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1 Image compression

There are two typesof imagecompression:losslessand lossy. With lossless
compression,the original image is recovered exactly after decompression.
Unfortunately, with imagesof natural scenesit is rarely possibleto obtain
error-freecompressionat a rate beyond 2:1. Much higher compressionratios
canbe obtained if someerror, which is usually di�cult to perceive, is allowed
betweenthe decompressedimageand the original image. This is lossycom-
pression. In many cases,it is not necessaryor even desirablethat there be
error-free reproduction of the original image. For example, if somenoiseis
present, then the error due to that noisewill usually be signi�cantly reduced
via somedenoisingmethod. In such a case,the small amount of error intro-
duced by lossycompressionmay be acceptable. Another application where
lossycompressionis acceptableis in fast transmissionof still imagesover the
Internet.

Weshall concentrate on wavelet-basedlossycompressionof grey-level still
images.When there are256levelsof possibleintensity for each pixel, then we
shall call theseimages8 bpp (bits per pixel) images.Imageswith 4096grey-
levels are referred to as 12 bpp. Somebrief comments on color imageswill
also be given, and we shall also brie
y describe somewavelet-basedlossless
compressionmethods.

1.1 Lossy compression

The methodsof lossycompressionthat weshall concentrate on arethe follow-
ing: the EZW algorithm, the SPIHT algorithm, the WDR algorithm, and
the ASWDR algorithm. Theseare relatively recent algorithms which achieve
someof the lowesterrorsper compressionrate and highestperceptualquality
yet reported. After describingthesealgorithms in detail, we shall list some
of the other algorithms that are available.

Beforewe examinethe algorithms listed above, we shall outline the basic
steps that are common to all wavelet-basedimage compressionalgorithms.
The �v e stagesof compressionand decompressionare shown in Figs. 1 and
2. All of the stepsshown in the compressiondiagram are invertable, hence
lossless,except for the Quantize step. Quantizing refers to a reduction of
the precisionof the 
oating point valuesof the wavelet transform, which are
typically either 32-bit or 64-bit 
oating point numbers. To use lessbits in
the compressedtransform|whic h is necessaryif compressionof 8 bpp or 12
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bpp imagesis to beachieved|these transform valuesmust beexpressedwith
lessbits for each value. This leads to rounding error. Theseapproximate,
quantized, wavelet transforms will produce approximations to the images
when an inversetransform is performed. Thus creating the error inherent in
lossycompression.

Image ! Wavelet
Transform

! Quantize $ Encode !
Compressed
Image

Figure 1: Compressionof an image

Compresssed
Image

! Decode $
Approximate
Wavelet
Transform

!
Inverse
Wavelet
Transform

!
Round o� to
integer values,
create Image

Figure 2: Decompressionof an image

The relationship betweenthe Quantize and the Encode steps,shown in
Fig. 1, is the crucial aspect of wavelet transform compression.Each of the
algorithms described below takesa di�eren t approach to this relationship.

The purposeserved by the WaveletTransform is that it producesa large
number of valueshaving zero, or near zero, magnitudes. For example,con-
sider the image shown in Fig. 3(a), which is called Lena. In Fig. 3(b), we
show a 7-level Daub 9/7 wavelet transform of the Lenaimage. This transform
has beenthresholded, using a threshold of 8. That is, all valueswhosemag-
nitudes are lessthan 8 have beenset equal to 0, they appear as a uniformly
grey background in the image in Fig. 3(b). Theselarge areasof grey back-
ground indicate that there is a largenumber of zerovaluesin the thresholded
transform. If an inversewavelet transform is performedon this thresholded
transform, then the imagein Fig. 3(c) results (after rounding to integer val-
uesbetween0 and 255). It is di�cult to detect any di�erence betweenthe
imagesin Figs. 3(a) and (c).

The imagein Fig. 3(c) wasproducedusingonly the 32; 498non-zerovalues
of the thresholded transform, instead of all 262; 144 values of the original
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(a) (b) (c)

Figure 3: (a) Lena image,8 bpp. (b) Wavelet transform of image,threshold
= 8. (c) Inverseof thresholdedwavelet transform, PSNR = 39:14 dB.

transform. This represents an 8:1 compressionratio. We are, of course,
ignoring di�cult problemssuch ashow to transmit conciselythe positionsof
the non-zerovaluesin the thresholdedtransform, and how to encode these
non-zerovalueswith asfew bits aspossible.Solutionsto theseproblemswill
be described below, when we discussthe various compressionalgorithms.

Two commonly usedmeasuresfor quantifying the error betweenimages
are Mean Square Error (MSE) and Peak Signal to NoiseRatio (PSNR). The
MSE betweentwo imagesf and g is de�ned by

MSE =
1
N

X

j ;k

(f [j ; k] � g[j ; k])2 (1)

wherethe sum over j ; k denotesthe sum over all pixels in the images,and N
is the number of pixels in each image. For the imagesin Figs. 3(a) and (c),
the MSE is 7:921. The PSNR betweentwo (8 bpp) imagesis, in decibels,

PSNR = 10log10

 
2552

MSE

!

: (2)

PSNR tends to be cited more often, since it is a logarithmic measure,and
our brains seemto respond logarithmically to intensity. IncreasingPSNR
represents increasing�delit y of compression. For the imagesin Figs. 3(a)
and (c), the PSNR is 39:14dB. Generally, whenthe PSNR is 40dB or larger,
then the two imagesare virtually indistinguishable by human observers. In
this case,we can seethat 8:1 compressionshould yield an image almost
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identical to the original. The methods described below do in fact produce
such results, with even greater PSNR than we have just achieved with our
crude approach.
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(a) 2-level
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(b) 3-level

Figure 4: Scanningfor wavelet transforms: zigzagthrough all-lowpasssub-
band, column scanthrough vertical subbands,row scanthrough horizontal
subbands,zigzagthrough diagonalsubbands.(a) and (b): Order of scanned
elements for 2-level and 3-level transforms of 8 by 8 image.

Beforewe begin our treatment of various \state of the art" algorithms, it
may be helpful to brie
y outline a \baseline" compressionalgorithm of the
kind described in [1] and [2]. This algorithm has two main parts.

First, the positions of the signi�cant transform values|the oneshaving
largermagnitudesthan the thresholdT|are determinedby scanningthrough
the transform as shown in Fig. 4. The positions of the signi�cant valuesare
then encoded using a run-length method. To be precise,it is necessaryto
store the valuesof the signi�c ance map:

s(m) =
�

0 if jw(m)j < T
1 if jw(m)j � T,

(3)

wherem is the scanningindex, and w(m) is the wavelet transform value at
index m. From Fig. 3(b) we can seethat there will be long runs of s(m) = 0.
If the scan order illustrated in Fig. 4 is used, then there will also be long
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runs of s(m) = 1. The positions of signi�cant valuescan then be concisely
encoded by recordingsequencesof 6-bits accordingto the following pattern:

0abcde: run of 0 of length (abcde)2

1abcde: run of 1 of length (abcde)2.

A losslesscompression,such asHu�man or arithmetic compression,of these
data is alsoperformedfor a further reduction in bits.

Second,the signi�cant valuesof the transform are encoded. This can be
done by dividing the rangeof transform valuesinto subintervals (bins) and
rounding each transform value into the midpoint of the bin in which it lies.
In Fig. 5 we show the histogram of the frequenciesof signi�cant transform
values lying in 512 bins for the 7-level Daub 9/7 transform of Lena shown
in Fig. 3(b). The extremely rapid drop in the frequenciesof occurrence
of higher transform magnitudesimplies that the very low-magnitudevalues,
which occurmuch morefrequently, shouldbeencodedusingshorter length bit
sequences.This is typically donewith either Hu�man encoding or arithmetic
coding. If arithmetic coding is used,then the averagenumber of bits needed
to encode each signi�cant value in this caseis about 1 bit.

