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Intr oduction

During the lastdecade,severalnew methodshave emergedfor removing Gaussianrandomnoise
from images.Thesenew methods,whichusewavelettransformtechniques,aregenerallysuperior
to the classicWiener �ltering methodof denoising. The goal of this survey is to describeone
of thesenew wavelet-basedtechniques,calledtree-adaptedwaveletshrinkage (TAWS). Thebasic
theoryandimplementationof TAWS will be explained,and it will be comparedto several other
algorithms.

As an introductionto the capabilitiesof TAWS, in section1 we compareit with the classic
Wiener�ltering method.Thiscomparisonwill show thatTAWS is clearlysuperior.

To makethissurvey understandableto aswideanaudienceaspossible,in section2 wedescribe
thefundamentalsof waveletanalysisof images.Therearetwo interrelatedapproachesto wavelet
theory: the wavelet analysisof analogsignalsandthe wavelet analysisof discretesignals. The
interactionbetweenthesetwo modesof analysisis a fundamentalaspectof wavelet theory. This
brief accountof wavelet theorywill stressthoseaspectswhich areneededfor understandingthe
theorybehindthevariouswaveletdenoisingmethods,including TAWS. Readerswho arealready
familiarwith waveletanalysisshouldfeel freeto skip (or perhapsskim) thissection.

In section3 weprovideashortdiscussionof threewavelet-basedtechniquesfor imagedenois-
ing: V ISUSHRINK, SURESHRINK, andcycle-spinthresholding.TAWS buildsuponthebasicconcepts
providedby thesethreeapproaches,so it is importantto brie�y discussthem. We begin by out-
lining the now classictechniqueof V ISUSHRINK. V ISUSHRINK wasoneof the �rst methodsto
provide analternative to Wiener�ltering. In many casesit canoutperformWiener�ltering, espe-
cially for imageswith a low signal-to-noiseratio. V ISUSHRINK doessuffer, however, from thefact



that it generallyproducesimagesthatappeartoo smooth,thatdo not have sharpedges.Two su-
periormethodsto waveletshrinkageareSURESHRINK andcycle-spinthresholding.They produce
perceptuallysharperdenoisedimagesandhighersignal-to-noiseratios.

TAWS is built uponthefoundationprovidedby thesethreeearliermethods.It providesfunda-
mentalimprovementsto thebasictechniqueof V ISUSHRINK, somewhatanalagousto SURESHRINK.
In addition,thereis a TAWS-adaptedvariantof cycle-spinning,TAWS-SPIN, which providesrela-
tively high SNRs andexcellentperceptualdenoisings.Unlike cycle-spinthresholding,TAWS-SPIN

is averysimpleprocedure,requiringnocomplicatedcodingor memorybookkeeping.
In section4, wedescribein detailthetheoryof TAWS andits implementation.TAWS makesuse

of relationsbetweenedgeswithin an imageat multiple resolutionlevelsandthe image's wavelet
transform. By utilizing theserelationsTAWS is ableto amelioratethe problemof blurrededges
that is endemicto classicalwaveletshrinkage.An importantfeatureof TAWS is its compatibility
with imagecompression.In particular, TAWS was�rst discoveredin relationto a particularimage
compressionalgorithmcalledASWDR (adaptively scannedwaveletdifferencereduction)[Walker,
2000].Weshallbrie�y outlinetheASWDR algorithmin section4 andhighlight its connectionwith
TAWS. The TAWS algorithmwas�rst reportedin Walker andChen(2000). Sincethen,the TAWS

algorithmhasbeenimprovedto thepoint whereall parameterscanbechosenautomatically. This
improvementwill bedescribedhere.

A detailedcomparisonof TAWS with otherdenoisingmethodsis carriedout in section5, which
is the�nal sectionof thisarticle.Thecomparisonwill bebasedon SNRs for denoisingvarioustest
imageswith simulatedGaussiannoise,andalsoonperceptualcomparisonsof someof thedenoised
images.TheTAWS methodwill beshown to becompetitive with state-of-the-artmethods,suchas
SURESHRINK, cycle-spinthresholding,andhiddenMarkov treemethods.

1 Comparisonof TAWS and Wiener �ltering

Before we discussthe theory behindTAWS, we shall �rst illustrate its superiorityover Wiener
�ltering. Wiener�ltering is theclassic,Fourier-basedmethodof noiseremoval. We hopethatthis
comparisonwill providesuf�cient motivationfor thereaderto furtherstudytheTAWS method.

Thetypeof noisewe considerhereis additive Gaussianrandomnoise.Givena discreteimage
F, thenoisyimageG is relatedto it by theequationG = F + N , wherethenoisevaluesN j ;k are
independentrandomvariableswith underlyingdistributionsthatareall zero-meanGaussiannor-
malof variance� 2. Wiener�ltering is well-known to provide thebestlinear methodfor removing
suchnoise[see,e.g.,Mallat (1998)].Thatis, if thedenoisedimageis obtainedby applyingalinear
transformationto G, thenWiener�ltering providesthebestsuchdenoising.Bestin thesenseof
leasterrorwhenmeasuredusinga sumof squaresof differencesover all pixels. In this paperwe
shallfollow traditionanduseasourobjectivemeasureof errorbetweenimages,theSignalto Noise
Ratio(SNR)—which in decibelsis 10log10(kFk2

2=kF � Gk2
2). In otherwords,

SNR = 10log10

� P
jFj ;k j2

P
jFj ;k � Gj ;k j2

�

whereeachsumis over all pixels. ThusWiener�ltering is, amongall linear transformationsof
thenoisyimageG, theonewhich maximizesSNR. We shallusethecommercialimplementation
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of Wiener�ltering from theMATLAB
TM

imageprocessingtoolbox[the wiener2 procedure,Lee
(1980)].

As anexampleof how WienerandTAWS denoisingsperform,considerthestandardtestimage
Peppersshown in Fig. 1(a)andthenoisyversionof it in Fig. 1(b). Thenoisyimagewasproduced
by addingGaussiannoisewith � = 32, andhasan SNR of 11.8db. In Figures1(c) and(d) we

(a) Original (b) Noisy image: SNR = 11:8 db

(c) Wiener: SNR = 18:6 db (d) TAWS-SPIN: SNR = 21:6 db

Figure 1: Wiener and TAWS-SPIN denoisings of a noisy Peppers image.

show theWiener�ltering andTAWS-SPIN denoisingsof thenoisyimage.TheTAWS-SPIN denoising
is superiorboth in termsof SNR andalsoperceptually. The TAWS-SPIN denoisinghasan SNR of
21:6 db, which is 3:0 db higherthanthe SNR for theWienerdenoising.Perceptually, theWiener
�ltering retainsagrainy appearancethatstrikesobserversasanoisyimage.Ontheotherhand,the
TAWS-SPIN denoisingappearsto beessentiallynoise-free,albeitslightly outof focus.

It is importantto expandon theremarksjust madeabouttheTAWS-SPIN denoisedimage.Like
all wavelet-baseddenoisings,aTAWS denoisingaimsto produceanimagefreeof all contamination
by randomnoiseandhaving greatly increasedSNR. Differentwavelet-basedapproachesutilize
differenttheoreticalmodelsfor imagingin orderto achievethisgoal.Later, weshallbrie�y outline
thesemodelsfor someof theotherwavelet-basedmethods,anddescribein moredetail themodel
usedto develop TAWS. We alsonotedabove that the TAWS-SPIN denoisingin Fig. 1(d) appearsto
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be a slightly out of focusversionof the original image. We shall seethat this is a kind of over
smoothingthat is endemicto all wavelet-baseddenoisingmethods,althoughTAWS suffersfrom it
to a lesserdegreethantheotherwaveletmethodsdiscussedbelow.

Weconcludethiscomparisonby examiningtheSNR performanceof Wiener�ltering andTAWS

on a suiteof testimages.Like all theimagesconsideredin this paper, theseimagesaregrey level
imageswith 256 intensity levels (sometimescalled8-bit grey level images). Gaussiannoiseof
variousstandarddeviationswasaddedto six differenttest images.All of the original andnoisy
imagesareavailableat thefollowing website:

http://www.uwec.edu/academic/curric/walkerjs/denoisings

Thenoisy imagesweredenoisedusingWiener�ltering andTAWS-SPIN. Table1 containsthe re-
sults.

Thedatain Table1 provide strongevidencethatTAWS-SPIN is far superiorto Wiener�ltering.
Its superiorityis particularlygreatat the lower SNR values,for noisewith � = 32 and64. It
shouldalsobenotedthat TAWS-SPIN is a relatively fastprocedure.Theaveragetime for a TAWS-
SPIN denoisingof a 256by 256imageis about3 seconds,while theaveragetime for a 512by 512
imageis about12 seconds(on a 1 GHz machinewith 256MB RAM). For optimumspeedand
ef�ciency, a TAWS denoising(without cycle spinning)is preferable,but at a costof reducedSNR
andmorevisible noiseartifacts. We shall provide moreexamplesof both TAWS andTAWS-SPIN

denoisings,andcomparisonswith otherdenoisingmethods,in section5.
For thosereaderswho arenot familiar with waveletanalysis,we provide a brief summaryin

thenext section.Evenif you arealreadyconversantwith wavelets,it might beusefulto skim this
sectionasweshallmakesomeremarkspertainingto thetheoryof TAWS.

2 Waveletanalysis

TheTAWS denoisingmethod,like all wavelet-baseddenoisingmethods,dependson �rst perform-
ing awavelettransformof thenoisyimage.Wavelettransformsfacilitateseparatingnoisefrom the
transformedimage.In thissectionwebrie�y summarizetheprincipalaspectsof waveletanalysis.
Thoroughtreatmentscanbe found in Chui (1997),Daubechies(1992),Meyer (1992),Resnikoff
andWells (1998),StrangandNguyen(1996),andVetterli andKova�cević (1995). Particularem-
phasisondiscretewaveletanalysisis givenin Walker (1997)andWalker (1999).

Webeginbysummarizingthewaveletanalysisof one-dimensionalanalogsignals.Thenotation
for thattheoryis simpler, but themainideasfor 2D imagesarecapturedin thesimpler1D setting.
Sinceouraim is to explaindenoisingof digital imagescontaminatedby randomnoise,weneedto
examinetheconnectionbetweenwaveletanalysisof analogsignalsandwaveletanalysisof discrete
signals.This connectionis mediatedby anappropriatesignalmodel. Thesignalmodelwe shall
useis thatanoise-freesignalis acontinuous,piecewisesmoothfunction(by piecewisesmooth,we
meanthatpiecesof thegraphof thefunctionarecontinuouslydifferentiableto someorder).This
modelhasthevirtueof simplicity. It is alsofairly realistic,sincesignalsaretypically obtainedvia
somemeasuringprocess.Therefore,anoise-freesignalwill have any discontinuitiesaveragedout
andirregularitiessmoothedoutby themeasuringinstrument.1

1Here we are alluding to convolution by a measuringinstrument. Discussionof wavelet-basedtechniquesfor
deconvolutioncanbefoundin Mallat (1998)andreferencestherein.
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Table 1: Denoisings by Wiener �lter ing and TAWS-SPIN.

Image, noise � Noisy SNR Wiener SNR TAWS-SPIN SNR
Lena, 8 24:4 28:9 29:6

Goldhill, 8 23:7 26:1 26:8
Boats, 8 25:2 28:1 29:3

Barbara, 8 24:2 24:5 26:4
Peppers, 8 23:5 27:7 28:0

Lena, 16 18:4 25:0 26:1
Goldhill, 16 17:7 23:3 23:6
Boats, 16 19:2 25:0 25:6

Barbara, 16 18:2 22:1 22:1
Peppers, 16 17:6 24:0 25:0

Lena, 32 12:5 19:7 23:0
Goldhill, 32 11:9 18:6 20:8
Boats, 32 13:4 20:2 22:2

Barbara, 32 12:4 18:2 18:5
Peppers, 32 11:8 18:6 21:6

Lena, 64 7:2 14:5 19:0
Goldhill, 64 6:5 13:6 18:1
Boats, 64 8:1 15:1 19:0

Barbara, 64 7:1 13:6 16:1
Peppers, 64 6:4 13:3 17:3

Wavelet series

A waveletbasis for functions in L 2(R) = f f :
R1

�1 jf (x)j2 dx < 1g is a set of functions
f  m

j (x) = 2m=2 (2mx � j )gm;j 2 Z whichareanorthonormalbasisfor L 2(R). Eachbasisfunction
 m

j is adilationby 2� m andtranslationby j 2� m of thefunction . This function is thegenerat-
ing wavelet(or simply wavelet) for this waveletbasis.Becausef  m

j g is anorthonormalbasis,the
following waveletseriesexpansionholdsfor eachf 2 L 2(R):

f (x) =
X

m2 Z

X

j 2 Z

� m
j  m

j (x) (1)

with waveletcoef�cients f � m
j g de�ned by

� m
j =

Z 1

�1
f (x) m

j (x) dx: (2)

For thegivenwaveletsystemf  m
j g, themapf 7! f � m

j g is thewavelettransformde�ned by the
waveletsystem.

Therearemany wavelet bases.A classicexampleis the Haarbasis(Haar, 1910). To de�ne
theHaarbasis,let 1S(x) denotethe indicator functionfor thesetS. That is, 1S(x) = 1 if x 2 S
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and 1S(x) = 0 if x =2 S. The wavelet for the Haar basisis  (x) = 1[0;1=2)(x) � 1[1=2;1)(x).
Becausethis Haarwavelet  is a stepfunction,any partial sumof theseriesin Eq. (1) will bea
stepfunction.Unfortunately, approximationof ananalogsignalby stepfunctionsis notconsistent
with ourcontinuous,piecewisesmoothsignalmodel.

