, this correspnds to compressingthe intensity portion of the image.
That is, if the color image is a typical RGB image, with 8 bits for Red,
8 bits for Green, and 8 bits for Blue, then the intensity | is de ned by
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I = (R+ B + G)=3, which roundsto an 8-bit grey-scaleimage. The human
eye is most sensitive to variations in intensity, sothe most di cult part of
compressinga color imagelies in the compressingof the intensity. Usually,
the two color \channels" are denotedY and C and are derived from the R,
G, and B values[21]. Much greatercompressiorcanbe doneonthe Y andC
versionsof the image, sincethe human visual systemis much lesssensitive to
variations in thesetwo variables. Each of the algorithms descriked above can
be modi ed soasto compresscolorimages. For example,the public domain
SPIHT coder [7] does provide programsfor compressingcolor images. For
reasonsof spacewe cannot descrilke compressiorof colorimagesin any more
detail.

1.8 Other compression algorithms

There are a wide variety of wavelet-basedmage compressioralgorithms be-
sidesthe onesthat we focusedon here. Someof the most promising are
algorithms that minimize the amourt of memory which the encaler and/or
decaler must use,see[22] and [23]. A newalgorithm which is embeddedand
which minimizesPSNR is descriked in [24]. Many other algorithms are cited
in the review article [1]. In ewaluating the performanceof any new image
compressionalgorithm, one must take into accourt not only PSNR values,
but also considerthe following factors: (1) perceptual quality of the images
(edgecorrelationvaluescanbe helpful here), (2) whetherthe algorithm allows
for progressie transmission, (3) the complexity of the algorithm (including
memory usage),and (4) whether the algorithm has ROI capability.
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