Figure 5: Histogram for 512bins for thresholdedtransform of Lena

We have only brie
y sketched the steps in this baselinecompressional-
gorithm. More details can be found in [1] and [2].

Our purposein discussingthe baselinecompressionalgorithm was to in-
troducesomebasicconcepts,such asscanorder and thresholding,which are
neededfor our examination of the algorithms to follow. The baselinealgo-
rithm wasoneof the �rst to beproposedusingwavelet methods [3]. It su�ers
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from somedefectswhich later algorithms have remedied.For instance,with
the baselinealgorithm it is very di�cult, if not impossible,to specify in ad-
vancethe exact compressionrate or the exact error to be achieved. This is a
seriousdefect. Another problem with the baselinemethod is that it doesnot
allow for progressive transmission. In other words, it is not possibleto send
successive data packets (over the Internet, say) which produce successively
increasedresolution of the received image. Progressive transmissionis vital
for applications that include somelevel of interaction with the receiver.

Let usnow turn to theseimprovedwavelet imagecompressionalgorithms.
The algorithms to be discussedare the EZW algorithm, the SPIHT algo-
rithm, the WDR algorithm, and the ASWDR algorithm.

1.2 EZW algorithm

The EZW algorithm was one of the �rst algorithms to show the full power
of wavelet-basedimagecompression.It was introducedin the groundbreak-
ing paper of Shapiro [4]. We shall describe EZW in somedetail becausea
solid understandingof it will make it much easierto comprehendthe other
algorithms we shall be discussing. These other algorithms build upon the
fundamental conceptsthat were �rst introducedwith EZW.

Our discussionof EZW will be focusedon the fundamental ideasunderly-
ing it; weshall not useit to compressany images.That is becauseit hasbeen
supersededby a far superior algorithm, the SPIHT algorithm. SinceSPIHT
is just a highly re�ned versionof EZW, it makessenseto �rst describe EZW.

EZW standsfor Embedded Zerotree Wavelet. We shall explain the terms
Embedded, and Zerotree, and how they relate to Wavelet-basedcompression.
An embeddedcoding is a processof encoding the transform magnitudesthat
allows for progressive transmissionof the compressedimage. Zerotreesare
a concept that allows for a conciseencoding of the positions of signi�cant
valuesthat result during the embeddedcoding process.We shall �rst discuss
embeddedcoding, and then examinethe notion of zerotrees.

The embedding processused by EZW is called bit-plane encoding. It
consistsof the following �v e-stepprocess:

Bit-plane encoding

Step 1 (Initialize ). Chooseinitial threshold, T = T0, such that all transform
valuessatisfy jw(m)j < T0 and at leastonetransform valuesatis�es jw(m)j �
T0=2.
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Step 2 (Update threshold). Let Tk = Tk� 1=2.

Step 3 (Signi�c ance pass). Scanthrough insigni�can t valuesusing baseline
algorithm scanorder. Test each value w(m) as follows:

If jw(m)j � Tk , then

Output sign of w(m)

Set wQ(m) = Tk

Else if jw(m)j < Tk then

Let wQ(m) retain its initial value of 0.

Step 4 (Re�nement pass). Scanthrough signi�cant valuesfound with higher
threshold valuesTj , for j < k (if k = 1 skip this step). For each signi�cant
value w(m), do the following:

If jw(m)j 2 [wQ(m); wQ(m) + Tk ), then

Output bit 0

Else if jw(m)j 2 [wQ(m) + Tk ; wQ(m) + 2Tk ), then

Output bit 1

Replace value of wQ(m) by wQ(m) + Tk .

Step 5 (Loop). Repeat steps2 through 4.

This bit-plane encoding procedurecan be continued for as long asnecessary
to obtain quantized transform magnitudeswQ(m) which are as closeas de-
sired to the transform magnitudesjw(m)j. During decoding, the signsand
the bits output by this method can be used to construct an approximate
wavelet transform to any desireddegreeof accuracy. If instead,a given com-
pressionratio is desired, then it can be achieved by stopping the bit-plane
encoding as soon as a given number of bits (a bit budget) is exhausted. In
either case,the executionof the bit-plane encoding procedurecan terminate
at any point (not just at the end of oneof the loops).

As a simpleexampleof bit-plane encoding, supposethat we just have two
transform valuesw(1) = � 9:5 and w(2) = 42. For an initial threshold,we set
T0 = 64. During the �rst loop, when T1 = 32, the output is the sign of w(2),
and the quantized transform magnitudes are wQ(1) = 0 and wQ(2) = 32.
For the secondloop, T2 = 16, and there is no output from the signi�cance
pass. The re�nement passproducesthe bit 0 becausew(2) 2 [32; 32+ 16).
The quantized transform magnitudesarewQ(1) = 0 and wQ(2) = 32. During
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the third loop, when T3 = 8, the signi�cance passoutputs the sign of w(1).
The re�nement passoutputs the bit 1 becausew(2) 2 [32+ 8; 32+ 16). The
quantized transform magnitudesare wQ(1) = 8 and wQ(2) = 40.

It is not hard to seethat after n loops, the maximum error between the
transform valuesand their quantized counterparts is lessthan T0=2n . It fol-
lowsthat wecanreducethe error to assmall a valueaswewish by performing
a large enoughnumber of loops. For instance, in the simple example just
described, with seven loops the error is reducedto zero. The output from
theseseven loops,arrangedto correspond to w(1) and w(2), is

w(1): � 0 0 1 1
w(2): + 0 1 0 1 0 0

Notice that w(2) requiresseven symbols, but w(1) only requires�v e.
Bit-plane encoding simply consists of computing binary expansions|

using T0 asunit|for the transform valuesand recordingin magnitudeorder
only the signi�cant bits in theseexpansions.Becausethe �rst signi�cant bit
is always 1, it is not encoded. Instead the sign of the transform value is
encoded �rst. This coherent ordering of encoding, with highest magnitude
bits encoded �rst, is what allows for progressive transmission.

Wavelet transformsare particularly well-adaptedfor bit-plane encoding.1

This is becausewavelet transforms of imagesof natural scenesoften have
relatively few high-magnitudevalues,which are mostly found in the highest
level subbands.Thesehigh-magnitudevaluesare �rst coarselyapproximated
during the initial loopsof the bit-plane encoding. Thereby producing a low-
resolution, but often recognizable,version of the image. Subsequent loops
encode lower magnitude valuesand re�ne the high magnitude values. This
adds further details to the imageand re�nes existing details. Thus progres-
sive transmissionis possible,and encoding/decoding can ceaseoncea given
bit budget is exhaustedor a given error target is achieved.

Now that we have described the embeddedcoding of wavelet transform
values,we shall describe the zerotreemethod by which EZW transmits the
positions of signi�cant transform values. The zerotreemethod givesan im-
plicit, very compact, description of the location of signi�cant valuesby cre-
ating a highly compresseddescription of the location of insigni�cant values.
For many imagesof natural scenes,such as the Lena image for example,
insigni�cant valuesat a given threshold T are organizedin zerotrees.