Fortunately, therearewaveletbaseswhich areconsistentwith our signalmodel.For example,
the Daubechieswavelet bases(Daubechies,1988). A Daubechieswavelet  is continuousand
compactlysupported(0 outsidesome�nite interval). Furthermore,many Daubechieswavelets
aresmooth;they arecontinuouslydifferentiableto someorder. In orderto obtainsmoothness,a
Daubechieswavelet is requiredto havea �nite numberof zeromoments:

Z 1

�1
xn  (x) dx = 0; n = 0; 1; : : : ; N: (3)

Notethat(3) is satis�edby theHaarwaveletif N = 0. TheDaubechieswaveletsatisfyingEq.(3)
for a given N � 1 is supportedon the interval [0; 2N + 1]. Eachbasisfunction  m

j is then
supportedon the interval [j 2� m ; (j + 2N + 1)2� m ]. Theseintervalsvary in lengthdependingon
m, andlocationdependingonm andj . Thebasisfunctions m

j (x) = 2� m=2 (2mx � j ) canzoom
in onparticularareasof asignal.As m increases,thesupportsof thesebasisfunctionsdecreasein
length,andvaryingj allows usto examineparticularareasof thesignal.Thewaveletcoef�cients
� m

j encodeinformationaboutlocal aspectsof thesignalf by measuringits correlationwith  m
j .

Furthermore,thetermsin theseriesin Eq. (1) aremultiplesof thesmoothbasisfunctions m
j , so

partialsumsaresmooth.Whenthesignalmakesrapidtransitions—e.g.,whentransitioningfrom
onesmoothpieceto another—thewaveletcoef�cients � m

j thatre�ect thismostprominently(have
largestmagnitude)will besupportedin intervalslocatedaroundthetransitionregion. Sincethose
terms� m

j  m
j (x) aresupportedaroundthe transitionregion, a partial sumof theseriesin Eq. (1)

thatincludesthosetermsproducesasmoothtransitionbetweenpieces.
For our signal model, the zero momentrequirement(3) implies that thereare many small-

magnitudewaveletcoef�cients. If f is closelyapproximatedby a polynomialof degreeN , asin
a truncatedTaylorexpansionfor instance,over thesupportof  m

j , thenthewaveletcoef�cient � m
j

will be approximatelyzero. This leadsto many small-magnitudewavelet coef�cients locatedin
regionswherethesignalis smooth.Thecombinationof orthonormality, compactsupport,smooth-
ness,and zero moments,yields a seriesin Eq. (1) that is well-adaptedto our signal model of
continuous,piecewisesmoothfunctions. It alsoproducesanexcellentsystemfor performingde-
noisingof signalscontaminatedby Gaussiannoise. Sincef  m

j g is an orthonormalsystem,the
wavelet transformf 7! f � m

j g is orthogonal.The combinationof an orthogonaltransform(con-
servationof energy) andlargenumbersof smallwaveletcoef�cients (compactionof energy) is the
principal reasonthat Gaussianrandomnoisecanbe separatedfrom the signal. We discussthis
furtherin section3.

Scalingfunctions

Theseriesexpansionin (1) canbeviewedasa limit of asequenceof functionsf M de�ned by

f M (x) =
M � 1X

m= �1

1X

j = �1

� m
j  m

j (x):
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Eachf M belongsto asubspaceVM of L 2(R) with basisf  m
j gm<M ; j 2 Z . For all thewaveletsystems

we discuss,thereexists a function � suchthat, for every M , the setf � M
j (x) = 2� M =2� (2M x �

j )gj 2 Z is anorthonormalbasisfor VM . Thefunction� is calledthescalingfunctionfor thewavelet
system. Becausef � M

j g is an orthonormalbasisfor VM , we have the following scaling series
expansionof f M :

f M (x) =
1X

j = �1

� M
j � M

j (x) (4)

with scalingcoef�cients f � M
j g de�ned by

� M
j =

Z 1

�1
f (x)� M

j (x) dx: (5)

Formulas(4) and(5) expressf M asanorthogonalprojectionof f into VM .
Thescalingfunction for theHaarsystemis � (x) = 1[0;1)(x). TheHaarscalingfunctionand

waveletsatisfythefollowing identities:

� (x) =
1

p
2

[
p

2� (2x) +
p

2� (2x � 1)]

 (x) =
1

p
2

[
p

2� (2x) �
p

2� (2x � 1)]:
(6)

Similar identitieshold for Daubechieswaveletsandscalingfunctions. For eachDaubechiessys-
tem,therearetwo �nite setsof constantsf ckg2N +1

k=0 andf dkg2N +1
k=0 suchthat

� (x) =
2N +1X

k=0

ck

p
2� (2x � k)

 (x) =
2N +1X

k=0

dk

p
2� (2x � k):

(7)

For example,if N = 1, Daubechiesfoundthattheconstants

c0 =
1 +

p
3

4
p

2
; c1 =

3 +
p

3

4
p

2
; c2 =

3 �
p

3

4
p

2
; c3 =

1 �
p

3

4
p

2

d0 =
1 �

p
3

4
p

2
; d1 =

p
3 � 3

4
p

2
; d2 =

3 +
p

3

4
p

2
; d3 =

� 1 �
p

3

4
p

2

(8)

provideasolutionof (7). They de�ne theDaub4waveletsystem.Noticethatfor theHaarsystem,
thepair of equationsin (6) area specialcaseof thosein (7), obtainedby settingN = 0. For the
Haarcase,theconstantsin (7) arec0 = c1 = 1=

p
2 andd0 = 1=

p
2, d1 = � 1=

p
2.

Thereis a closerelationbetweenscalingcoef�cients andwaveletcoef�cients. Fromtheiden-
tities in (7), weobtain

� m� 1
j =

2N +1X

k=0

ck � m
k+2 j

� m� 1
j =

2N +1X

k=0

dk � m
k+2 j :

(9)
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The secondequationin (9) shows how the wavelet coef�cients f � m� 1
j g are obtainedfrom the

scalingcoef�cients f � m
j g. The�rst equationin (9) allowsusto iteratethisprocedure.By iteration,

all waveletcoef�cients f � k
j gk<m canbeobtainedfrom thescalingcoef�cients f � m

j g atscalem.
For all waveletsystems,thescalingfunction� (x) is supportedon theinterval [0; 2N + 1] and

satis�es Z 1

�1
� (x) dx = 1: (10)

Thisequationwill proveusefulin deriving thediscreteversionof wavelettheory.

Discretization of waveletanalysisof analogsignals

The scalingcoef�cients f � M
j g, for large enoughM , provide a connectionbetweenthe world of

analogsignalsandtheworld of discretesignals.For example,givenananalogsignalf (x), wecan
generatediscretedataf f j gj 2 Z by de�ning eachf j to be f (x j ), wherex j = j � x for some�x ed
step-size� x. We refer to f f j g asuniformsamples, or just samples,of f (x). Formula(5) yields
thefollowing approximationfor suf�ciently largeM (providedf is uniformly continuous):

� M
j =

Z (2N +1+ j )2 � M

j 2� M
f (x) 2� M =2� (2M x � j ) dx

� f (j 2� M )
Z (2N +1+ j )2 � M

j 2� M
2� M =2� (2M x � j ) dx:

Becauseof Eq.(10)we thenhave2

� M
j � 2M =2f (j 2� M ): (11)

The approximationin (11) is our justi�cation for assuming,in the discretesetting,that � M
j =

2M =2f j . In practice,theconstantfactor2M =2 is usuallydropped,andwe justassumethat� M
j = f j

for eachj . Thereasonfor droppingtheconstantfactor2M =2 is thattheequationsin (9) thende�ne
an orthogonaltransformationon the samplesf f j g. This orthogonaltransformationis a discrete
wavelettransform.

Discretewaveletanalysis

Theequationsin (9), startingfrom initial dataf � M
j = f j g, provide a discretewavelet transform.

To seehow thisworkswe �rst considerthesimplestcase,theHaartransform.
For Haarwavelets,N = 0, c0 = c1 = 1=

p
2, andd0 = 1=

p
2, d1 = � 1=

p
2. Equation(9) then

yieldsthefollowing transformation:

� M � 1
j =

f 2j + f 2j +1p
2

; � M � 1
j =

f 2j � f 2j +1p
2

: (12)

In practice,theseformulasare appliedto a �nite set of initial values. We begin with a vector
f = (f 0; f 1; : : : ; f J � 1), whereweassumeJ is even.Applying (12) to f yieldsthevector

(a1 j b1) = (� M � 1
0 ; � M � 1

2 ; : : : ; � M � 1
(J � 1)=2 j � M � 1

0 ; � M � 1
1 ; : : : ; � M � 1

(J � 1)=2):

2Furtherdiscussionof (11)canbefoundin Walker (1997).
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Themappingf 7! (a1 j b1) is the1st level Haartransformof f . Thevectora1 is calledthetrendof
f , andthevectorb1 is calledthe�uctuation of f .

It is easyto seethat the 1st level Haar transformis orthogonal. It preserves the energy of
vectors,asmeasuredby sumsof squares.

If J canbedividedseveraltimesby 2, thenseverallevelsof Haartransformcanbeperformed.
For example,if J is divisibleby 4, thenf hasa 2nd level Haartransform.This is doneby iterating
the1st level Haartransform,by applyingit to thetrendvectora1. This is justa specialinstanceof
theformulasin (9) for theHaarcase.

As anexampleof theseideas,considerthefollowing analogsignal

f (x) = (sin25� x)1[0;0:25](x) + (4 + cos45� x)1(0:25;0:75](x)

+ (sin35� x)1(0:75;1)(x):

Thegraphof thevectorf , generatedby J = 16; 384samplesof thesignalf (x) over the interval
[0; 1), is shown in Figure2(a). The1st level Haartransformof this signalis shown at the top of
Figure2(b). The trenda1 is graphedover [0; 0:5) andthe �uctuation b1 is graphedover [0:5; 1).
Notice that it closely resemblesthe original vector f . The trend also contains99:992%of the
energy of f . The �uctuation b1 shows only two noticeablevalues,which correspondto the jump
discontinuitiesof f (x). Sincethe �uctuation containssucha smallamountof energy, what little
energy it hasis con�ned mostlyto thesetwo peakvalues.

Similar remarksapply to the 2nd level transformshown in Fig. 2(b)[bottom]. This 2nd level
transformis alsodisplayedin Figure2(c), whereeachof the vectorsa2, b2, andb1 aregraphed
over the interval [0; 1). Comparingthe graphof a2 with the graphof f , it is clear that they are
closelyrelatedin form, althougha2 hasonly a quarterof thevaluesof f , spacedfour timesasfar
apart.The2nd level trenda2 contains99:990%of theenergy of f . Noticethat the�uctuationsb2

andb1, whengraphedover the interval [0; 1), provide excellent locatersfor the positionsof the
jump discontinuitiesof f (x). We will �nd similar resultsfor images.But with images,insteadof
jumpdiscontinuitiesat isolatedpoints,therewill beedgesalongcurves.

0 0:25 0:5 0:75 1

0

(a)
0 0:25 0:5 0:75 1

0

0

(b)
0 0:25 0:5 0:75 1

0

0

0
a2

b 2

b 1

(c)

Figure 2: (a) Test signal. (b) [top] 1st level Haar transform, [bottom] 2nd level Haar transform. (c) [top] 2nd

level trend, [middle] 2nd level �uctuation, [bottom] 1st level �uctuation.

For Daubechieswavelets,therearesimilar wavelet transformations.For example,usingthe
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coef�cients in (8), the1st level Daub4discretewavelettransformis de�ned by3

� m� 1
j = c0f 2j + c1f 2j +1 + c2f 2j +2 + c3f 2j +3

� m� 1
j = d0f 2j + d1f 2j +1 + d2f 2j +2 + d3f 2j +3 :

(13)

Theseequationsde�ne anorthogonaltransformf 7! (a1 j b1). Higherlevel Daub4transforms,as
with thehigherlevel Haartransforms,arede�ned by iterationon thetrendvectorsa1, a2, etc.

Oneadvantageof Daubechieswaveletsis thatthemomentconditionsin (3) imply correspond-
ing discretemomentconditionson theconstantsf dkg usedfor generatingwaveletcoef�cients in
the discretetransform. Thesediscretemomentconditionsare(we set00 = 1 to enablea single
statement):

2N +1X

k=0

kndk = 0; n = 0; 1; : : : ; N: (14)

Given our signalmodel, thesediscretemomentconditionsimply that therewill be many small-
magnitudewaveletcoef�cients. In fact, if thevectorf consistsof samplesfrom a signalthatcan
becloselyapproximatedover thesupportof  m� 1

j by a polynomialof degreeN (asin a truncated
Taylorexpansion),then(14) impliesthat� m� 1

j will beapproximatelyzero.
Noticehow this laststatementfor waveletanalysisof discretesignalscorrespondsto a similar

statementmadeabovefor waveletanalysisof analogsignals.Basedonthiscorrespondence,wecan
statethefollowing four basicpropertiesfor thediscreteDaubechieswavelettransforms(assuming
oursignalmodel):

Energy Conservation. Thewavelettransformis anorthogonaltransform.

Energy Compaction. Thereare large numbersof small magnitudewavelet coef�cients.
Mostof theenergy is concentratedin thetrend.

Two Populations. The largerwaveletcoef�cients areclusteredaroundsharptransitionre-
gions(edgesin images).Smallerwaveletcoef�cients residein smootherregions.

Clustering. Largemagnitudewaveletcoef�cients tendto have somelargemagnitudecoef-
�cients locatednearthem.

Note that the Clusteringpropertywasnot discussedabove. It is not dif�cult to seethat it holds,
however. It follows from thelargeamountof overlapof thesupportsof theDaubechieswavelets.
Consequently, whena waveletcoef�cient � m

j is relatively large,thereis a tendency for oneof its
neighbors� m

j � 1 or � m
j +1 to belargeaswell.

Waveletanalysisof images

Now thatwe have summarizedwaveletanalysisfor 1D signals,we turn to thecaseof 2D images.
Becausethe2D theoryis essentiallythesameasfor 1D, we shall just brie�y summarizeits new
features.

3Theequationsin (13) do not applywhenj = J=2 � 1, sincethevaluesf 2j +2 andf 2j +3 areunde�ned. In this
case,thevaluesof f 0 andf 1, respectively, aresubstitutedfor theseunde�nedvalues.This correspondsto a periodic
extensionof thevectorf .
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Generalizingoursignalmodelfor 1D, ourmodelfor 2D imageswill becontinuous,piecewise
smoothfunctionsF (x; y). Discreteimageswill consistof J by K matricesF = (F j ;k ) obtained
via samplesfrom thesefunctions.

Wavelet seriesfor 2D imagesarea simplegeneralizationfrom 1D series.The wavelet basis
functionsconsistof threekinds:  m

j (x)� m
k (y), � m

j (x) m
k (y), and m

j (x) m
k (y). For thesethree

kindsof basisfunctions,thezeromomentcondition(3) generalizesto powersof bothx andy. A
2D waveletseriesfor F (x; y) is expressibleas

F (x; y) =
1X

m= �1

X

I 2I

� m
I 	 m

I (x; y); with � m
I =

Z

R 2
F (x; y)	 m

I (x; y) dx dy:

Here	 m
I (x; y) standsfor any oneof thethreetypesof basisfunctions,andI is theindex setneeded

for labelingall of thesebasisfunctions. Thereis alsoa scalingseries,usingf � M
j (x)� M

k (y)g as
basis,which is an obvious generalizationof (4). The theoryof wavelet seriesfor 2D imagesis
essentiallythesameasthe1D theoryabove,with only slight notationalmodi�cations,sowe now
turnto adiscussionof 2D discretewavelettransforms.Suchtransformswill beappliedto matrices,
justasin 1D they wereappliedto vectors.

A discretewavelettransformof a J by K matrix F, whereJ andK arebotheven,is obtained
in two steps(Mallat, 1989): (1) transformeachrow of F by a 1D wavelet transform,obtaininga
matrix eF; (2) transformeachcolumnof eF by thesame1D transform.Steps1 and2 areindependent
andmaybeperformedin eitherorder.

Step1 of this transformprocessproducesJ rowsof 1D transforms:

F 7!

0

B
B
B
@

a1
1 j b1

1
a1

2 j b1
2

...
a1

J j b1
J

1

C
C
C
A

:

Step2 thenproducesthefollowing 1st level transform:

F 7!

0

@
A 1

H 1

�
�
�
�
�
�

V 1

D 1

1

A

whereA 1, V 1, H 1, andD 1 areeachJ=2 by K =2 sub-matrices.ThetrendA 1 consistsof scaling
coef�cients, while the�uctuationsV 1, H 1, andD 1 consistof waveletcoef�cients for eachof the
threekindsof waveletbasisfunctions.

The trendA 1 containsscalingcoef�cients for the scalingbasisf � M � 1
j (x)� M � 1

k (y)g. Hence,
by a 2D versionof (11), it is a lower resolutionversionof F. For example,considertheimageof
anoctagonalring shown in Fig. 3(a). Its 1st level Daub4wavelet transformis shown in Fig. 3(b).
ThetrendA 1 occupiestheupperleft quadrantof thetransform,andit is clearlya lower resolution
versionof theoriginalimage.Thevertical�uctuation V 1 containswaveletcoef�cients for thebasis
elements M � 1

j (x)� M � 1
k (y); i.e., �uctuations along rows and trendsalong columns. Wherever

therearevertical edgesin an image,the �uctuations alongrows areable to detecttheseedges.
This tendsto emphasizevertical edges,or edgescontaininga vertical component.This canbe
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(a) (b) (c)

Figure 3: (a) Image. (b) 1st level transform. (c) 2nd level transform.

seenclearlyin Fig. 3(b)whereV 1 appearsin theupperright quadrant.Noticealsothathorizontal
edges,wherethe octagonalring imageis constantover long stretches,are removed from V 1.
Thehorizontal�uctuation H 1 is similar to V 1, exceptthat therolesof horizontalandverticalare
reversed.In Fig. 3(b) the horizontal�uctuation H 1 is shown in the lower left quadrant.Finally,
thereis the diagonal�uctuation D 1, which containswavelet coef�cients for the basiselements
 M � 1

j (x) M � 1
k (y). This �uctuation tendsto emphasizediagonalfeatures,ascanbeseenclearly

in Fig. 3(b)whereit occupiesthelower right quadrant.Diagonalfeaturesareemphasizedbecause
�uctuationsalongrowsandcolumnstendto erasehorizontalandverticaledges.

It is interestingto notethatthisdecompositionof theimageinto a lower resolutionsub-image,
alongwith several sub-imagesre�ective of responsesto differentedgeorientations,is analogous
to operationsperformedby mammalianvisionsystems.Watson(1987)is perhapsthe�rst paperto
establisha closeconnectionbetweenwaveletsandvision. A precursorto thatpaperin the�eld of
imageprocessingwasBurt andAdelson(1983). Severalpapersby Field (1993,1994,1999)and
by Field andBrady(1997)explore this connectionmorefully. A goodsummaryof waveletsand
visioncanbefoundin Wandell(1995).

As with 1D transforms,higherlevelsof 2D wavelet transformsarecomputedby iteratingthe
1st level transformon the trends.For example,in Fig. 3(c) we show a 2nd level transformof the
octagonalring image. The trendA 1 from Fig. 3(b) hasbeentransformedinto a trendA 2 and
�uctuations V 2, H 2, andD 2. The trendA 2 is an even lower resolutionversionof the original
octagonimage,while the �uctuations re�ect edgedetailsin the lower resolutionimageA 1. An
exampleof a3rd level transformis shown in Fig. 4.

The transformusedin Fig. 4 is basedon the Daub9/7 wavelet system(Cohenet al., 1992).
This systemis a very popularonein wavelet-basedimageprocessing.For instance,it is usedin
theJPEG2000imagecompressionstandard(Gormishetal., 2000).

Figure4 nicely illustratesthefour basicpropertiesof wavelettransforms.TheClusteringprop-
erty, for instance,is apparentfrom both Figures4(b) and(c). Figure4(c) alsoprovidesa good
illustration of the Two Populationsproperty. Comparingit with the imagein Fig. 4(a), we see
thatlargerwaveletcoef�cients areclusteredaroundedges,suchastheboatmastsandrigging,and
smallercoef�cients residein smootherregions,suchas the sky andclouds. The Energy Com-
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(a) (b) (c)

Figure 4: (a) Boat image. (b) 3rd level Daub 9/7 transform. (c) Locations of larger values of V 1 coef�cients .

pactionpropertyis illustratedby thefact that the3rd level trend,which is shown in theupperleft
cornerof Fig.4(b),accountsfor 98:7%of thetotalenergy of thetransformcoef�cients. Finally, the
Daub9/7 systemprovidesgoodEnergy Conservation.Althoughit is not anorthogonaltransform,
theDaub9/7 transformpreserves99:7% of theenergy of theoriginal boatimage. This example
illustrateshow closeit is to beingorthogonal—closeenough,in fact, that we canuseit for all
intentsandpurposesasif it wereorthogonal.

The Daub 9/7 transformhassomeimportantadvantagesfor imageprocessing. For exam-
ple, its wavelet basisfunctionsusedfor reconstructionaretwice continuouslydifferentiableand
symmetric.Oneadvantageof symmetryis that imagescanbesymmetricallyextendedpasttheir
boundaries,resultingin lessboundaryartifactsin denoisedimagesthanwith periodicextension
(footnote3). The Daub 9/7 systemwas usedfor the TAWS-SPIN denoisingsin section1. The
smoothnessof its waveletbasisfunctionsis re�ected in thesmoothappearanceof the TAWS-SPIN

denoisedimagein Fig. 1(d),sincethatimagecorrespondsto awaveletseriespartialsum.

3 Fundamentalsof wavelet-baseddenoising

In this sectionwe examinethe fundamentalconceptsunderlyingwavelet-baseddenoising.This
will provide theright context for our descriptionof TAWS in thenext section.TAWS is basedupon
improvementsto two basicdenoisingtechniques:waveletshrinkageandcycle-spinthresholding.

Wavelet shrinkage—V I SUSHRI NK

A majorbreakthroughin denoisingwasachievedwith thenow-classicmethodsof waveletshrink-
age(DonohoandJohnstone,1994and1995).Weshallfollow themin referringto theirmethodsas
V ISUSHRINK andSURESHRINK. BecauseTAWS sharessomeideasin commonwith V ISUSHRINK,
we shall �rst describethis method.The 1D theoryfor V ISUSHRINK capturesthe main ideasand
allows usto explain thingsmoreeasily, sowe shallstateresultsfor 1D signals.Theextensionof
theseresultsto 2D imagesis straightforward.All of theresultsthatwestatebelow for V ISUSHRINK
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areprovedin DonohoandJohnstone(1994).SeealsoDonohoetal. (1995)andDonoho(1993).
In our discussion,we assumethat the equationg = f + n describesthe 1D noisy signalg

obtainedfrom theoriginal signalf by theadditionof thenoisen. Theoriginal signalf consists
of samplesof ananalogsignalfrom our piecewisesmoothsignalmodel,andthenoisevaluesn j

areassumedto berealizationsof independentzero-meanGaussiannormalrandomvariableswith
standarddeviation � , i.e., they arei.i.d. of typeN (0; � 2). Wavelet transformsof thesesignalsare
denotedby bg, bf , andbn. Sincewavelettransformsarelinear, wehave bg = bf + bn. Theorthogonality
of wavelettransformsimpliesthatthetransformednoisevaluesbn j arealsoi.i.d. of typeN (0; � 2).

In V ISUSHRINK, the valuesbgj of the transformednoisy signalaresubjectedto the following
shrinkagefunction:

S(t) =

8
><

>:

0; if jt j < �

t � � ; if t � �

t + � ; if t � � �

(15)

wherethethreshold� is assignedthevalue� V = �
p

2logJ . After shrinkage,theinversewavelet
transformis appliedto producethedenoisedsignal.For aJ by K image,theV ISUSHRINK thresh-
old is � V = �

p
2logM , whereM is the larger of J andK . We shall con�ne our treatmentto

squareJ by J images,so� V = �
p

2logJ .
To bemoreprecise,theshrinkagefunction is appliedonly to waveletcoef�cients, thescaling

coef�cients areleft unchanged.With anorthogonaltransformof L levels,thenoiseenergy in the
trendA L is greatlyreduced—asa fractionof total noiseenergy—whenL is largeenough.In an
image,thenoiseenergy reductionis by afactorof 1=4L , henceL � 3 is usuallysuf�cient to greatly
reducethefractionof noiseenergy in thetrend.This is in starkcontrastto theEnergy Compaction
propertyfor theoriginal image,whichgreatlymagni�esthesizesof imagetransformvaluesin the
trend. Sincethescalingfunctionscorrespondingto trendcoef�cients arewidely spreadout over
theimagewhenL � 3, it follows thatrelatively smallamplitudenoisetermsaremuchlessvisible
in thereconstructedimage.Weshall illustratethiswith anexamplelaterin thissection.

In wavelet shrinkage,all wavelet coef�cients bgj of magnitudelessthansomethreshold� are
setto zero.This is calledthresholding. Thefactthatthetransformednoisevaluesarei.i.d. of type
N (0; � 2), combinedwith theEnergy CompactionandTwo Populationspropertiesfor theoriginal
signaltransformbf , providestherationalefor this thresholding.If � is several timeslargerthan� ,
asit is in V ISUSHRINK, thenjbgj j < � almostcertainlyguaranteesthat bgj is noise-dominated.In
fact,for theV ISUSHRINK threshold� V , thefollowing limit holdsfor all indicesj correspondingto
waveletcoef�cients:

Prob[ maxjbnj j < � V ] ! 1 asJ ! 1 : (16)

Hencejbnj j is almostcertainlylessthan� V . Furthermore,theEnergy CompactionandTwo Popu-
lationspropertiesimply that j bf j j � 0 for mostindicesj . Therefore,asymptotically, thethreshold
� V guaranteesthatV ISUSHRINK denoisedimageswill beessentiallynoise-free.

In orderto applyV ISUSHRINK, it is necessaryto estimatethestandarddeviation � of thenoise.
Fortunately, it canbeestimatedfromthehighestlevel waveletcoef�cients via thefollowingmedian
estimate:

� �
(medianof highestlevel coef�cients)

0:6475
: (17)

This approximationis reasonablyaccurate,sinceit is derivedfrom anexactformulafor N (0; � 2)
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randomvariablesandthehighestlevel wavelet coef�cients aremostlynoise. A medianestimate
is used,ratherthansaya meanestimate,becauseit is relatively insensitive to the existenceof a
few high-magnitudeoutliers.Typically therearesuchoutliers,resultingfrom thehigh magnitude
waveletcoef�cients neartheedgesin theoriginal image.

V ISUSHRINK producesnearlyoptimal denoisingresults. This optimality canbe expressedin
termsof its achieving maximumSNRs. Equivalently, V ISUSHRINK minimizestherisk error, where
therisk R[ef ; f ] betweentwo signalsef andf is de�ned by thefollowing expectedvalue:

R[ef ; f ] = E

"
1
J

J � 1X

j =0

j ef j � f j j2
#

: (18)

LettingfV standfor theV ISUSHRINK denoisingof thenoisysignal,theriskR[f V ; f ] whichcompares
fV with theoriginal signalf satis�es(for asuf�ciently smoothwaveletsystem):

R [fV ; f ] � C
(log J )2

J
� (19)

whereC is a constant(dependentonly on thechoiceof wavelet system).This asymptoticresult
is signi�cantly betterthanfor a Wiener�ltering fW of thenoisy image. For Wiener�ltering, the
following holds[seeMallat (1998)]:

R [fW ; f ] �
A

p
J

� (20)

for someconstantA. Comparing(19)and(20), weseethatV ISUSHRINK is asymptoticallysuperior
to Wiener �ltering asJ ! 1 . SinceV ISUSHRINK is a non-linearmethod,this superiorityfor
V ISUSHRINK doesnotcontradicttheoptimalityof Wiener�ltering amonglinearmethods.