1Although other transforms, such as the block Discrete CosineTransform, can also be
bit-plane encoded.
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To de�ne a zerotreewe �rst de�ne a quadtree. A quadtree is a tree of
locations in the wavelet transform with a root [i; j ], and its children located
at [2i; 2j ], [2i + 1; 2j ], [2i; 2j + 1], and [2i + 1; 2j + 1], and each of their children,
andsoon. Thesedescendantsof the root reach all the way back to the 1st level
of the wavelet transform. For example,in Fig. 6(a), we show two quadtrees
(enclosedin dashedboxes). One quadtreehas root at index 12 and children
at indicesf 41; 42; 47; 48g. This quadtreehastwo levels. Weshall denoteit by
f 12j 41; 42; 47; 48g. The other quadtree,which hasthree levels,hasits root at
index 4, the children of this root at indicesf 13; 14; 15; 16g, and their children
at indicesf 49; 50; : : : ; 64g. It is denotedby f 4j 13; : : : ; 16j 49; : : : ; 64g.

Now that we have de�ned a quadtree, we can give a simple de�nition
of a zerotree. A zerotree is a quadtree which, for a given thresholdT, has
insigni�c ant wavelettransform valuesat each of its locations. For example,
if the threshold is T = 32, then each of the quadtreesshown in Fig. 6(a) is a
zerotreefor the wavelet transform in Fig. 6(b). But if the thresholdis T = 16,
then f 12j 41; 42; 47; 48g remainsa zerotree,but f 4j 13; : : : ; 16j 49; : : : ; 64g is
no longer a zerotreebecauseits root value is no longer insigni�cant.

Zerotreescan provide very compact descriptions of the locations of in-
signi�cant valuesbecauseit is only necessaryto encode one symbol, R say,
to mark the root location. The decoder can infer that all other locations
in the zerotreehave insigni�cant values,so their locations are not encoded.
For the threshold T = 32, in the examplejust discussed,two R symbols are
enoughto specify all 26 locations in the two zerotrees.

Zerotreescan only be useful if they occur frequently. Fortunately, with
wavelet transforms of natural scenes,the multiresolution structure of the
wavelet transform doesproducemany zerotrees(especially at higher thresh-
olds). For example,considerthe imagesshown in Fig. 7. In Fig. 7(a) weshow
the 2nd all-lowpasssubbandof a Daub 9/7 transform of the Lena image. The
image 7(b) on its right is the 3rd vertical subband produced from this all-
lowpasssubband,with a threshold of 16. Notice that there are largepatches
of grey pixels in this image. Theserepresent insigni�cant transform values
for the threshold of 16. Theseinsigni�cant valuescorrespond to regionsof
nearly constant, or nearly linearly graded, intensities in the image in 7(a).
Such intensities are nearly orthogonal to the analyzing Daub 9/7 wavelets.
Zerotreesarise for the threshold of 16 becausein image 7(c)|the 2nd all-
lowpasssubband|there are similar regions of constant or linearly graded
intensities. In fact, it was preciselytheseregionswhich were smoothed and
downsampledto create the corresponding regionsin image 7(a). Thesere-
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Figure 6: First two stagesof EZW. (a) 3-level scanorder. (b) 3-level wavelet
transform. (c) Stage1, threshold = 32. (d) Stage2, threshold = 16.
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gionsin image7(c) produceinsigni�cant valuesin the samerelative locations
(the child locations) in the 2nd vertical subbandshown in image7(d).

Likewise,there are uniformly grey regionsin the samerelative locations
in the 1st vertical subband[seeFig. 7(f)]. Becausethe 2nd vertical subbandin
Fig. 7(d) is magni�ed by a factor of two in each dimension,and the 3rd vertical
subbandin 7(b) is magni�ed by a factor of four in each dimension,it follows
that the common regionsof grey background shown in thesethree vertical
subbandsare all zerotrees.Similar imagescould be shown for horizontal and
diagonalsubbands,and they would alsoindicate a largenumber of zerotrees.

The Lenaimageis typical of many imagesof natural scenes,and the above
discussiongives somebackground for understanding how zerotreesarise in
wavelet transforms. A more rigorous, statistical discussioncan be found in
Shapiro'spaper [4].

Now that we have laid the foundationsof zerotreeencoding, we can com-
plete our discussionof the EZW algorithm. The EZW algorithm simply
consistsof replacing the signi�cance passin the Bit-plane encoding pro-
cedurewith the following step:

EZW Step 3 (Signi�c ance pass). Scan through insigni�can t values using
baselinealgorithm scanorder. Test each value w(m) as follows:

If jw(m)j � Tk , then

Output the sign of w(m)

Set wQ(m) = Tk

Else if jw(m)j < Tk then

Let wQ(m) remain equal to 0

If m is at 1st level, then

Output I

Else

Search through quadtree having root m

If this quadtree is a zerotree, then

Output R

Else

Output I .

During a search through a quadtree, valuesthat werefound to be signi�cant
at higher thresholds are treated as zeros. All descendants of a root of a
zerotreeare skipped in the rest of the scanningat this threshold.
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Figure 7: (a) 2nd all-lowpasssubband. (b) 3rd vertical subband. (c) 1st all-
lowpasssubband. (d) 2nd vertical subband. (e) Original Lena. (f ) 1st vertical
subband.
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As an exampleof the EZW method, considerthe wavelet transform shown
in Fig. 6(b), which will be scannedthrough using the scanorder shown in
Fig. 6(a). Supposethat the initial threshold is T0 = 64. In the �rst loop, the
threshold is T1 = 32. The results of the �rst signi�cance passare shown in
Fig. 6(c). The coder output after this �rst loop would be

+ � I R + R R R R I R R I I I I I + I I (4)

corresponding to a quantized transform having just two values: � 32. With
+32 at each location marked by a plus sign in Fig. 6(c), and � 32 at each
location marked by a minus sign, and 0 at all other locations. In the second
loop, with thresholdT2 = 16, the resultsof the signi�cancepassare indicated
in Fig. 6(d). Notice, in particular, that there is a symbol R at the position 11
in the scanorder. That is becausethe plus sign which lies at a child location
is from the previousloop, so it is treated aszero. Henceposition 11 is at the
root of a zerotree. There is also a re�nement passdone in this secondloop.
The output from this secondloop is then

� + R R R � R R R R R R R I I I + I I I I 1010 (5)

with corresponding quantized wavelet transform shown in Fig. 8(a). The
MSE betweenthis quantized transform and the original transform is 48:6875.
This is a 78% reduction in error from the start of the method (when the
quantized transform hasall zerovalues).

A coupleof �nal remarksare in order concerningthe EZW method. First,
it shouldbeclearfrom the discussionabovethat the decoder, whosestructure
is outlined in Fig. 2 above, can reverseeach of the steps of the coder and
produce the quantized wavelet transform. It is standard practice for the
decoder to then round the quantized valuesto the midpoints of the intervals
that they werelast found to belongto during the encoding process(i.e., add
half of the last threshold usedto their magnitudes). This generally reduces
MSE. For instance, in the examplejust considered,if this rounding is done
to the quantized transform in Fig. 8(a), then the result is shown in Fig. 8(b).
The MSE is then 39:6875,a reduction of more than 18%. A good discussion
of the theoretical justi�cation for this rounding technique can be found in
[2]. This roundingmethod will be employed by all of the other algorithmsthat
we shall discuss.

Second,sincewe live in a digital world, it is usually necessaryto transmit
just bits. A simple encoding of the symbols of the EZW algorithm into bits
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Figure 8: (a) Quantization at end of 2nd stage,MSE = 48.6875. (b) After
rounding to midpoints, MSE = 39.6875,reduction by more than 18%.

would be to usea code such asP = 01, N = 00, R = 10, and I = 11. Since
the decoder can always infer preciselywhen the encoding of thesesymbols
ends(the signi�cance passis complete), the encoding of re�nement bits can
simply be as single bits 0 and 1. This form of encoding is the fastest to
perform, but it doesnot achieve the greatestcompression.In [4], a lossless
form of arithmetic coding wasrecommendedin order to further compressthe
bit stream from the encoder.