Thenearoptimalityof V ISUSHRINK is expressedby thefollowing asymptoticresult:

R [fV ; f ] � C(log J )2 R[f I ; f ] (21)

whereR[f I ; f ] is therisk of anidealdenoisingf I of apiecewisepolynomialsignal.Otheroptimality
results,usingdifferentsignalmodelsandalternative measuresof risk error, aredescribedin detail
in Donohoetal. (1995).

Although the resultswe have describedprovide ampleevidencefor the nearoptimality of
V ISUSHRINK, it is importantto examineits performanceon denoisingactualimages.In Fig. 5 we
show four differentV ISUSHRINK denoisingsof thenoisyPeppersimageshown in Fig. 1(b). The
wavelet systemusedfor thesedenoisingswasthe Daub9/7 system.The numberof levels used
for thewavelet transformrangesfrom 2 levels to 5 levels. The2nd level and3rd level denoisings
bothhave greaterSNRs thantheWiener�ltering shown in Fig. 1(c). The2nd level V ISUSHRINK

denoisinghasa1 dbhigherSNR thantheWiener�ltering.
By carefully examiningthesefour typical denoisings,we canlearna lot aboutV ISUSHRINK,

both its strengthsandweaknesses.First, observe that althoughthe 2nd level denoisinghasthe
highestSNR, it alsoexhibits a signi�cant amountof “mottling” artifacts.This mottling is dueto
thenoiseleft unaffectedin the2nd level trend. As we notedabove, thereconstructionof this 2nd

level trendnoiseconsistsof low amplitudescalingfunctionsspreadoutoverwideareaswithin the
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(a) 2 level: SNR = 19:6 db (b) 3 level: SNR = 19:1 db

(c) 4 level: SNR = 17:9 db (d) 5 level: SNR = 17:3 db

Figure 5: VISUSHRINK denoisings of the noisy image in Fig. 1(b), using four different levels of the Daub
9/7 transform.

image. Sincea noisestandarddeviation of � = 32 producesrelatively high energy noise(hence
relatively low SNR), thereductionof noiseenergy by a factorof 1=16 in the2nd level trenddoes
not reducethe amplitudesof the reconstructednoisetermssuf�ciently to rendertheminvisible.
In the4th level and5th level denoisings,however, thereductionsof trendnoiseenergy by factors
of 1=256and1=1024, respectively, arequitesuf�cient to renderinvisible the reconstructedtrend
noise.The3rd level denoisingexhibits trendnoisethatis justbarelyvisible.

Themoststrikingweaknessof theV ISUSHRINK denoisingsis theoversmoothingof therecon-
structedimages.Thisoversmoothingis particularlyextremein Figures5(c)and(d), whereit is so
greatthat it causessigni�cant reductionin SNRs. Over smoothingis causedby the V ISUSHRINK

thresholdbeingsettoo high to capturethehigherlevel waveletcoef�cients neededfor producing
a sharpimage. Sincesuccessive trendsof f arerepeatedaveragings,thereis a blurring of edges
in successive trends,producinga decreasein amplitudesof signi�cant wavelet coef�cients near
theseblurrededges.Consequently, thesinglethreshold� V setby V ISUSHRINK tendsto threshold
out somewavelet coef�cients at higher levels that areneededfor producingsharpedgesin the
reconstructedimage. This is clearlyshown in the imagesin Fig. 5, which becomeprogressively
moreblurredashigherlevel transformsareused.
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It is interestingto comparethe TAWS-SPIN denoisingin Fig. 1(d) with theseV ISUSHRINK de-
noisings.TheTAWS-SPIN denoisingis signi�cantly lessblurredanddoesnot exhibit any mottling.
A 5th level Daub9/7transformwasusedfor this TAWS-SPIN denoising,but thethresholdwasequal
to � V =8. By usinga much lower thresholdthan V ISUSHRINK, TAWS-SPIN circumventsthe over
smoothingproblem. ThusTAWS-SPIN is ableto employ a 5th level transform,which completely
eliminatesany mottling in its denoising.Finally, like theV ISUSHRINK denoisings,theTAWS-SPIN

denoisingappearsto beessentiallyfreeof any randomnoise—theimageappearsto beproduced
from ourpiecewisesmoothimagemodel.

Thedefectsin V ISUSHRINK denoisings,aswell asthe“empiricalgap” presentin thesizeof the
(log J )2 factorin (21), hasled to continuingefforts to improve theperformanceof wavelet-based
denoising.Major improvementsover V ISUSHRINK wereobtainedwith the SURESHRINK method
andcycle-spinthresholding.

Wavelet shrinkage—SURESHRI NK

TheSURESHRINK methodof DonohoandJohnstone(1995)is alsobasedonwaveletshrinkage.But
SURESHRINK usesindependentlychosenthresholdsfor each�uctuation ateachlevel of thewavelet
transform. This typically resultsin differentshrinkagethresholdsfor eachof these�uctuations.
By usingdifferentshrinkagethresholdsfor each�uctuation, SURESHRINK is ableto includemore
signi�cant waveletcoef�cients—thusalleviating theblurring problemof V ISUSHRINK, producing
moredetailedimages.For example,in Fig. 6 we show two SURESHRINK denoisingsof thenoisy
Pepperimagein Fig. 1(b). Theseimagesshow the typical kindsof improvementsobtainedwith
SURESHRINK. ThedenoisedimagesareconsiderablysharperthanthecorrespondingV ISUSHRINK

denoisingswith muchhigherSNRs. In particular, noticethatthe4th level SURESHRINK denoising
exhibitsessentiallynolossof detail,andis slightly betterperceptuallyover the3rd level denoising.

(a) 3 level: SNR = 20:7 db (b) 4 level: SNR = 20:7 db

Figure 6: SURESHRINK denoisings of the noisy image in Fig. 1(b), using two different levels of the Daub
9/7 transform.

To selecttheSURESHRINK thresholds,DonohoandJohnstone(1995)makeuseof anestimator
of risk developedby Stein (1981). This risk estimatorensuresthat a thresholdcan be chosen
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for each�uctuation which, on average,minimizesthe risk amongall shrinkagethresholds.By
minimizingtheserisks,SURESHRINK producessigni�cantly lower total risk (andthushigherSNR)
thanV ISUSHRINK. For instance,in Johnstone(1999)it is shown that the following holdsfor the
risk errorof a SURESHRINK denoisingf S of anoisyimage:

R[f S ; f ] � C (log P) R[f I ; f ]: (22)

Thisasymptoticresultcomparesfavorablywith (21); the(log P)2 factorhasbeenreplacedby just
logP.

As we shall seein section4, the TAWS methodbuilds uponthe SURESHRINK methodin that
differentthresholdsareusedfor differentlevelsand�uctuationsof thewavelet transform.Unlike
SURESHRINK, however, TAWS usesdifferentthresholdsfor singlewavelet coef�cients andcorre-
latesthechoiceof thresholdwith thelocationof edgeswithin theimage.ThishelpsTAWS to better
captureedgedetails,andthusproducebetterresolveddenoisingsthanSURESHRINK.

Cycle-spinthr esholding

BesidesSURESHRINK, anothersigni�cant improvementover V ISUSHRINK is themethodof cycle-
spinthresholding.Cycle-spinthresholdingwas�rst describedin CoifmanandDonoho(1995)and
in Lang et al. (1995). Although it hasnot beenestablishedon as �rm a theoreticalfoundation
as V ISUSHRINK—see,however, Chambolleand Lucier (2001) for someinitial work—its basic
featuresarefairly well understoodand,in practice,it producesfar superiordenoisings.

(a) Original (b) Shift 1 pixel to the right

Figure 7: Comparison of V 1 wavelet coef�cients for the boat image in Fig. 4(a) and a shift of the boat
image. The images show locations of wavelet coef�cients with magnitudes at least as great as the threshold
� = 32.

Cycle-spinthresholdingaddressestwo relatedshortcomingsof V ISUSHRINK. Oneshortcoming
is the lack of shift-invarianceof wavelet transforms.From formula (2), it is easyto seethat the
wavelet transformf (x) 7! f � m

j g is not shift-invariant. This lack of shift-invariancecarriesover
to thediscretewavelettransformaswell. For example,in Fig. 7 we show V 1 waveletcoef�cients
for Daub9/7 wavelet transformsof the boatimagein Fig. 4(a) anda shiftedversionof this im-
age.At the thresholdof � = 32, thesewavelet transformsarenot simply shiftsof eachother(as
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wouldbethecasewith ashift-invarianttransform).Notice,in particular, thattherearemany more
signi�cant coef�cients nearthecentralmastof theboatin Fig. 7(b). Thegoalof cycle-spinthresh-
olding is to includesuchnew signi�cant coef�cients in shifted-imagetransforms,thusproducing
a sharperdenoisedimagewhich includesmoreedgedetails. By including thesenew signi�cant
coef�cients, cycle-spinthresholdingis ableto amelioratethe othershortcomingof V ISUSHRINK,
its oversmoothing.

Cycle-spinthresholdingachievesshift-invarianceby averagingall shifts of the noisy image.
More precisely, every cycle-shift (Gj � j 0 ; k� k0 ), for j 0 = 0; � 1, : : : , � (J=2 � 1) andk0 = 0; � 1,
: : : , � (K =2 � 1), is denoisedandall thesedenoisingsareaveraged(after reverseshifting) via
a simplearithmeticmean.4 In practice,it hasbeenfound that—ratherthanusingshrinkagefor
denoising—itis betterto usesimplethresholdingbecauseit yieldshigherSNRs andperceptually
sharperdenoisings.By simplethresholdingwemeanthateachtransform's valuesaresubjectedto
thethresholdingfunction:

T(t) =

(
0; if jt j < �

t; if jt j � � .

Thus,thecoef�cient is retainedif its magnitudeis at leastaslargeas� , otherwisethecoef�cient
is setto zero.Generally, theV ISUSHRINK threshold� V is used.

(a) 4 level: SNR = 21:2 db (a) 5 level: SNR = 21:2 db

Figure 8: Cycle-spin thresholdings of the noisy image in Fig. 1(b), using two different levels of the Daub
9/7 transform.

Although carryingout so many denoisingsin order to producethe averagedenoisedimage
mayappearto be inordinatelytime consuming,it hasbeenshown that thewholeprocesscanbe
performedin O(P logP) operations,whereP is thenumberof pixels in thenoisy image. Since
all distinctcycle-shiftsareused,theoperationof cycle-spinthresholdingis shift-invariant.

As anexampleof how well cycle-spinthresholdingperforms,considerthetwo imagesshown
in Fig. 8. Thesearecycle-spinthresholdingsof thenoisy imagein Fig. 1(b). Theseimagesshow
the typical kinds of improvementsthat cycle-spinthresholdingprovidesover V ISUSHRINK. The
SNR in eachcaseis signi�cantly higherthanthe SNR for thesamelevel V ISUSHRINK denoising.

4The term, cycle-shift,is usedbecausewhenj � j 0 or k � k0 fall outsidethe rangeof indicesfor the rows or
columnsof theimagematrix, thenawrap-aroundis usedto de�ne Gj � j 0 ; k � k0 .
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Thereis alsomuchlessdegradationof quality, andlessoversmoothing.Consequentlyit is feasible
to use4th level and5th level transformswith cycle-spinthresholding.

TheTAWS methodof denoisingalsobene�tsfrom cycle-spinaveraging.Thecycle-spinversion
of TAWS, calledTAWS-SPIN, wasusedfor thedenoisingsdescribedabove in section1. TAWS-SPIN

will bedescribedin thenext section,whereweexplain thetheoryandapplicationof Tree-adapted
waveletshrinkage.

4 Tree-adaptedwavelet shrinkage

In this sectionwe describethetheoryof TAWS andthedetailsof its implementation.TAWS is de-
signedto exploit, in acomputationallysimpleway, thefour basicpropertiesof wavelettransforms
thatwediscussedin section2. Weshallelaborateonthesefour propertiesin thissection,andshow
how they lead to the TAWS approachto separatingimage-dominatedwavelet coef�cients from
noise-dominatedcoef�cients. TAWS performsthis separationvia threeselectionprinciples.These
selectionprinciplesenableTAWS to selectimage-dominatedwavelet coef�cients at much lower
thresholdsthan the V ISUSHRINK threshold;thus supplyingmore details,especiallynearedges.
CapturingmoreimagedetailsgivesTAWS denoisingsaparticularlysharp,focusedappearance.

After providing a theoreticaljusti�cation for TAWS, we then provide a detaileddescription
of its algorithm. The TAWS algorithm is a modi�cation of an image compressionalgorithm,
calledASWDR [adaptively scannedwavelet differencereduction,Walker (2000)]. Improvements
to ASWDR weremadeby Walker andNguyen(2000a).Theseimprovementsled to corresponding
improvementsin TAWS, describedin Walker (2001a). This newer versionof TAWS is discussed
here,insteadof theolderversionintroducedin WalkerandChen(2000).

The closerelationshipbetweenTAWS and the imagecompressionalgorithm ASWDR hasal-
lowed for the developmentof a combinedimagecompressorplus denoiser, called TAWS-COMP.
Sincecombiningimagecompressionwith denoisingis tangentialto our main subject,we shall
only brie�y examineit here.MoredetailsconcerningTAWS-COMP canbefoundin Walker (2001a)
andWalker (2001b).