1.3 SPIHT algorithm

The SPIHT algorithm is a highly re�ned version of the EZW algorithm.
It was introduced in [5] and [6] by Said and Pearlman. Someof the best
results|highest PSNR valuesfor given compressionratios|for a wide vari-
ety of imageshave beenobtained with SPIHT. Consequently, it is probably
the most widely usedwavelet-basedalgorithm for image compression,pro-
viding a basicstandard of comparisonfor all subsequent algorithms.

SPIHT stands for Set Partitioning in Hierarchical Trees. The term Hi-
erarchical Trees refersto the quadtreesthat we de�ned in our discussionof
EZW. SetPartitioning refersto the way thesequadtreesdivide up, partition,
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the wavelet transform valuesat a given threshold. By a careful analysisof
this partitioning of transform values,Saidand Pearlmanwereable to greatly
improve the EZW algorithm, signi�cantly increasingits compressive power.

Our discussionof SPIHT will consist of three parts. First, we shall de-
scribe a modi�ed version of the algorithm introduced in [5]. We shall refer
to it as the Spatial-orientation Tree Wavelet (STW) algorithm. STW is es-
sentially the SPIHT algorithm, the only di�erence is that SPIHT is slightly
more careful in its organization of coding output. Second,we shall describe
the SPIHT algorithm. It will be easierto explain SPIHT using the concepts
underlying STW. Third, we shall seehow well SPIHT compressesimages.

The only di�erence betweenSTW and EZW is that STW usesa di�eren t
approach to encoding the zerotreeinformation. STW usesa state transition
model. From one threshold to the next, the locations of transform values
undergostate transitions. This model allows STW to reducethe number of
bits neededfor encoding. Instead of code for the symbols R and I output by
EZW to mark locations, the STW algorithm usesstates I R , I V , SR , and SV

and outputs code for state-transitions such as I R ! I V , SR ! SV , etc. To
de�ne the states involved, somepreliminary de�nitions are needed.

For a given index m in the baselinescan order, de�ne the set D(m) as
follows. If m is either at the 1st level or at the all-lowpasslevel, then D(m) is
the empty set ; . Otherwise, if m is at the j th level for j > 1, then

D(m) = f Descendents of index m in quadtreewith root mg.

The signi�c ance function S is de�ned by

S(m) =

8
><

>:

max
n2 D(m)

jw(n)j; if D(m) 6= ;

1 ; if D(m) = ; .

With thesepreliminary de�nitions in hand, we can now de�ne the states.
For a given threshold T, the states I R , I V , SR , and SV are de�ned by

m 2 I R if and only if jw(m)j < T; S(m) < T (6)

m 2 I V if and only if jw(m)j < T; S(m) � T (7)

m 2 SR if and only if jw(m)j � T; S(m) < T (8)

m 2 SV if and only if jw(m)j � T; S(m) � T: (9)

In Fig. 9, we show the state transition diagram for these states when a
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Figure 9: State transition diagram for STW

threshold is decreasedfrom T to T0 < T. Notice that once a location m
arrivesin state SV , then it will remain in that state. Furthermore, there are
only two transitions from each of the states I V and SR , so those transitions
can be coded with one bit each. A simple binary coding for these state
transitions is shown in Table 1.

OldnNew I R I V SR SV

I R 00 01 10 11
I V 0 1
SR 0 1
SV �

Table 1: Code for state transitions, � indicates that SV ! SV transition is
certain (henceno encoding needed).

Now that we have laid the groundwork for the STW algorithm, we can
give its full description.

STW encoding

Step 1 (Initialize ). Chooseinitial threshold, T = T0, such that all transform
valuessatisfy jw(m)j < T0 and at leastonetransform valuesatis�es jw(m)j �
T0=2. Assign all indices for the L th level, where L is the number of levels
in the wavelet transform, to the dominant list (this includes all locations
in the all-lowpasssubband as well as the horizontal, vertical, and diagonal
subbandsat the L th level). Set the re�nement list of indices equal to the
empty set.

Step 2 (Update threshold). Let Tk = Tk� 1=2.
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Step 3 (Dominant pass). Use the following procedure to scan through
indicesin the dominant list (which can changeasthe procedureis executed).

Do

Get next index m in dominant list

Save old state Sold = S(m; Tk� 1)

Find new state Snew = S(m; Tk ) using (6)-(9)

Output code for state transition Sold ! Snew

If Snew 6= Sold then do the following

If Sold 6= SR and Snew 6= I V then

Append index m to refinement list

Output sign of w(m) and set wQ(m) = Tk

If Sold 6= I V and Snew 6= SR then

Append child indices of m to dominant list

If Snew = SV then

Removeindex m from dominant list

Loop until end of dominant list

Step 4 (Re�nement pass). Scan through indices m in the re�nement list
found with higher threshold values Tj , for j < k (if k = 1 skip this step).
For each value w(m), do the following:

If jw(m)j 2 [wQ(m); wQ(m) + Tk ), then

Output bit 0

Else if jw(m)j 2 [wQ(m) + Tk ; wQ(m) + 2Tk ), then

Output bit 1

Replace value of wQ(m) by wQ(m) + Tk .

Step 5 (Loop). Repeat steps2 through 4.

To seehow STW works|and how it improvesthe EZW method|it helps
to reconsiderthe exampleshown in Fig. 6. In Fig. 10, we show STW states
for the wavelet transform in Fig. 6(b) using the sametwo thresholdsas we
usedpreviously with EZW. It is important to comparethe three quadtrees
enclosedin the dashedboxes in Fig. 10 with the corresponding quadtrees
in Figs. 6(c) and (d). There is a large savings in coding output for STW
represented by thesequadtrees.The EZW symbols for thesethree quadtrees

17



are+ I I I I , � I I I I , and + R R R R. For STW, however, they aredescribed
by the symbols + SR , � SR , and + SR , which is a substantial reduction in
the information that STW needsto encode.
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SR I R

I R I R

I R I V
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(a) Threshold = 32
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(b) Threshold = 16

Figure 10: First two stagesof STW for wavelet transform in Fig. 6.

There is not much di�erence betweenSTW and SPIHT. The one thing
that SPIHT doesdi�eren tly is to carefully organizethe output of bits in the
encoding of state transitions in Table 1, so that only one bit is output at a
time. For instance, for the transition I R ! SR , which is coded as 10 in
Table 1, SPIHT outputs a 1 �rst and then (after further processing)outputs
a 0. Even if the bit budget is exhaustedbeforethe secondbit can be output,
the �rst bit of 1 indicates that there is a new signi�cant value.

The SPIHT encoding process,as described in [6], is phrased in terms
of pixel locations [i; j ] rather than indices m in a scan order. To avoid
introducing new notation, and to highlight the connectionsbetweenSPIHT
and the other algorithms, EZW and STW, we shall rephrasethe description
of SPIHT from [6] in term of scanningindices. We shall alsoslightly modify
the notation usedin [6] in the interestsof clarity.

First, we needsomepreliminary de�nitions. For a given set I of indices
in the baselinescanorder, the signi�cance ST [I ] of I relative to a threshold
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T is de�ned by

ST [I ] =

8
><

>:

1; if max
n2 I

jw(n)j � T

0; if max
n2 I

jw(n)j < T.
(10)

It is important to note that, for the initial threshold T0, we have ST0 [I ] = 0
for all setsof indices. If I is a set containing just a single index m, then for
conveniencewe shall write ST [m] instead of ST [f mg].