The theory of TAWS—tr eestructur eof wavelet transforms

TheTAWS methodof removing randomnoisefrom imagesisbasedonthefourpropertiesof wavelet
transforms—Energy Conservation,Energy Compaction,Two Populations,andClustering—which
we discussedabove in section2. In section3 we discussedhow Energy Compactionimplies that
noisecanbe effectively removed from trendcoef�cients. We alsodiscussedhow V ISUSHRINK

essentiallyremovesall noise-dominatedwavelet coef�cients by rejectingall coef�cients having
magnitudelessthanthethreshold� V . To improveV ISUSHRINK denoisings,theTAWS methodmakes
useof theTwo PopulationsandClusteringpropertiesto distinguishimage-dominatedfrom noise-
dominatedwavelet coef�cients at thresholdsthat aresmallerthan� V . TAWS usesthreeselection
principlesto performthis identi�cation of image-dominatedwaveletcoef�cients.

In orderto statetheseselectionprinciples,we �rst needto discussthe conceptsof child co-
ef�cients (children)andparentcoef�cients (parents).For 1D signals,thewaveletcoef�cient � m

j ,
correspondingto  m

j (x) = 2� m=2  (2mx � j ), hastwo child coef�cients � m+1
2j and� m+1

2j +1 . These
childrencorrespondto thewavelets m+1

2j (x) and m+1
2j +1 (x). Thedilation andtranslationstructure
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of a waveletsystemimpliesthatthesupportof  m
j containsthesupportsof both m+1

2j and m+1
2j +1 .

In otherwords,thechildren� m+1
2j and� m+1

2j +1 encodeinformationaboutthesignalwithin thesame
spatialregion astheparent� m

j . For example,if thesignalis smoothover thesupportof  m
j , then

the parentandits childrenwill all have small magnitudes(we shall make this moreprecisebe-
low). By applyingtheparentandchild de�nitions to all levels,we obtaina binary treestructure
connectingparentsandchildren.

Thegeneralizationof thenotionsof parentsandchildrento 2D imagesis simple.For instance,
a vertical coef�cient V m

j ;k is the parentof four childrenV m+1
2j ;2k , V m+1

2j +1 ;2k , V m+1
2j ;2k+1 , andV m+1

2j +1 ;2k+1 .
Similar de�nitions apply to the horizontalanddiagonalcoef�cients. Thuswe obtaina 4-leaved
treeconnectingparentswith children. As for the1D case,thesupportsof the2D waveletscorre-
spondingto childrenarecontainedwithin thesupportsof the2D waveletscorrespondingto their
parents.Hence,if animageis smoothover thesupportof awaveletcorrespondingto aparent,then
it will besmoothover all thewaveletscorrespondingto its children. Consequently, over smooth
regions,away from edges,bothparentsandchildrenwill havesmallmagnitude.

Waveletcoef�cients of smallmagnitudearelesssigni�cant, contributing lessenergy to theim-
age,thanwaveletcoef�cients of largermagnitude.To make this notionof signi�canceprecise—
and to relateit to the multi-resolution,parent-childtree structureof imagetransforms—wein-
troducethe following de�nitions of insigni�cant andsigni�cant coef�cients. Given a threshold
T > 0, we saythata parentis insigni�cant if its magnitudeis lessthanT, anda child is insignif-
icant if its magnitudeis lessthanthe half-thresholdT=2. Likewise,a parentis signi�cant when
its magnitudeis greaterthanor equalto T, anda child is signi�cant whenits magnitudeis greater
thanor equalto T=2. It is importantto notethatinsigni�canceandsigni�cancearerelativenotions
which dependon the sizeof the given thresholdT. Furthermore,the half-thresholdT=2 is used
for testingfor signi�canceof children. We will show below that,with piecewisesmoothimages,
it is correctto usethis half-thresholdfor children. Moreover, we shallseethatusingthesediffer-
ent thresholdsfor parentsandchildrencloselycorrespondsto the tree-basedcodingstructureof
the ASWDR imagecompressionalgorithm. By usingthe codingstructureof this algorithm,it is
possibleto determinesigni�canceof parentsandchildrenin a logically consistentmanner.

The theory of TAWS—selectionprinciples

Wehavenow providedall of thebackgroundneededfor statingtheTAWS selectionprinciples.For
waveletcoef�cients having magnitudesbelow theV ISUSHRINK threshold,TAWS usesthefollowing
threeprinciplesto distinguishimage-dominatedcoef�cients from noise-dominatedcoef�cients:

TAWS SelectionPrinciples

A. Only acceptsigni�cant childrenwith signi�cant parents.

B. Rejectasigni�cant parentif all its childrenareinsigni�cant.

C. Only acceptsigni�cant coef�cients with at leastoneadjacentsigni�cant coef�cient.

A goodillustrationof theseSelectionPrinciplescanbeseenin Fig. 9. In Figures9(b) and(c) we
show the locationsof signi�cant parentsandchildren,usingthresholdT = 24, for a Daub9/7
transformof thePepperstestimage.Thegrey pixelsin boththeseimagesindicateinsigni�cant co-
ef�cients, andthewhitepixelsindicatesigni�cant coef�cients. Thesimilarity of theregionsmade
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(a) Peppers (b) Parents, T = 24 (c) Children, T = 12

Figure 9: Relation between parent and child coef�cients (1st and 2nd vertically oriented coef�cients). (a)
Peppers image. (b) Locations (white pixels) of signi�cant parents, threshold = 24. (c) Locations (white
pixels) of signi�cant children, threshold = 12.

up of grey pixels in the two imagesindicatesthat insigni�cant parentstendto have insigni�cant
children,which impliesSelectionPrincipleA. Likewise,thesimilarity of theregionsmadeup of
whitepixelsindicatesthatsigni�cant parentstendto havesomesigni�cant children,whichimplies
SelectionPrincipleB. Finally, theclusteringtogetherof signi�cant coef�cients (in eitherimage)
illustratesthevalidity of SelectionPrincipleC. Weshallnow show how theseSelectionPrinciples
arederivedfrom basicideasof waveletanalysis.

SelectionPrincipleA follows from thefactthat,in mostinstances,thechildrenof aninsignif-
icant parentwill all be insigni�cant. More precisely, within a smoothregion of an image,the
implication

jparentj < T =) jchildj < T=2 (23)

holdsfor thresholdsT thatarenot too small. To seewhy (23) holds,let's considerthe1D case.
Supposethat thewavelet  hasK � 1 zeromoments,andthat the1D signalf (x) hasann-term
Taylorexpansion(for 1 � n � K ) aboutthepoint x j = j 2� m . Thatis,

f (x) =
n� 1X

k=0

1
k!

f (k)(x j )(x � x j )k +
1
n!

f (n)(tx )(x � x j )n (24)

wheretx lies betweenx andx j . Equation(24) is consistentwith our piecewise smoothsignal
model,providedx lies within a smoothregion of the image. It is alsoconsistentwith our model
to assumethat jf (n)(x)j is boundedby a constantB , for all x within a smoothregion andlying a
�x eddistancefrom thetransitionpointsbetweendifferentsmoothregions. We mayalsosuppose
that the wavelet  is supportedwithin the �nite interval [� a;a].5 The wavelet coef�cient � m

j is

5A symmetricinterval about0 is neededfor Daub 9/7 wavelets, but this assumptionis also valid for all the
Daubechieswaveletsandall othercompactlysupportedwavelets.
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thenboundedasfollows (usingzeromoments,andtheboundon jf (n)(x)j):

j� m
j j =

�
�
�
�

Z 1

�1
f (x) m

j (x) dx

�
�
�
�

=

�
�
�
�
�

Z (j + a)=2m

(j � a)=2m

1
n!

f (n)(tx )(x � x j )n  m
j (x) dx

�
�
�
�
�

�
B
n!

Z (j + a)=2m

(j � a)=2m
jx � x j jn j m

j (x)j dx:

UsingtheSchwarzinequalityon thelastintegralaboveyields

j� m
j j �

B

n!
p

n + 1=2

� a
2m

� n+1 =2
: (25)

Inequality(25) is thekey to proving (23).
To use(25) to prove (23), we �rst notethat theright sideof (25) decreasestowardszeroat an

exponentialrate,asn increasesandasm increases.Therefore,if thethresholdT is not too small,
wemayassumethat

B

n!
p

n + 1=2

� a
2m

� n+1 =2
< T: (26)

Inequality (26) will hold undera rangeof conditions: (1) if T is moderatelylarge, (2) if n is
suf�ciently large(suf�cient smoothnessof thesignal),(3) if m is suf�ciently large(coef�cients in
lower levels).From(25)and(26)weobtain

j� m
j j < T; j� m+1

2j j < T=2; j� m+1
2j +1 j < T=2: (27)

Becausesomemixture of conditions(1) to (3) will generallyhold for large numbersof wavelet
coef�cients—provided they areisolatedfrom sharptransitionregionsbetweendifferentsmooth-
nessregions—itfollowsthat(23) is valid in astatisticalsense(valid for mostcases,providedsharp
transitionregionsareavoidedandthe thresholdT is not too small). Thegeneralvalidity of (23)
establishesSelectionPrincipleA.

We have establishedthe generalvalidity of SelectionPrincipleA for 1D piecewise smooth
signals. Similar reasoningappliesto the 2D caseof piecewise smoothimages. As long as the
supportof thewaveletscorrespondingto parentcoef�cients lie within a smoothnessregion (away
from sharptransitionsnearedges)andthe thresholdT is not too small, then(23) will be valid;
henceSelectionPrincipleA will alsobevalid. Noticethatour argumentfor SelectionPrincipleA
wasbasedonsmoothnessof theimage,anddoesnotapplyto randomnoise.

In demonstratingSelectionPrincipleA, weestablishedthevalidity of theimplicationin (23). In
otherwords,aninsigni�cant parenthasall of its childreninsigni�cant. Applying thislaststatement
to all descendantsof an insigni�cant parent,we obtain a zero-tree of insigni�cant coef�cients.
Thesezero-treeshave beenusedextensively in imagecompressionalgorithms,suchastheEZW
algorithmof Shapiro(1993)andtheSPIHTalgorithmof SaidandPearlman(1996a).6

SelectionPrincipleB canbe veri�ed usingstatisticsassembledfrom naturalimages. In the
TAWS algorithmdescribedbelow, SelectionPrincipleB is usedasa criterion for choosingnewly

6SeealsoWalkerandNguyen(2000b)for adescriptionof bothalgorithms.
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emergentsigni�cant childrenwhenthethresholdT is decreasedto ahalf-thresholdT=2. If aparent
coef�cient was signi�cant when the thresholdis T, then we de�ne the conditionalprobability
P(new j old) by

P(new j old) = Prob(new signi�cant child j old signi�cant parent): (28)

ThusP(new j old) is theprobability thata new signi�cant child, whosemagnitudesatis�esT >
jchildj � T=2, hasanold signi�cant parent,whosemagnitudesatis�esjparentj � T.

In Table2 we give the fraction of new signi�cant childrenhaving old signi�cant parentsat
several Daub9/7 transformlevels for four testimagesandfor randomnoise. The valuesfor the
randomnoisewereobtainedby averaging� ve realizationsof Gaussianrandomnoisewith mean
0 andstandarddeviation 28. (Althoughonly � ve realizationswereused,theresultsin Table2 for
thenoisewerequitestableshowing deviationsof no morethan� 0:01 for all values.)Thedatain
this tableclearlyshow that theprobability in (28) is muchgreaterfor moderatelyhigh threshold
valuesfor the testimagesthanfor the randomnoise. In otherwords,for the randomnoiseonly,
it is highly unlikely that a newly signi�cant child valuewill have an old signi�cant parentwhen
the thresholdis greaterthanthe standarddeviation for all the child coef�cients. This providesa
statisticalvalidationof SelectionPrincipleB asa criterion for choosingnewly emergentsigni�cant
childrenwhenthethresholdT is decreasedto a half-thresholdT=2.

Table 2: Fraction of new signi�cant children of old signi�cant parents. The standard deviations � are
for the child coef�cients of each level. The Noise values were obtained from averaging values for wavelet
transforms of �v e realizations of Gaussian random noise with mean 0 and standard deviation 28. A fraction
in parentheses indicates that it may be an unreliable estimate of the conditional probability P(new j old) in
(28), due to the number of new signi�cant values being too small (less than 200).

Parent level/Threshold 512 256 128 64 32 16 8
Lena, 4th , � = 37 (0:30) 0:37 0:46 0:57 0:66 0:68 0:68

Goldhill, 4th , � = 34 (0:00) 0:31 0:42 0:48 0:59 0:69 0:68
Boats, 4th , � = 47 (0:13) 0:33 0:45 0:53 0:61 0:69 0:74

Barbara, 4th , � = 38 (0:06) 0:43 0:54 0:60 0:63 0:68 0:77
Noise, 4th , � = 25 0:00 0:02 0:25 0:56 0:77

Lena, 3rd , � = 15 (0:07) 0:31 0:50 0:56 0:55 0:50
Goldhill, 3rd , � = 15 (0:04) 0:24 0:37 0:45 0:54 0:65
Boats, 3rd , � = 19 (0:00) (0:14) 0:40 0:47 0:54 0:65 0:66

Barbara, 3rd , � = 22 0:01 0:09 0:26 0:38 0:51 0:60
Noise, 3rd , � = 26 0:00 0:03 0:26 0:58 0:78

Lena, 2nd , � = 19 (0:95) 0:51 0:54 0:49 0:38
Goldhill, 2nd , � = 6 (0:07) 0:32 0:35 0:40 0:46
Boats, 2nd , � = 6 (0:41) 0:43 0:50 0:57 0:55

Barbara, 2nd , � = 12 0:03 0:21 0:37 0:51 0:51
Noise, 2nd , � = 24 0:00 0:03 0:29 0:59 0:79

SelectionPrincipleB is a consequenceof usingwaveletsthat arecontinuousandhave com-
pactsupport.Consequently, sharptransitionsin imagevaluesnearedgesproducerelatively higher
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valuesfor theinnerproductsof theimagewith waveletbasisfunctionssupportedin regionsover-
lapping theseedges. Thus relatively higher transformvaluesoccurnearedges. Detailedtheo-
retical veri�cations of this fact are describedin Mallat and Hwang (1992), Mallat (1998), and
Wang(1995). Furthermore,sincethe supportof the wavelet correspondingto a parentcontains
the supportsof the waveletscorrespondingto its children,it follows that a signi�cant valueof a
parentoccurringnearanedgewill, at leaststatistically, imply thatsomeof its childrenwill alsobe
signi�cant. Table2 providessupportingdatafor this lastassertion.

Finally, we give a brief discussionof the validity of SelectionPrincipleC. Our argumentre-
lies on statisticaldatacompiledby otherresearchers.SelectionPrincipleC follows from thelarge
amountof overlapof supportsof adjacentwavelet basisfunctions. Becauseof this overlap,if a
wavelet coef�cient is large nearan edge,then thereis a high probability that adjacentwavelet
coef�cients will alsobe large. HuangandMumford (1999)have assembledstatistics,for a large
numberof testimages,whichshow ahighcorrelationbetweenmagnitudesof adjacentcoef�cients.
They havealsodevelopedtheoreticalmodelsexplainingthiscorrelation.Liu andMoulin have an-
alyzedthedegreeof mutualinformationcontainedin neighboringcoef�cients versusparent-child
coef�cients. They found that neighboringcoef�cients are,in general,slightly morecloselycor-
relatedthanparent-childcoef�cients. BuccigrossiandSimoncelli(1999)reportsimilar �ndings.
Sincecorrelationbetweenparent-childcoef�cients is expressedby thevalidity of SelectionPrin-
ciplesA andB, it follows thatSelectionPrincipleC mustbevalid aswell.

The ASWDR algorithm

The TAWS algorithmcombinesthe threeTAWS SelectionPrinciplestogetherwith the ASWDR im-
agecompressionalgorithm. BecauseTAWS is anadaptationof ASWDR, we shall �rst summarize
ASWDR. TheTAWS-COMP procedurefor simultaneouscompressionanddenoisingis alsobasedon
ASWDR, hencewehaveasecondreasonfor describingASWDR.

TheASWDR imagecompressionalgorithmconsistsof � veparts,asshown in Fig.10. In theIni-
tializationpartof ASWDR, awavelettransformof theimageis computed.An initial thresholdvalue
T0 is chosensothatall transformvalueshavemagnitudesthatarelessthan2T0 andat leastonehas
magnitudegreaterthanor equalto T0. Thepurposeof the loop indicatedin Fig. 10 is to encode
signi�cant transformvaluesby the methodof bit-planeencoding. A binary expansion,relative
to thequantity2T0, is computedfor eachtransformvalue. The loop constitutestheprocedureby
which thesebinaryexpansionsarecomputed.As thethresholdis successively reducedby half, the
partslabeledSigni�cancePassandRe�nementPasscomputethenext bit in thebinaryexpansions
of thetransformvalues.7 Weshallseebelow thatthereplacingof thethresholdT by its half-value
T=2, alongwith theloopingthroughtheSigni�cancePass,resultsin a logically consistentmethod
for testingthesigni�canceof parentsandchildren.

We shall now describeeachpart of the ASWDR algorithmin moredetail. The Initialization
part,asdescribedabove,involveswavelettransformingtheimageandchoosinganinitial threshold
T = T0. Oneothertaskin Initializationis theassigningof ascanorder. Foranimagewith P pixels,
a scanorderis a one-to-oneandontomapping,bgi;j = xk , for k = 1; : : : P, betweenthetransform
values(bgi;j ) anda linear ordering(xk). This initial scanorder is a zigzagfrom higherto lower
levels(Shapiro,1993),with row-basedscanningthroughthehorizontalcoef�cients, column-based

7SeeWalkerandNguyen(2000b)for amorecompletedescriptionof bit-planeencoding.
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Figure 10: Block diagram for ASWDR and TAWS algorithms.

scanningthroughtheverticalcoef�cients, andzigzagscanningthroughthediagonalcoef�cients.
Thenext partof thealgorithmis theSigni�cancePass.In this part,new signi�cant transform

valuesxm satisfyingT � jxm j < 2T areidenti�ed. Their index valuesm areencodedusingthe
differencereductionmethodof TianandWells(1996).Thedifferencereductionmethodessentially
consistsof a binary encodingof the numberof stepsto go from the index of the last signi�cant
valueto the index of the presentsigni�cant value. More detailscanbe found in Tian andWells
(1998)or Walker andNguyen(2000b). Thequantizedvalueqm = T sgn(xm ) is assignedto the
index m at thispoint.

Following theSigni�cancePass,thereis a Re�nementPass.TheRe�nementPassis a process
of re�ning the precisionof old quantizedtransformvaluesqn , which satisfy jqn j � 2T. Each
re�ned valueis a betterapproximationof an exact transformvalue. The precisionof quantized
valuesis increasedto make themat leastasaccurateasthepresentthreshold.For example,if an
old signi�cant transform'smagnitudejxn j liesin theinterval [32; 48), say, andthepresentthreshold
is 8, thenit will bedeterminedif its magnitudelies in [32; 40) or [40; 48). In the latter case,the
new quantizedvalue becomes40sgn(xn ), and in the former case,the quantizedvalue remains
32sgn(xn ). The Re�nementPassaddsanotherbit of precisionin the binary expansionsof the
scaledtransformvaluesf xk=(2T0)g.

Following the Re�nementPass,the New ScanOrderpart is performed. This is the part of
the ASWDR algorithmwhereideassimilar to the TAWS SelectionPrinciplesareemployed. A new
scanorderis createdby a bootstrapprocessproceedingfrom higherto lower levelsof thewavelet
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transform.Wecall thisbootstrapprocesstheASWDR New ScanOrderProcedure:

ASWDR NewScanOrder Procedure

At thehighestlevel (which containsthetrendcoef�cients), usetheindicesof theremaining
insigni�cant valuesas the scanorder at that level. Assumingthat the new scanorder is
alreadycreatedat level r , a new scanorderis createdat level r � 1 in the following way.
Usethe old scanorderto scanthroughthe signi�cant wavelet coef�cients at level r in the
transform. The �rst part of the new scanorder at level r � 1 containsthe insigni�cant
childrenof thesesigni�cant wavelet coef�cients. Rescanthroughthe insigni�cant wavelet
coef�cients at level r . The secondpart of the new scanorderat level r � 1 containsthe
insigni�cant children, at least one of whosesiblings is signi�cant, of theseinsigni�cant
waveletcoef�cients. Rescana secondtime throughthe insigni�cant waveletcoef�cients at
level r . Thethird partof thescanorderat level r � 1 containstheinsigni�cant children,none
of whosesiblingsare signi�cant, of theseinsigni�cant waveletcoef�cients. (Althoughthis
descriptionis phrasedin termsof a three-scanprocess,it canbeperformedin onescanby
linking togetherthreeseparatechainsat theendof onescan.)Usethis new scanningorder
for level r � 1 to createthenew scanningorderfor level r � 2, until all levelsareexhausted.

The rationalefor the creationof a new scanorder is to reducethe numberof stepsbetween
the new signi�cant valueswhich emerge whenthe thresholdT is reducedto T=2. For example,
considerFigures9(b) and(c). If thevalueof thethresholdT is 24 for thePeppersimage,thenthe
�rst partof thenew scanorderfor the transformcoef�cients in Fig. 9(c) will be the insigni�cant
childrenof the signi�cant parentlocationsshown aswhite pixels in Fig. 9(b). This will capture
a high percentageof new signi�cant children within the �rst part of the new scanorder—thus
greatlyreducingthenumberof steps,andhencethenumberof bits neededfor encoding.Notice
alsohow thelocationsof signi�cant valuesarehighly correlatedwith thelocationsof edgeswithin
the Peppersimage. The scanningorderof ASWDR dynamicallyadaptsto the locationsof these
edgedetailsin an image,andthis enhancestheresolutionof theseimagesin ASWDR compressed
images.8 SincetheTAWS algorithmmakesuseof a similar dynamicallyadaptedscanningorder, it
alsoenjoys high resolutionof edges.Consequently, aswe shall seein section5, TAWS denoised
imagesaresharper, morein focus,thandenoisingsobtainedwith otherwaveletmethods.

The ASWDR procedurecontinuesuntil either the thresholdT is lessthan somepreassigned
value� , or until a preassignednumberof bits (a bit budget)hasbeenusedfor encoding.The�rst
stoppingcriterion is usedby the TAWS algorithm,while the secondstoppingcriterion is usedby
theTAWS-COMP simultaneouscompressionanddenoisingalgorithm.

The TAWS algorithm

The TAWS denoisingalgorithm combinesthe threeTAWS SelectionPrincipleswith the ASWDR

imagecompressionmethodsummarizedabove. In orderto achieve thiscombination,threeparam-
etersareused.

Oneparameteris thedescentindex D, which is anon-negative integer. TheTAWS threshold� T

is thensetat � � V =2D , wheretheheightindex � satis�es1 � � � 2. For all of theTAWS denoisings

8The importanceof edgesfor humanvision wasemphasizedby Marr (1982). A waveletanalysisof thekey role
playedby edgesin imageformationwasdevelopedby Mallat andZhong(1992).

27



reportedon in this survey, thevalueof this secondparameter� wassetas
p

2. Notethatif D = 0
and� = 1, then� T = � V andTAWS reducesto theV ISUSHRINK method.Thethird parameteris a
depthindex D, which is aninteger lying between1 andL, whereL is thenumberof levels in the
wavelettransform.Weshallclarify below thenatureof thedepthindex D.

Thebasicstructureof TAWS is diagrammedin Fig. 10. We now describein detail the imple-
mentationof TAWS.

The TAWS Algorithm

Step1 (Initialization). As describedabovefor theASWDR algorithm,in thissteptheimageis
transformed,a scanningorderf xkg is de�ned for searchingthroughthetransformedimage,
andan initial thresholdT = T0 is chosen.For later use,the integer K is de�ned via the
equation(2T0)=2K = � � V . ThatK is anintegercanbearrangedby a rescalingof transform
values. This rescalingof transformvaluesis neededto ensurethat T = � T after K + D
cyclesthroughSteps2 to 5.

Step 2 (Signi�cance pass). Determinenew signi�cant index values,thoseindicesm for
which xm hasa magnitudesatisfyingT � jxm j < 2T. If T � � V , then assignqm =
T sgn(xm ) asthequantizedvaluecorrespondingto xm .

Step3 (Re�nementpass).Re�ne thequantizedtransformvaluescorrespondingto old sig-
ni�cant transformvalues.Eachre�ned valueis abetterapproximationto anexacttransform
value.There�nementprocesscorrespondsto computingthebits in thebinaryexpansionsof
thescaledtransformvaluesf xm=(2T0)g.

Step4 (New ScanOrder). Createa new scanningorderasfollows. For the �rst K cycles
throughSteps2 to 5, duringwhich T � � V , producea new scanningorderby following the
ASWDR New ScanOrderProcedure.

For cyclesK + 1 to K + D, thethresholdT satis�esT < � V . For thesecycles,proceedas
follows. If the level r is larger thanD, thenusethe ASWDR New ScanOrderProcedureto
producethenew scanorderfor level r � 1. For eachlevel r from D to 2, producethenew
scanorderat level r � 1 asfollows. Usetheold scanorderto scanthroughthesigni�cant
waveletcoef�cients in level r . Includein thenew scanorderall of theinsigni�cant children
of xm . (This implementsSelectionPrincipleA, andimplementsSelectionPrincipleB asa
searchingprocedurefor new signi�cant coef�cients.)

Step5 (DivideThresholdby 2). ReplacethethresholdT by 1=2 of its valueandrepeatSteps
2 to 4 until thisnew thresholdT is lessthan� T .

Whentheprocedureis �nished, SelectionPrincipleC is invokedby settingto zeroall quantized
transformvaluesof magnitudelessthan� V which do not have a non-zeroadjacentvalue.Further-
more,in orderto ensuregreateraccuracy of non-zeroquantizedtransformvalues,there�nement
passis executedseveraltimesmore(� ve furtherre�nementsusuallyprovide suf�cient increasein
SNR). Finally, shrinkageis appliedusing� = � T , andan inversetransformis performedon the
quantizedtransformto produceadenoisedimage.

An importantfeatureof theTAWS algorithmis its fastexecution.Thewholeprocedurecanbe
performedin O(P) operations,whereP is thenumberof pixelsin thenoisyimage.In fact,it takes
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only 1:3 secondsto denoisea512� 512imageona1 GHzmachinewith 256MB RAM. Moreover,
this speedwasattainedwithout any codingoptimizations(suchasexpressingthe rescaledtrans-
form in purebinaryform to allow for replacingdivisionsby bit-shiftsandfor fastercomparisons).