For a succinct presentation of the method, we needthe following de�ni-
tions of setsof indices:

D(m) = f Descendent indicesof the index mg

C(m) = f Child indicesof the index mg

G(m) = D(m) � C(m)

= f Grandchildren of m, i.e., descendants which are not childreng:

In addition, the set H consistsof indices for the L th level, where L is the
number of levels in the wavelet transform (this includesall locations in the
all-lowpasssubbandaswell asthe horizontal, vertical, and diagonalsubbands
at the L th level). It is important to remember that the indices in the all-
lowpasssubband have no descendants. If m marks a location in the all-
lowpasssubband,then D(m) = ; .

SPIHT keepstrack of the statesof setsof indicesby meansof three lists.
They are the list of insigni�c ant sets (LIS), the list of insigni�c ant pixels
(LIP), and the list of signi�c ant pixels (LSP). For each list a set is identi�ed
by a single index, in the LIP and LSPthese indices represent the singleton
sets f mg where m is the identifying index. An index m is called either
signi�cant or insigni�cant, depending on whether the transform value w(m)
is signi�cant or insigni�cant with respect to a given threshold. For the LIS,
the index m denoteseither D(m) or G(m). In the former case,the index m is
said to be of type Dand, in the latter case,of type G.

The following is pseudocode for the SPIHT algorithm. For simplicity, we
shall write the signi�cance function STk as Sk .

SPIHT encoding

Step 1 (Initialize ). Choose initial threshold T0 such that all transform
values satisfy jw(m)j < T0 and at least one value satis�es jw(m)j � T0=2.
Set LIP equal to H, set LSPequal to ; , and set LIS equal to all the indices
in H that have descendants (assigningthem all type D).
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Step 2 (Update threshold). Let Tk = Tk� 1=2.

Step 3 (Sorting pass). Proceedas follows:

For each m in LIP do:

Output Sk [m]

If Sk [m] = 1 then

Move m to end of LSP

Output sign of w(m); set wQ(m) = Tk

Continue until end of LIP

For each m in LIS do:

If m is of type D then

Output Sk [D(m)]

If Sk [D(m)] = 1 then

For each n 2 C(m) do:

Output Sk [n]

If Sk [n] = 1 then

Append n to LSP

Output sign of w(n); set wQ(n) = Tk

Else If Sk [n] = 0 then

Append n to LIP

If G(m) 6= ; then

Move m to end of LIS as type G

Else

Removem from LIS

Else If m is of type G then

Output Sk [G(m)]

If Sk [G(m)] = 1 then

Append C(m) to LIS, all type D indices

Removem from LIS

Continue until end of LIS

Notice that the set LIS can undergomany changesduring this procedure,it
typically doesnot remain �xed throughout.

Step 4 (Re�nement pass). Scanthrough indicesm in LSPfound with higher
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threshold valuesTj , for j < k (if k = 1 skip this step). For each value w(m),
do the following:

If jw(m)j 2 [wQ(m); wQ(m) + Tk ), then

Output bit 0

Else if jw(m)j 2 [wQ(m) + Tk ; wQ(m) + 2Tk ), then

Output bit 1

Replace value of wQ(m) by wQ(m) + Tk .

Step 5 (Loop). Repeat steps2 through 4.

It helpsto carry out this procedureon the wavelet transform shown in Fig. 6.
Then onecanseethat SPIHT simply performsSTW with the binary code for
the statesin Table1 being output one bit at a time.

Now comesthe payo�. We shall seehow well SPIHT performs in com-
pressingimages.To do thesecompressionsweusedthe public domainSPIHT
programs from [7]. In Fig. 11 we show several SPIHT compressionsof the
Lena image. The original Lena image is shown in Fig. 11(f). Five SPIHT
compressionsare shown with compressionratios of 128:1, 64:1, 32:1, 16:1,
and 8:1.

There are several things worth noting about these compressedimages.
First, they were all produced from one �le, the �le containing the 1 bpp
compressionof the Lena image. By specifying a bit budget, a certain bpp
value up to 1, the SPIHT decompressionprogram will stop decoding the 1
bpp compressed�le once the bit budget is exhausted. This illustrates the
embeddednature of SPIHT.

Second,the rapid convergenceof the compressedimagesto the original
is nothing short of astonishing. Even the 64:1 compressionin Fig. 11(b) is
almost indistinguishable from the original. A closeexamination of the two
imagesis neededin order to seesomedi�erences, e.g., the blurring of details
in the top of Lena's hat. The image in (b) would be quite acceptablefor
someapplications, such as the �rst image in a sequenceof video telephone
imagesor as a thumbnail display within a large archive.

Third, notice that the 1 bpp image has a 40:32 dB PSNR value and
is virtually indistinguishable|ev en under very closeexamination|from the
original. Here we �nd that SPIHT is able to exceedthe simple thresholding
compressionwe �rst discussed(seeFig. 3). For reasonsof space,we cannot
show SPIHT compressionsof many test images,so in Table 2 we give PSNR
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(a) 0:0625bpp (128:1) (b) 0:125bpp (64:1) (c) 0:25 bpp (32:1)

(d) 0:5 bpp (16:1) (e) 1:0 bpp (8:1) (f ) Original, 8 bpp

Figure 11: SPIHT compressionsof Lena image. PSNR values: (a) 27.96dB.
(b) 30.85dB. (c) 33.93dB. (d) 37.09dB. (e) 40.32dB.

values for several test images[8]. These data show that SPIHT produces
higher PSNR values than the two other algorithms that we shall describe
below. SPIHT is well-known for its superior performancewhenPSNR is used
as the error measure.High PSNR values,however, are not the solecriteria
for the performanceof lossycompressionalgorithms. We shall discussother
criteria below.

Fourth, these SPIHT compressedimageswere obtained using SPIHT's
arithmetic compressionoption. The method that SPIHT usesfor arithmetic
compressionis quite involved and spacedoesnot permit a discussionof the
details here. Somedetails are provided in [9].

Finally, it is interesting to compareSPIHT compressionswith compres-
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Image/Method SPIHT WDR ASWDR
Lena, 0.5 bpp 37:09 36:45 36:67
Lena, 0.25bpp 33:85 33:39 33:64
Lena, 0.125bpp 30:85 30:42 30:61
Goldhill, 0.5 bpp 33:10 32:70 32:85
Goldhill, 0.25bpp 30:49 30:33 30:34
Goldhill, 0.125bpp 28:39 28:25 28:23
Barbara, 0.5 bpp 31:29 30:68 30:87
Barbara, 0.25bpp 27:47 26:87 27:03
Barbara, 0.125bpp 24:77 24:30 24:52
Air�eld, 0.5 bpp 28:57 28:12 28:36
Air�eld, 0.25bpp 25:90 25:49 25:64
Air�eld, 0.125bpp 23:68 23:32 23:50

Table 2: PSNR values,with arithmetic compression

sionsobtainedwith the JPEG method.2 The JPEG method is a sophisticated
implementation of block DiscreteCosineTransform encoding [10]. It is used
extensively for compressionof images,especially for transmission over the
Internet. In Fig. 12, we comparecompressionsof the Lena image obtained
with JPEG and with SPIHT at three di�eren t compressionratios. (JPEG
doesnot allow for specifying the bpp value in advance;the 59:1compression
was the closestwe could get to 64:1.) It is clear from these imagesthat
SPIHT is far superior to JPEG. It is better both in perceptual quality and
in terms of PSNR. Notice, in particular, that the 59:1JPEG compressionis
very distorted (exhibiting \blo cking" artifacts stemming from coarsequan-
tization within the blocks making up the block DCT usedby JPEG). The
SPIHT compression,even at the slightly higher ratio of 64:1, exhibits none
of theseobjectionable features. In fact, for quick transmissionof a thumb-
nail image(say, aspart of a much larger webpage),this SPIHT compression
would be quite acceptable. The 32:1 JPEG image might be acceptablefor
someapplications, but it also contains someblocking artifacts. The 32:1
SPIHT compressionis almost indistinguishable (at these image sizes)from
the original Lena image. The 16:1compressionsfor both methods are nearly

2JPEG stands for Joint Photographic Experts Group, a group of engineerswho devel-
oped this compressionmethod.
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indistinguishable. In fact, they are both nearly indistinguishable from the
original Lena image.