In theoriginaldescriptionof TAWS in WalkerandChen(2000),thechoicesof theparametersL,
D, andD, werenot automaticallyspeci�ed. With theimprovementsof TAWS describedhere,it is
now possibleto specifychoicesfor theseparameterswhichareautomaticallyset,independentlyby
thealgorithm.For all imagestested,thefollowing parametervalueshave beenfoundto generally
producethebestdenoisings(highestSNRsandgoodvisualcharacteristics).Thelevel parameteris
setasL = 5. Using5 levelsin theDaub9/7 transformgreatlyreducesthefractionof noiseenergy
in the 5th level trend. The descentindex is setasD = 3. The lowestpossiblethresholdis thenp

2� V =8 which is slightly above thestandarddeviation � of thenoise.ThedepthparameterD is
givenoneof two values,dependingonthesizeof � . If � � 25:6, thenthedepthparameteris setas
D = 2; andif � > 25:6, thenthedepthparameteris setasD = 3. Thereasonfor thedifferenceis
thatwhen� is fairly large(> 25:6), thenmorenoisevaluescontributesigni�cant energy at higher
levels of the transform. Using D = 3 insteadof D = 2 allows for a morestringentapplication
of the TAWS SelectionPrinciples,including at onehigher level of the transform. Consequently,
morenoiseis generallyremovedandahigherSNR is generallyobtained,whenD = 3 is usedwith
highervaluesof � .

(a) Boats image (b) Transform (c) Noisy transform

(d) VISUSHRINK (e) � T -shrinkage (f) TAWS

Figure 11: Effectiveness of TAWS selection principles.
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As anillustrationof theeffectivenessof theTAWS algorithm,considertheimagesshown in Fig-
ures11 and12. In Fig. 11(a)we show theBoatstestimage.A portionof theDaub9/7 transform
of this imageis shown in Fig. 11(b).To beprecise,the1st level verticallyorientedcoef�cients are
shown. Only signi�cant coef�cients, thosewhosemagnitudeis at leastaslargeas� T =

p
2� V =8,

areshown in Fig. 11(b) and in Figures11(c) through11(f). The grey backgroundin thoseim-
agescorrespondsto insigni�cant coef�cients, darker pixels indicatenegatively valuedsigni�cant
coef�cients, andlighterpixelsindicatepositively valuedsigni�cant coef�cients.

(a) Noisy image: SNR = 17:3 db (b) VISUSHRINK: SNR = 20:8 db

(c) � T -shrinkage: SNR = 21:1 db (d) TAWS: SNR = 23:9 db

Figure 12: Comparison of TAWS with VISUSHRINK and � T -shrinkage.

Theeffectof addingrandomnoisewith � = 20, shown in Fig. 12(a),is illustratedby thenoisy
transformin Fig. 11(c). Many of the detailsapparentin Fig. 11(b) areobscuredin Fig. 11(c).
When V ISUSHRINK is appliedto the noisy transformin Fig. 11(c), thenthe transformshown in
Fig. 11(d) is obtained.We canseethat almostall the detailsfrom Fig. 11(b) arelost. This loss
of detail leadsto theblurred,oversmootheddenoisingshown in Fig. 11(b). If shrinkageis applied
with thesmallerthreshold� T , thenweobtainthetransformshown in Fig. 11(e).A largeamountof
residualnoiseremains.Thedenoisedimagein Fig. 12(c)correspondingto this transformretainsa
correspondinglylargeamountof residualnoise.

Finally, weshow in Fig. 11(f) thetransformresultingfrom usingtheTAWS algorithm.Thereis
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far lessresidualnoise,comparedwith Fig. 11(e),andconsiderablymoredetail thanin Fig. 11(d).
Consequently, theTAWS denoisedimagein Fig. 12(d),resultingfrom thetransformin Fig. 11(f), is
asharper, morefocusedimagethantheV ISUSHRINK denoisingandyet it doesnotcontainresidual
noiselike Fig. 12(c). The TAWS denoisingis superior, bothperceptuallyandin termsof SNR, to
boththeV ISUSHRINK denoisingandthedenoisingobtainedby shrinkagewith � T .

This exampleillustratesthesuperiorityof TAWS over V ISUSHRINK. Much higherperformance
denoisers,however, havesupersededV ISUSHRINK. In section5, weshallcompareTAWS with such
stateof theartdenoisers.

The TAWS-SPI N algorithm

Sinceit utilizes thresholding,the TAWS algorithm can be improved by an averagingof shifted
versionsof the noisy image,just aswe discussedin section3 for cycle-spinthresholding.This
averagingalgorithm,calledTAWS-SPIN, simply consistsof averagingTAWS denoisingsof a �nite
numberof cyclic shifts of the noisy image: (Gi � k;j � m ) for k; m = 0, � 1, : : : , (N=2) � 1. It
is importantto rememberthatalthoughcycle-spinthresholdingis an O(P logP) method,it still
requiresconsiderablememoryresources—andfairly complicatedbookkeeping—tostorepartsof
previouslycomputedtransformsof shiftedimages.TheTAWS-SPIN methodrequiresonly amodest
increasein memoryresources—justtwo extra arraysequalin sizeto the imagearrayfor holding
theimageshiftsandfor storingpartialaverages—andthereis noextrabookkeepingneeded,since
completedenoisingsareperformedto createtheaverages.

Experimentswith TAWS-SPIN show that SNR valuesrapidly convergeasthenumberof shifts
increases,andthatN = 1 yieldsagoodcompromisebetweenincreasedSNR valuesandincreased
time andmemoryconsumptionneededto performaverages.For N = 1, just 9 denoisingsare
averaged,henceTAWS-SPIN still performswith O(P) complexity. As mentionedin section1, the
time for a TAWS-SPIN denoisingwith N = 1 of a 512by 512imageis about12 seconds.Using
N = 2 providesalmostthehighestpossibleSNR values(atabout3 timeshighercostin calculation
time thanfor N = 1). TheTAWS-SPIN denoisingsin section1 wereobtainedusingN = 1, while
thosein section5 wereobtainedwith N = 2. Experimentshave alsodeterminedthat a height
index of � = 2, a descentindex of D = 4, anda depthindex of eitherD = 2 (when� � 25:6) or
D = 3 (when� > 25:6), provideexcellentTAWS-SPIN denoisings.All of theTAWS-SPIN denoisings
reportedon in this survey usedtheseparametersettings.By usinghighervaluesfor � andD, the
TAWS-SPIN algorithmappliestheTAWS SelectionPrinciplesoveragreaterrangeof thresholdvalues
(beginning with a highervalueof � � v), andis thusableto selectout moreresidualnoisevalues
thanTAWS alone.

The TAWS-COM P algorithm

A major attribute of TAWS is its closeconnectionto the imagecompressionprocedureASWDR.
This closeconnectionallows for the TAWS algorithmto betransformedinto a simultaneouscom-
pressinganddenoisingalgorithm,calledTAWS-COMP. Theessentialideais to simply transmitbits
during theSigni�cancePassandRe�nementPass—asdescribedabove for the ASWDR compres-
sionalgorithm—whichencodeindex valuesfor new signi�cant coef�cients andhow to re�ne old
signi�cant coef�cients. Thesebitsconstitutethecompressedimage.They describehow to rebuild
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thedenoisedimagetransform.Whencompressing,however, any noise-dominatedtransformval-
uesthatwould beremovedby SelectionPrincipleC (which is invokedafter Steps1 through5 in
TAWS) shouldnot be encoded.Therefore,SelectionPrincipleC mustbe invoked during Steps1
through5. Moreover, by removing isolatednoisy transformvalues—whichcontribute to isolated
noisyartifactsin TAWS denoisedimages—boththeperceptualqualityandcompressionratioof the
denoisedimagescanbeimproved. Most of theseisolatednoisytransformvaluescanberemoved
by usingSelectionPrincipleB to removesigni�cant parentswithoutsigni�cant childrenaspartof
Step4.

We now give a descriptionof the TAWS-COMP simultaneouscompressionanddenoisingalgo-
rithm. In thisdescriptionwehighlight thecompressingpartsof thealgorithmby usingitalics.

The TAWS-COM P Algorithm

Step1 As describedabove for the ASWDR algorithm,in this stepthe imageis transformed,
ascanningorderf xkg is de�ned for searchingthroughthetransformedimage,andaninitial
thresholdT = T0 is chosen.

Step 2 (Signi�cance pass). Determinenew signi�cant index values,thoseindicesm for
which xm hasa magnitudesatisfyingT � jxm j < 2T. If T � � V , then assignqm =
T sgn(xm ) asthequantizedvaluecorrespondingto xm . Encodethesenew signi�cant indices
usingthedifferencereductionmethoddescribedby Tian andWells (1996,1998)or Walker
andNguyen(2000b).

Step3 (Re�nementpass).Re�ne quantizedtransformvaluesby successively computingthe
bits in thebinaryexpansionof scaledtransformvaluesf x[m]=(2T0)g. Encodethenext bit in
thebinaryexpansionfor each pass.

Step4 (New ScanOrder). Createa new scanningorderasfollows. For the �rst K cycles
throughSteps2 to 5, duringwhich T � � V , producea new scanningorderby following the
ASWDR New ScanOrderProcedure.

For cyclesK + 1 to K + D, thethresholdT satis�esT < � V . For thesecycles,proceedas
follows. If the level r is larger thanD, thenusethe ASWDR New ScanOrderProcedureto
producethenew scanorderfor level r � 1. For eachlevel r from D to 2, producethenew
scanorderat level r � 1 asfollows. Usetheold scanorderto scanthroughthesigni�cant
waveletcoef�cients in level r . If sucha signi�cant coef�cient, xm , satis�esjxm j < � V and
hasnosigni�cant children,thensetxm = 0 andqm = 0. (ThusinvokingSelectionPrinciple
B.) On theotherhand,if jxm j < � V andxm hassomesigni�cant children,or if jxm j � � V ,
thenincludein the new scanorderall of the insigni�cant childrenof xm thathave at least
onesigni�cant sibling. (This implementsSelectionPrincipleA, andpartially implements
SelectionPrincipleC, for theselower levels.)

Step5 (DivideThresholdby 2). ReplacethethresholdT by 1=2 of its valueandrepeatSteps
2 to 4 until thisnew thresholdT is lessthan� T .

Eitherinteger-to-integer(Calderbanket.al, 1998),or �oating pointwavelettransforms,canbe
usedwith theTAWS-COMP procedure.Whenaninteger-to-integertransformis used,thena rescal-
ing of thetransformis performedduringtheInitializationStepwhichapproximatesanorthogonal
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transform(SaidandPearlman,1996b).(Whenaninteger-to-integertransformis usedwith TAWS,
thentherescalingof transformvaluesin theInitializationStepof TAWS is replacedby therescaling
justdescribedfor TAWS-COMP.)

When the TAWS-COMP procedureis �nished, then decompressioncan be performedon the
compresseddata.Thisdecompressionconsistsof thefollowing 5 steps:

1. RecapitulateSteps1–5above in orderto obtainthequantizedtransform.

2. Roundquantizedtransformvaluesto the midpointsof their quantizationbins (to improve
accuracy).

3. Setto zeroall quantizedtransformvalueshaving magnitudelessthan� V which do not have
anon-zeroadjacentvalue(this implementsselectionprincipleC).

4. Apply shrinkageto thequantizedtransformusingthreshold� T .

5. Invert thequantizedtransform(androundto 8-bit precision).

The descriptionof TAWS-COMP given above makes it appearas if the only exit point of the
compressionprocedureis when T < � T occursin Step5. However, TAWS-COMP also allows
for checkingthecumulative total of bits outputthroughoutthecompressionprocess,andexiting
mayoccurwhenthis bit total exhaustsa prescribedbit budget.ThusTAWS-COMP canmatchpre-
assignedbit rates.A similarexiting criterionwithin thedecompressionprocessallowsTAWS-COMP

to decompressatany bit rateup to thetotal compressedrate.
A morecompletedescriptionof TAWS-COMP canbefoundin Walker (2001b).An exampleof

a TAWS-COMP compressionplus denoisingwill be given below in section5. This examplewill
illustrate that TAWS-COMP canperformdenoisingnearlyaswell as TAWS while simultaneously
compressingtheimage.

Other transforms for TAWS

The TAWS procedurescanbe usedwith a variety of differenttransforms.In this survey, we em-
ployed the Daub9/7 transformexclusively. Othertransformsthat canbe usedare: (1) complex
wavelettransforms[Kingsbury, 1998],(2) steerablewavelettransforms[SimoncelliandFreeman,
1995], (3) integer-to-integer wavelet transforms[Calderbanket al., 1998], and(4) the GenLOT
transforms[de Queirozet al., 1996]whenmappedto a four-leavedtreestructure[Tran,1999,and
TranandNguyen,1999].

Furtherresearchis neededontheeffectivenessof thesetransformsfor TAWS denoisingandhow
they compare.Thecomplex andsteerablewavelet transformshave alreadyproven themselvesto
bequiteeffective in otherdenoisingalgorithms[Choi etal. (2000),andStrelaetal. (2000)].

5 Comparisonof TAWS with other techniques

In this last sectionof our survey, we compareTAWS with other prominentdenoisingmethods.
This comparisonwill be donein two ways. First, we shall make an objective comparisonusing
SNR. We comparetheincreasesin SNR, obtainedusingTAWS andotherdenoisingmethods,on a
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suiteof testimagescontaminatedwith Gaussianrandomnoisehaving a rangeof standarddevia-
tions.Thiscomparisonwill show thatTAWS producesSNRsessentiallyequalto thoseproducedby
SURESHRINK, andthatTAWS-SPIN producesthehighestSNRsof all of themethodsexamined.Sec-
ond,becauseSNR doesnot alwaysaccordwell with humanvisualperception,we shallalsomake
a subjective, visual comparisonof several denoisings.This visual comparisonwill illustratethe
superiorability of TAWS to producedenoisingsthataresharplyfocusedwith well-de�ned edges.

Table 3: Comparison of SNRs for various denoising methods. Key: W = Wiener �lter ing,
SuSh = SURESHRINK, C-S = cycle-spin thresholding, H-S = HMT-SPIN, T-S = TAWS-SPIN.
[Reproduced from Walker and Chen (2000), permission requested.]