Although wehavecomparedJPEG with SPIHT usingonly oneimage,the
results we have found are generallyvalid. SPIHT compressionsare superior
to JPEG compressionsboth in perceptual quality and in PSNR values. In
fact, all of the wavelet-basedimagecompressiontechniquesthat we discuss
herearesuperior to JPEG. Hence,weshall not makeany further comparisons
with the JPEG method.

(a) JPEG 59:1 (b) JPEG 32:1 (c) JPEG 16:1

(d) SPIHT 64:1 (e) SPIHT 32:1 (f ) SPIHT 16:1

Figure 12: Comparisonof JPEG and SPIHT compressionsof Lena image.
PSNR values: (a) 24:16 dB. (b) 30:11 dB. (c) 34:12 dB. (d) 30:85 dB. (e)
33:93 dB. (f ) 37:09 dB.
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1.4 WDR Algorithm

One of the defectsof SPIHT is that it only implicitly locates the position
of signi�cant coe�cien ts. This makesit di�cult to perform operations,such
as region selectionon compresseddata, which depend on the exact position
of signi�cant transform values. By region selection, also known as region of
interest (ROI), we mean selectinga portion of a compressedimage which
requiresincreasedresolution. This can occur, for example,with a portion of
a low resolution medical imagethat hasbeensent at a low bpp rate in order
to arrive quickly.

Such compresseddata operationsarepossiblewith the WaveletDi�er ence
Reduction (WDR) algorithm of Tian and Wells [11]{[13]. The term di�er ence
reduction refersto the way in which WDR encodesthe locationsof signi�cant
wavelet transform values,which weshall describebelow. Although WDR will
not typically producehigherPSNRvaluesthan SPIHT (seeTable2), weshall
seethat WDR can produceperceptually superior images,especially at high
compressionratios.

The only di�erence between WDR and the Bit-plane encoding de-
scribed above is in the signi�cance pass. In WDR, the output from the sig-
ni�cance passconsistsof the signsof signi�cant valuesalong with sequences
of bits which conciselydescribe the preciselocations of signi�cant values.
The best way to seehow this is doneis to considera simple example.

Suppose that the signi�cant values are w(2) = +34:2, w(3) = � 33:5,
w(7) = +48:2, w(12) = +40:34, and w(34) = � 54:36. The indices for these
signi�cant valuesare 2, 3, 7, 12, and 34. Rather than working with these
values,WDR works with their successive di�erences: 2, 1, 4, 5, 22. In this
latter list, the �rst number is the starting index and each successive number
is the number of stepsneededto reach the next index. The binary expansions
of thesesuccessive di�erences are (10)2, (1)2, (100)2, (101)2, and (10110)2.
Sincethe most signi�cant bit for each of theseexpansionsis always 1, this bit
can be dropped and the signsof the signi�cant transform valuescan be used
insteadasseparatorsin the symbol stream. The resulting symbol streamfor
this exampleis then +0 � +00 + 01� 0110.

When this most signi�cant bit is dropped, we shall refer to the binary
expansionthat remains as the reduced binary expansion. Notice, in partic-
ular, that the reducedbinary expansionof 1 is empty. The reducedbinary
expansionof 2 is just the 0 bit, the reducedbinary expansionof 3 is just the
1 bit, and so on.
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The WDR algorithm simply consistsof replacing the signi�cance passin
the Bit-plane encoding procedurewith the following step:

WDR Step 3 (Signi�c ance pass). Perform the following procedureon the
insigni�can t indices in the baselinescanorder:

Initialize step-counter C = 0

Let Cold = 0

Do

Get next insignificant index m

Increment step-counter C by 1

If jw(m)j � Tk then

Output sign w(m) and set wQ(m) = Tk

Move m to end of sequence of significant indices

Let n = C � Cold

Set Cold = C

If n > 1 then

Output reduced binary expansion of n

Else if jw(m)j < Tk then

Let wQ(m) retain its initial value of 0.

Loop until end of insignificant indices

Output end-marker

The output for the end-marker is a plus sign, followed by the reducedbinary
expansionof n = C + 1 � Cold , and a �nal plus sign.

It is not hard to seethat WDR is of no greatercomputational complexity
than SPIHT. For onething, WDR doesnot needto search through quadtrees
asSPIHT does. The calculationsof the reducedbinary expansionsaddssome
complexity to WDR, but they can be donerapidly with bit-shift operations.
As explainedin [11]{[13], the output of the WDR encoding canbe arithmeti-
cally compressed.The method that they describe is basedon the elementary
arithmetic coding algorithm described in [14]. This form of arithmetic coding
is substantially lesscomplex (at the price of poorer performance)than the
arithmetic coding employed by SPIHT.

As an exampleof the WDR algorithm, considerthe scanorderandwavelet
transform shown in Fig. 6. For the threshold T1 = 32, the signi�cant values
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are w(1) = 63, w(2) = � 34, w(5) = 49, and w(36) = 47. The output of the
WDR signi�cance passwill then be the following string of symbols:

+ � + 1 + 1111 + 1101+

which comparesfavorably with the EZW output in Eq. (4). The last six
symbols are the code for the end-marker. For the thresholdT2 = 16, the new
signi�cant valuesare w(3) = � 31, w(4) = 23, w(9) = � 25, and w(24) = 18.
Sincethe previous indices1, 2, 5, and 36, are removed from the sequenceof
insigni�cant indices,the valuesof n in the WDR signi�cance passwill be 1,
1, 4, and 15. In this case,the value of n for the end-marker is 40. Adding on
the four re�nement bits, which are the sameas in Eq. (5), the WDR output
for this secondthreshold is

� + � 00 + 111 + 01000 + 1010

which is also a smaller output than the corresponding EZW output. It is
also clear that, for this simple case,WDR doesnot produce as compact an
output as STW does.

As an example of WDR performancefor a natural image, we show in
Fig. 13 several compressionsof the Lena image. Thesecompressionswere
producedwith the free software [15].

There are a couple things to observe about these compressions.First,
the PSNR valuesare lower than for SPIHT. This is typically the case. In
Table2 we comparePSNR valuesfor WDR and for SPIHT on several images
at variouscompressionratios. In every case,SPIHT hashigherPSNR values.

Second,at high compressionratios, the visual quality of WDR compres-
sionsof Lena are superior to those of SPIHT. For example,the 0:0625bpp
and 0:125bpp compressionshave higher resolutionwith WDR. This is easier
to seeif the imagesare magni�ed as in Fig. 14. At 0:0625bpp, the WDR
compressiondoesa better job in preservingthe shape of Lena's noseand in
retaining someof the striping in the band around her hat. Similar remarks
apply to the 0:125bpp compressions.SPIHT, however, doesa better job in
preservingparts of Lena's eyes. Theseobservations point to the needfor an
objective, quantitativ e measureof imagequality.

There is no universally acceptedobjective measurefor imagequality. We
shall now describea simplemeasurethat wehave found useful. There is some
evidencethat the visual systemof humansconcentrates on analyzingedgesin
images[16], [17]. To producean imagethat retains only edges,we proceedas
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(a) 0:0625bpp (128:1) (b) 0:125bpp (64:1) (c) 0:25 bpp (32:1)

(d) 0:5 bpp (16:1) (e) 1:0 bpp (8:1) (f ) Original, 8 bpp

Figure 13: WDR compressionsof Lena image. PSNR values: (a) 27.63dB.
(b) 30.42dB. (c) 33.39dB. (d) 36.45dB. (e) 39.62dB.

follows. First, a 3-level Daub 9/7 transform of an imagef is created. Second,
the all-lowpasssubband is subtracted away from this transform. Third, an
inversetransform is performedon the remaining part of the transform. This
producesa highpass�ltered image,which exhibits edgesfrom the imagef . A
similar highpass�ltered image is createdfrom the compressedimage. Both
of thesehighpass�ltered imageshave mean values that are approximately
zero. We de�ne the edgecorrelation 
 3 by


 3 =
� c

� o

where� c denotesthe standarddeviation of the valuesof the highpass�ltered
versionof the compressedimage,and � o denotesthe standarddeviation of the
valuesof the highpass�ltered versionof the original image. Thus
 3 measures
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(a) Original (b) SPIHT, 0:0625bpp (c) WDR, 0:0625bpp

(d) Original (e) SPIHT, 0:125bpp (f ) WDR, 0:125bpp

Figure 14: SPIHT and WDR compressionsof Lena at low bpp.

how well the compressedimagecapturesthe variation of edgedetails in the
original image.

Using this edgecorrelation measure,we obtained the resultsshown in Ta-
ble 3. In every case,the WDR compressionsexhibit higher edgecorrelations
than the SPIHT compressions.Thesenumerical results are also consistent
with the increasedpreservation of details within WDR images,and with the
informal reports of human observers.

Although WDR is simple, competitiv e with SPIHT in PSNR values,and
often providesbetter perceptual results, there is still room for improvement.
We now turn to a recent enhancement of the WDR algorithm.
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Image/Metho d SPIHT WDR ASWDR
Lena, 0.5 bpp :966 :976 :978
Lena, 0.25 bpp :931 :946 :951
Lena, 0.125 bpp :863 :885 :894
Goldhill, 0.5 bpp :920 :958 :963
Goldhill, 0.25 bpp :842 :870 :871
Goldhill, 0.125 bpp :747 :783 :781
Barbara, 0.5 bpp :932 :955 :959
Barbara, 0.25 bpp :861 :894 :902
Barbara, 0.125 bpp :739 :767 :785
Air�eld, 0.5 bpp :922 :939 :937
Air�eld, 0.25 bpp :857 :871 :878
Air�eld, 0.125 bpp :766 :790 :803

Table 3: Edgecorrelations,with arithmetic compression

1.5 ASWDR algorithm

One of the most recent image compressionalgorithms is the Adaptively
Scanned Wavelet Di�er ence Reduction (ASWDR) algorithm of Walker [18].
The adjective adaptivelyscanned refersto the fact that this algorithm modi-
�es the scanningorder usedby WDR in order to achieve better performance.

ASWDR adapts the scanning order so as to predict locations of new
signi�cant values. If a prediction is correct, then the output specifying that
location will just be the signof the newsigni�cant value|the reducedbinary
expansionof the number of stepswill be empty. Thereforea good prediction
schemewill signi�cantly reducethe coding output of WDR.

The prediction method usedby ASWDR is the following: If w(m) is sig-
ni�c ant for thresholdT, then the valuesof the children of m are predicted to
be signi�c ant for half-thresholdT=2. For many natural images,this predic-
tion method is a reasonablygood one. As an example, in Fig. 15 we show
two vertical subbandsfor a Daub 9/7 wavelet transform of the Lena image.
The image in Fig. 15(a) is of those signi�cant values in the 2nd level ver-
tical subband for a threshold of 16 (signi�cant valuesshown in white). In
Fig. 15(b), we show the new signi�cant valuesin the 1st vertical subbandfor
the half-threshold of 8. Notice that there is a great deal of similarit y in the
two images.Sincethe imagein Fig. 15(a) is magni�ed by two in each dimen-
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(a) (b)

Figure 15: (a) Signi�cant values,2nd vertical subband,threshold16. (b) New
signi�cant values,1st vertical subband,threshold 8.

sion, its white pixels actually represent the predictions for the locations of
newsigni�cant valuesin the 1st vertical subband. Although thesepredictions
are not perfectly accurate, there is a great deal of overlap betweenthe two
images. Notice also how the locations of signi�cant valuesare highly corre-
lated with the location of edgesin the Lena image. The scanningorder of
ASWDR dynamically adaptsto the locationsof edgedetails in an image,and
this enhancesthe resolution of theseedgesin ASWDR compressedimages.

A completevalidation of the prediction method just described would re-
quire assembling statistics for a largenumber of di�eren t subbands,di�eren t
thresholds,and di�eren t images. Rather than attempting such an a priori
argument (see[19]), we shall instead arguefrom an a posteriori standpoint.
We shall present statistics that show that the prediction schemeemployedby
ASWDR does, in fact, encode more signi�cant valuesthan are encoded by
WDR for a number of di�eren t images.As the pseudocode presented below
will show, the only di�erence betweenASWDR and WDR is in the predictive
schemeemployed by ASWDR to createnew scanningorders. Consequently,
if ASWDR typically encodesmore valuesthan WDR does,this must be due
to the successof the predictive scheme.

In Table 4 we show the numbers of signi�cant valuesencoded by WDR
and ASWDR for four di�eren t images. In almost every case,ASWDR was
able to encode more valuesthan WDR. This givesan a posteriori validation
of the predictive schemeemployed by ASWDR.

We now present the pseudocodedescriptionof ASWDR encoding. Notice
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Image nMetho d WDR ASWDR % increase
Lena, 0.125 bpp 5; 241 5; 458 4:1%
Lena, 0.25 bpp 10; 450 11; 105 6:3%
Lena, 0.5 bpp 20; 809 22; 370 7:5%
Goldhill, 0.125 bpp 5; 744 5; 634 � 1:9%
Goldhill, 0.25 bpp 10; 410 10; 210 � 1:9%
Goldhill, 0.5 bpp 22; 905 23; 394 2:1%
Barbara, 0.125 bpp 5; 348 5; 571 4:2%
Barbara, 0.25 bpp 11; 681 12; 174 4:2%
Barbara, 0.5 bpp 23; 697 24; 915 5:1%
Air�eld, 0.125 bpp 5; 388 5; 736 6:5%
Air�eld, 0.25 bpp 10; 519 11; 228 6:7%
Air�eld, 0.5 bpp 19; 950 21; 814 9:3%

Table 4: Number of signi�cant valuesencoded, no arithmetic coding

that the signi�cance passportion of this procedureis the sameas the WDR
signi�cance passdescribed above, and that the re�nement passis the same
as for Bit-plane encoding (hence the sameas for WDR). The one new
feature is the insertion of a step for creating a new scanningorder.

ASWDR encoding

Step 1 (Initialize ). Chooseinitial threshold, T = T0, such that all transform
valuessatisfy jw(m)j < T0 and at leastonetransform valuesatis�es jw(m)j �
T0=2. Set the initial scanorder to be the baselinescanorder.

Step 2 (Update threshold). Let Tk = Tk� 1=2.

Step 3 (Signi�c ance pass). Perform the following procedureon the insignif-
icant indices in the scanorder:

Initialize step-counter C = 0

Let Cold = 0

Do

Get next insignificant index m

Increment step-counter C by 1

If jw(m)j � Tk then
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(a) 0:0625bpp (128:1) (b) 0:125bpp (64:1) (c) 0:25 bpp (32:1)

(d) 0:5 bpp (16:1) (e) 1:0 bpp (8:1) (f ) Original, 8 bpp

Figure 16: ASWDR compressionsof Lena image. PSNR values: (a) 27.73
dB. (b) 30.61dB. (c) 33.64dB. (d) 36.67dB. (e) 39.90dB.