Image, � SNR W HMT SuSh TAWS C-S H-S T-S
Lena, 8 24:4 28:9 28:9 28:9 29.0 28:5 29.9 29:8

Goldhill, 8 23:7 26:1 26:0 26.6 26:2 26:3 26.9 26:8
Boats, 8 25:2 28:1 28:4 28.8 28.8 28:4 29:3 29.4

Barbara, 8 24:2 24:5 23:4 26.4 25:7 23:5 24:1 26.4
Peppers, 8 23:5 27.7 26:5 27:1 27:3 26:9 27:1 28.1

Lena, 16 18:4 25:0 25:5 25.6 25.6 25:7 26.4 26:2
Goldhill, 16 17:7 23.3 22:8 23.3 23:1 23:2 23:5 23.8
Boats, 16 19:2 25:0 24:6 25.1 25:0 25:0 25:3 25.9

Barbara, 16 18:2 22:1 20:0 22.3 22:1 22:0 20:5 22.3
Peppers, 16 17:6 24:0 23:6 24:2 24.4 24:4 24:2 25.2

Lena, 32 12:5 19:7 22.3 22.3 22:2 22:1 22:9 23.3
Goldhill, 32 11:9 18:6 20:2 20.5 20:1 20:5 20:8 20.9
Boats, 32 13:4 20:2 21:4 21.7 21:5 21:8 21:9 22.5

Barbara, 32 12:4 18:2 17:7 19.0 18:5 18:5 18:1 18.6
Peppers, 32 11:8 18:6 20:5 20:7 20.8 21:2 20:9 21.8

Lena, 64 7:2 14:5 19.2 18:8 18:7 18:8 19.6 19.6
Goldhill, 64 6:53 13:6 17:7 17.8 17:3 17:5 18:1 18.3
Boats, 64 8:1 15:1 18.6 18:5 18:2 18:3 18:9 19.1

Barbara, 64 7:1 13:6 16.0 16.0 15:7 15:9 16:2 16.3
Peppers, 64 6:4 13:3 17.0 17.0 16:7 17:3 17:2 17.4

Objective,SNRComparison

In Table3 we list theSNRs for denoisingsof � ve standardtestimages,known asLena, Goldhill,
Boats, Barbara, andPeppers. Theseimageswerecontaminatedwith Gaussianrandomnoisehav-
ing standarddeviationsof � = 8, 16, 32, and64. Thesestandarddeviationsrangefrom fairly low
(� = 8) to moderate(� = 16), to moderatelyhigh (� = 32) andextremelyhigh (� = 64). Seven
differentdenoisingmethodswereusedto producethe SNRs in Table3. Thesemethodsinclude
Wiener �ltering, SURESHRINK, TAWS, cycle-spinthresholding,and TAWS-SPIN, which weredis-
cussedabove. In additionto thesemethods,Table3 alsoincludesSNRs from two otherprominent
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denoisingmethods,theHMT method(Romberg etal.,1999a)andtheHMT-SPIN method(Romberg
etal., 1999c).

TheseHMT methodsuseaBayesianprobabilisticapproachin connectionwith Markov relations
for the signi�cancestates,relative to thresholding,of the nodesin treesof wavelet coef�cients.
Completedetailscanbefoundin thepaperscitedabove. HMT methodsbearsomesimilarity to the
TAWS procedure,but they arebasedon a probabilisticdecisiontheory, while the decisiontheory
for TAWS is deterministic.

(a) Boats image (b) Noisy image, 17:3 db (c) SURESHRINK, 24:0 db

(d) TAWS, 23:9 db (e) HMT, 23:5 db (f) Wiener, 23:6 db

Figure 13: Denoisings of noisy Boats image, with SNR values. The noisy image in (b) has � = 20.

Columns2 to 5 in Table3 containthe SNRs for denoisingsusingWiener �ltering, the HMT

method,SURESHRINK, and TAWS, respectively. Thesemethodsdo not employ spin-averaging.
Among thesenon-spinaveragedmethods,the datain Table3 clearly indicatethat SURESHRINK

generallyproducesthe highestSNRs. TAWS produceshigher SNRs than SURESHRINK for one-
quarterof the denoisings.The differencesin SNRs, however, betweenthe threewavelet-based
methods(HMT, SURESHRINK, andTAWS) arenot very signi�cant—generallylessthan0:5 db. In
termsof SNRs,thesethreemethodsprovideroughlyequivalentperformance.Thesewavelet-based
methodsall outperformWiener�ltering, particularlyat thehighernoiselevels(� = 32and64).

Theremainingcolumnsin Table3, columns6 to 8, containtheSNRsfor spin-averageddenois-
ings. Thesespin-averageddenoisingsarecycle-spinthresholding,HMT-SPIN, andTAWS-SPIN. All
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of thesemethodsareaveragesof denoisingsof cyclic shifts, (Gi � k;j � m ) for k; m = 0, � 1, : : : ,
(N=2) � 1, of thenoisyimage.In eachcase,acertaintypeof denoisingmethod—eitherthreshold-
ing, or HMT, or TAWS—is appliedto eachcyclic shift, andthenall denoisingsareaveraged(after
reverseshifting). For eachmethod,it is possibleto carryout thiswork in O(P log2 P) operations.

It is important to remember, however, that althoughcycle-spinmethodshave O(P log2 P)
complexity, it still requiresconsiderablememoryresourcesto storepartsof previously computed
transformsof shiftedimages.Experimentsshow thatSNR valuesrapidly convergeasthenumber
of shifts increases,andthat N = 2 (averaging25 differentshiftings)yields a goodcompromise
betweenincreasedSNR valuesandincreasedtime andmemoryconsumptionneededfor perform-
ing averages.Theresultsreportedin Table3 for eachof the threespin-averagedmethodsarefor
thecaseof N = 2. Theseresultsshow thatTAWS-SPIN generallyproducesthehighestSNRs, and
sometimesits SNRs aresigni�cantly higher(at least0:5 db higher)thanoneor bothof theother
spin-averagedmethods.TAWS-SPIN alsogenerallyprovidesthehighestSNR valuesof all sevenof
thedenoisingmethods.

(a) Boats image (b) Noisy image (c) SURESHRINK

(d) TAWS (e) HMT (f) Wiener

Figure 14: Magni�cations of images in Fig. 13.
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Subjective,Visual Comparison

AlthoughSNR providesanobjectivestandardfor measuringtheeffectivenessof denoising,it does
not alwaysaccordwell with humanvisual perception.For example,althoughthe V ISUSHRINK

denoisingsin Fig. 5 all have muchhigherSNRs thanthe noisy imagein Fig. 1(b), mostpeople
would preferthe noisy imageto the denoisingsin Figures5(b) to (d). The reasonthat the noisy
imagewould be preferredis dueto the considerablelossof detail in the denoisings.Fig. 5(a) is
theexceptionthatprovestherule. It is preferredby somepeoplebecauseit retainsenoughdetail
while simultaneouslyhaving muchreducednoise. Thuswe seethat SNR cannot beusedasthe
only measureof denoisingeffectiveness.We mustalsoconsiderour subjective visualperception
whencomparingdenoisings.

(a) Barbara image (b) Noisy image, 18:2 db (c) SURESHRINK, 22:3 db

(d) TAWS, 22:1 db (e) HMT, 20:0 db (f) Wiener, 22:1 db

Figure 15: Denoisings of noisy Barbara image, with SNR values. The noisy image in (b) has � = 16.

Thereis an importantpoint to considerhere. Humanvisualperceptionhasbeenre�ned over
millions of yearsof evolution,thusproducinganexcellentsystemfor distinguishingimagedetails
from noise.Distinguishingimagedetailsis vitally important—thesurvival of individual humans,
andour mammalianancestors,hasdependedupon it. Our perceptualability to separateimage
detailsfrom noiseexplainsthe V ISUSHRINK examplediscussedin thepreviousparagraph.When
a denoisingappearsblurred, and many imagedetailsare lost, humanobservers will prefer the
originalnoisyimage.Theability of TAWS to retainedgedetails,andtheimportanceof suchdetails
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for thefocusedappearanceof imagesin our visualperception,enablesTAWS denoisingsto appear
moresharplyfocusedthandenoisingswith othermethods.The examplesdiscussedbelow will
con�rm this laststatement.

(a) Noisy image: 17:3 db (b) Cycle-spin: 23:7 db

(c) TAWS-SPIN: 24:7 db (d) HMT-SPIN: 24:1 db

Figure 16: Spin denoisings of noisy Boats image, with SNR values.

Our �rst exampleis a denoisingof the noisy Boatsimageshown in Fig. 13(b). This noisy
imagewasobtainedby addingrandomnoisewith � = 20 to the Boatsimagein Fig. 13(a). In
Figures13(c)to (f), we show denoisingsof this noisyimageusingSURESHRINK, TAWS, HMT, and
Wiener�ltering. Although the SURESHRINK denoisinghasthehighestSNR, the TAWS denoising
is slightly morefocusedthanany of the otherdenoisings(excepting,perhaps,the Wiener�lter -
ing). TheHMT denoisingappearsparticularlyblurred.AlthoughtheWiener�ltering mightappear
slightly morefocusedthantheotherdenoisings,it retainsconsiderableamountsof residualnoise.
Theseobservationsareevenmoreclearlyevidentin themagni�cationsshown in Fig. 14.

As a secondexample,we usedthesesamedenoisingmethodson theBarbaraimage,contam-
inatedwith randomnoisehaving � = 16. Becauseit is nearlyimpossibleto distinguishbetween
the full-size denoisings,9 we show in Fig. 15 magni�cationsof thevariousdenoisings.Although

9Thefull-sizedenoisingscanbefoundat thefollowing webpage:

http://www.uwec.edu/academic/curric/walkerjs/denoisings
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(a) Noisy image (b) Cycle-spin

(c) TAWS-SPIN (d) HMT-SPIN

Figure 17: Magni�cations of images in Fig. 13. The original Boats image is in Fig. 13(a).

SURESHRINK hasaslightly higherSNR, it retainssomeannoying isolatednoiseartifacts.TheHMT

denoisingis somewhatblurredandalsoexhibitssomeisolatednoiseartifacts.TheWiener�ltering,
aswith thelastexample,containsalargeamountof residualnoise(henceweshallnotconsiderany
moreexamplesof Wiener�ltering). Finally, wenotethattheTAWS denoisingappearsthesharpest
of all thewavelet-baseddenoisings.Note, in particular, thesharpnessof thestripesin Barbara's
scarfandthe faithful reconstructionof Barbara's lips. The TAWS denoisingalsoseemsthe most
freeof noiseartifacts.

We now consideran exampleof spin-averageddenoising. In Fig. 16, we show a cycle-spin
thresholding,a TAWS-SPIN, anda HMT-SPIN denoisingof thenoisyBoatsimagewith � = 20. In
this case,the TAWS-SPIN denoisinghasthe highestSNR andappearsthe sharpest,mostclearly
focusedof thedenoisings.Themagni�cationsof theseimagesin Fig. 17 con�rm thesuperiority
of the TAWS-SPIN denoising. In particular, the letters in the boat's nameand the boat's masts
andrigging aremoresharplyde�ned for theTAWS-SPINdenoisingthanfor eitherof theotherspin
denoisings.

Weconcludeourcomparisonswith anexampleof denoisinga realimage.Thepreviousexam-
plesusedtestimageswhichwerethencontaminatedby addingrandomnoise.In our�nal example,
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(a) Underwater image (b) Histogram

Figure 18: Underwater camera image and approximate histogram of noise.

we considerthedenoisingof an imageacquiredfrom anunderseacameraundervery noisycon-
ditions. This imageis shown in Fig. 18(a). Thehistogramof its D 1 wavelet coef�cients, shown
in Fig. 18(b), illustratesthe Gaussiannatureof the noisecontaminatingthis image. To perform
denoising,we appliedsix differentwavelet-basedmethods.The resultsareshown in Fig. 19. It
is interestingthat for this realexample,theSURESHRINK denoisingis clearly theworst,dueto its
very blurredappearance.TheTAWS denoisingis muchlessblurred,andretainsfar morestructure
in theseaweedon the lower right. Thereare,however, someisolatednoiseartifactsin the TAWS

denoising.Theseartifactsareremoved in the TAWS-SPIN denoising,which is alsomoresharply
de�ned thaneithertheHMT or HMT-SPIN denoisings.

In this underseacameraapplication,it is necessaryto transmit the acquiredimageover a
very low-capacitychannel. The low-capacitynecessitatestransmittinga compressedimage. In
Fig. 19(c)we show a TAWS-COMP denoisingwhich hasbeensimultaneouslycompressedat a rate
of 32:1.This TAWS-COMP denoisingis notasgoodastheTAWS or HMT denoisings,but doesretain
moredetailsthan the SURESHRINK denoising,even thoughit is compressedat the rateof 32:1.
Furtherexamplesandmoredetaileddiscussionof TAWS-COMP canbefoundin Walker (2001b).

Conclusion

In this survey we have describedthe theorybehindTAWS, andcomparedit with otherdenoising
methodsbothin termsof SNR andperceptually. TheTAWS methodis particularlygoodatpreserv-
ing edgedetailsandthusproducingsharplyresolveddenoisings.Suchsharplyresolveddenoisings
havenotbeenpreviouslyachievedwith otherwavelet-basedmethods.

Futureresearchwill be neededto examinethe propertiesof TAWS denoisingsusingdifferent
wavelet transforms,suchasthe complex wavelet transformswhich have beenshown to improve
theperformanceof otherwavelet-baseddenoisers.An important,andlongunsolved,problemis to
�nd a measureof errorwhich is betterin accordwith humanvisualperceptionthanSNR. Perhaps
suchameasurewouldobjectively demonstratethatTAWS is superiorto competingmethods.
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(a) SURESHRINK TAWS (c) TAWS-COMP, 32:1

(d) TAWS-SPIN (e) HMT (f) HMT-SPIN

Figure 19: Denoisings of underwater camera image in Fig. 18.
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