Output sign w(m) and set wQ(m) = Tk

Move m to end of sequence of significant indices

Let n = C � Cold

Set Cold = C

If n > 1 then

Output reduced binary expansion of n

Else if jw(m)j < Tk then

Let wQ(m) retain its initial value of 0.

Loop until end of insignificant indices

Output end-marker as per WDRStep 3
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Step 4 (Re�nement pass). Scanthrough signi�cant valuesfound with higher
threshold valuesTj , for j < k (if k = 1 skip this step). For each signi�cant
value w(m), do the following:

If jw(m)j 2 [wQ(m); wQ(m) + Tk ), then

Output bit 0

Else if jw(m)j 2 [wQ(m) + Tk ; wQ(m) + 2Tk ), then

Output bit 1

Replace value of wQ(m) by wQ(m) + Tk .

Step 5 (Create new scan order). For each level j in the wavelet transform
(except for j = 1), scan through the signi�cant values using the old scan
order. The initial part of the new scan order at level j � 1 consistsof the
indices for insigni�can t values corresponding to the child indices of these
level j signi�cant values. Then, scanagain through the insigni�can t values
at level j using the old scan order. Append to the initial part of the new
scanorder at level j � 1 the indices for insigni�can t valuescorresponding to
the child indicesof theselevel j signi�cant values. Note: No changeis made
to the scanorder at level L , where L is the number of levels in the wavelet
transform.

Step 6 (Loop). Repeat steps2 through 5.

The creation of the new scanningorder only addsa small degreeof com-
plexity to the original WDR algorithm. Moreover, ASWDR retains all of the
attractiv e featuresof WDR: simplicity, progressive transmissioncapability,
and ROI capability.

In Fig. 16 we show how ASWDR performs on the Lena image. The
PSNR valuesfor theseimagesare slightly better than those for WDR, and
almost asgood asthosefor SPIHT. More importantly, the perceptualquality
of ASWDR compressionsare better than SPIHT compressionsand slightly
better than WDR compressions.This is especially true at high compression
ratios. In Fig. 17 we show magni�cations of 128:1 and 64:1 compressions
of the Lena image. The ASWDR compressionsbetter preserve the shape of
Lena'snose,and details of her hat, and show lessdistortion along the sideof
her left cheek(especially for the 0:125bpp case). Thesesubjective observa-
tions are borneout by the edgecorrelationsin Table3. In almost every case,
the ASWDR compressionsproduceslightly higher edgecorrelation values.

As a further example of the superior performanceof ASWDR at high
compressionratios, in Fig. 18 we show compressionsof the Air�eld imageat
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(a) SPIHT (b) WDR (c) ASWDR

(d) SPIHT (e) WDR (f ) ASWDR

Figure 17: SPIHT, WDR, and ASWDR compressionsof Lena at low bpp.
(a){(c) 0.0625bpp, 128:1. (d){(f ) 0.125bpp, 64:1.

128:1. The WDR and ASWDR algorithms preserve more of the �ne details
in the image. Look especially along the top of the images: SPIHT erases
many �ne details such asthe telephonepole and two small squarestructures
to the right of the thin black rectangle. Thesedetails are preserved, at least
partially, by both WDR and ASWDR. The ASWDR imagedoesthe best job
in retaining somestructure in the telephonepole. ASWDR is also superior
in preservingthe structure of the swept-back winged aircraft, especially its
thin nose, located to the lower left of center. Theseare only a few of the
many details in the airplane imagewhich are better preserved by ASWDR.

As quantitativ e support for the superiority of ASWDR in preservingedge
details, we show in Table5 the valuesfor three di�eren t edgecorrelations
 k ,
k = 3, 4, and 5. Here k denoteshow many levels in the Daub 9/7 wavelet
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(a) Original (b) SPIHT

(c) WDR (d) ASWDR

Figure 18: Comparisonsof 128:1compressionsof air�eld image

transform were used. A higher value of k meansthat edgedetail at lower
resolutions was consideredin computing the edgecorrelation. These edge
correlations show that ASWDR is superior over several resolution levels in
preservingedgesin the air�eld imageat the low bit rate of 0:0625bpp.

High compressionratio imageslike theseare usedin reconnaissanceand
in medical applications, where fast transmissionand ROI (region selection)
are employed, aswell asmulti-resolution detection. The WDR and ASWDR
algorithms do allow for ROI while SPIHT does not. Furthermore, their
superior performancein displaying edgedetails at low bit rates facilitates
multi-resolution detection.

Further research is beingdoneon improving the ASWDR algorithm. One
important enhancement will be the incorporation of an improved predictive
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Corr./Metho d SPIHT WDR ASWDR

 3 :665 :692 :711

 4 :780 :817 :827

 5 :845 :879 :885

Table 5: Edgecorrelationsfor 128:1compressionsof Air�eld image

scheme, basedon weighted values of neighboring transform magnitudesas
described in [19].

1.6 Lossless compression

A novel aspect of the compression/decompressionmethods diagrammedin
Figs.1 and2 is that integer-to-integer wavelet transformscanbeusedin place
of the ordinary wavelet transforms (such as Daub 9/7) described so far. An
integer-to-integer wavelet transform produces an integer-valued transform
from the grey-scale,integer-valued image [20]. Sincen loops in Bit-plane
encoding reducesthe quantization error to lessthan T0=2n , it follows that
once 2n is greater than T0, there wil l be zero error. In other words, the
bit-plane encoded transform will be exactly the sameas the original wavelet
transform, hencelosslessencoding is achieved (with progressive transmission
as well). Of course,for many indices, the zero error will occur sooner than
with the maximum number of loops n. Consequently, somecare is needed
in order to e�cien tly encode the minimum number of bits in each binary
expansion.A discussionof how SPIHT is adaptedto achievelosslessencoding
can be found in [9]. The algorithms WDR and ASWDR can alsobe adapted
in order to achieve losslessencoding, but public versionsof such adaptations
are not yet available. (When they are released,they will be accessibleat
[15].)

1.7 Color images

Following the standard practice in imagecompressionresearch, we have con-
centrated here on methods of compressinggrey-scaleimages. For color im-
ages, this corresponds to compressingthe intensity portion of the image.
That is, if the color image is a typical RGB image, with 8 bits for Red,
8 bits for Green, and 8 bits for Blue, then the intensity I is de�ned by
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I = (R + B + G)=3, which rounds to an 8-bit grey-scaleimage. The human
eye is most sensitive to variations in intensity, so the most di�cult part of
compressinga color image lies in the compressingof the intensity. Usually,
the two color \channels" are denotedY and C and are derived from the R,
G, and B values[21]. Much greatercompressioncanbe doneon the Y and C
versionsof the image,sincethe human visual systemis much lesssensitive to
variations in thesetwo variables. Each of the algorithms describedabove can
be modi�ed soas to compresscolor images.For example,the public domain
SPIHT coder [7] does provide programs for compressingcolor images. For
reasonsof space,we cannot describe compressionof color imagesin any more
detail.

1.8 Other compression algorithms

There are a wide variety of wavelet-basedimagecompressionalgorithms be-
sides the ones that we focusedon here. Someof the most promising are
algorithms that minimize the amount of memory which the encoder and/or
decoder must use,see[22] and [23]. A newalgorithm which is embeddedand
which minimizesPSNR is described in [24]. Many other algorithms are cited
in the review article [1]. In evaluating the performanceof any new image
compressionalgorithm, one must take into account not only PSNR values,
but also considerthe following factors: (1) perceptual quality of the images
(edgecorrelationvaluescanbehelpful here),(2) whetherthe algorithm allows
for progressive transmission,(3) the complexity of the algorithm (including
memory usage),and (4) whether the algorithm hasROI capability.
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