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Intr oduction

During the lastdecadeseveral new methodshave emegedfor remoaving Gaussiarrandomnoise
from images.Thesenew methodswhich usewavelettransformtechniquesaregenerallysuperior
to the classicWiener Itering methodof denoising. The goal of this surwey is to describeone
of thesenew wavelet-basedechniquescalledtree-adaptedvaveletshrinkage (Taws). The basic
theory andimplementationof Taws will be explained,andit will be comparedo several other
algorithms.

As an introductionto the capabilitiesof Taws, in sectionl we compareit with the classic
Wiener Itering method.This comparisorwill shawv that Taws is clearly superior

To make thissuney understandabl® aswide anaudienceaspossiblejn section?2 we describe
the fundamental®f waveletanalysisof images.Therearetwo interrelatecapproacheto wavelet
theory: the wavelet analysisof analogsignalsandthe wavelet analysisof discretesignals. The
interactionbetweenthesetwo modesof analysisis a fundamentabhspecof wavelettheory This
brief accountof wavelettheorywill stressthoseaspectsvhich areneededor understandinghe
theorybehindthe variouswavelet denoisingmethodsjncluding Taws. Readersvho arealready
familiar with waveletanalysisshouldfeel freeto skip (or perhapskim) this section.

In section3 we provide a shortdiscussiorof threewavelet-basedechniquegor imagedenois-
iNg: VISUSHRINK, SURESHRINK, andcycle-spinthresholding.Taws builds uponthebasicconcepts
provided by thesethreeapproachessoit is importantto brie y discusshem. We begin by out-
lining the now classictechniqueof VisuSHRINK. VISUSHRINK wasone of the rst methodsto
provide analternatve to Wiener ltering. In mary casest canoutperformWiener ltering, espe-
cially for imageswith alow signal-to-noiseatio. VisuSHRINK doessuffer, however, from thefact



thatit generallyproducesmagesthat appearoo smooth,thatdo not have sharpedges.Two su-
periormethodgo waveletshrinkageare SURESHRINK andcycle-spinthresholding.They produce
perceptuallysharpedenoisedmagesandhighersignal-to-noiseatios.

TAaws is built uponthe foundationprovided by thesethreeearliermethods.It providesfunda-
mentalimprovementdo thebasictechniqueof VisuSHRINK, Soma@vhatanalagou$o SURESHRINK.
In addition,thereis a Taws-adaptedvariantof cycle-spinning,Taws-spiN, which providesrela-
tively high SNRs andexcellentperceptuatienoisingsUnlike cycle-spinthresholding;Taws-spin
is avery simpleprocedurerequiringno complicateccodingor memorybookkeeping.

In sectiord, we describdn detailthetheoryof Taws andits implementationTaws makesuse
of relationsbetweenedgeswithin animageat multiple resolutionlevels andthe images wavelet
transform. By utilizing theserelationsTaws is ableto amelioratethe problemof blurrededges
thatis endemicto classicalwaveletshrinkage.An importantfeatureof Taws is its compatibility
with imagecompressionin particular Taws was rst discoveredin relationto a particularimage
compressioralgorithmcalled Aswbr (adaptvely scannedvavelet differencereduction)[Walker,
2000].We shallbrie y outlinethe Aswpr algorithmin section4 andhighlightits connectiorwith
Taws. The Taws algorithmwas rst reportedin Walker andChen(2000). Sincethen,the Taws
algorithmhasbeenimprovedto the point whereall parametersanbe choserautomatically This
improvementwill bedescribechere.

A detailedcomparisorof Taws with otherdenoisingmethodss carriedoutin section5, which
isthe nal sectionof thisarticle. Thecomparisorwill bebasedn SNRsfor denoisingvarioustest
imageswith simulatedGaussiamoise,andalsoon perceptuatomparisonsf someof thedenoised
images.The Taws methodwill be shavn to be competitve with state-of-the-annethodssuchas
SURESHRINK, cycle-spinthresholdingandhiddenMarkov treemethods.

1 Comparisonof TAws and Wiener Itering

Before we discussthe theory behind Taws, we shall rst illustrate its superiority over Wiener
Itering. Wiener ltering is the classic,Fourierbasednethodof noiseremoval. We hopethatthis
comparisorwill provide sufcient motivationfor thereaderto furtherstudythe Taws method.

Thetype of noisewe considethereis additve Gaussiamandomnoise.Givenadiscreteimage
F, thenoisyimageG is relatedto it by theequationG = F + N, wherethenoisevaluesN; are
independentandomvariableswith underlyingdistributionsthatareall zero-mearGaussiamor-
mal of variance 2. Wiener ltering is well-known to provide the bestlinear methodfor remaving
suchnoise[see,e.g.,Mallat (1998)]. Thatis, if thedenoisedmageis obtainedoy applyingalinear
transformatiorto G, thenWiener Itering providesthe bestsuchdenoising.Bestin the senseof
leasterrorwhenmeasuredisinga sumof squaref differencesover all pixels. In this paperwe
shallfollow traditionanduseasour objectve measuref errorbetweernmagesthe Signalto Noise
Ratio (SNR)—whichin decibelss 10log,,(kFk3=kF  Gk3). In otherwords,

P . .
JFja?

SNR = 10log,, P— :
S0 jFix  Gjxi?

whereeachsumis over all pixels. ThusWiener ltering is, amongall linear transformation®f
thenoisyimageG, the onewhich maximizesSNR. We shallusethe commerciaimplementation



of Wiener ltering from theMaTLAB™" imageprocessingoolbox [the wiener2 procedurelee
(1980)].

As anexampleof how Wienerand Taws denoisinggperform,considerthe standardestimage
Peppes shavnin Fig. 1(a)andthenoisyversionof it in Fig. 1(b). Thenoisyimagewasproduced
by addingGaussiamoisewith = 32 andhasanSNR of 11.8db. In Figuresl(c) and(d) we
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Figure 1: Wiener and TAWS-SPIN denoisings of a noisy Peppers image.

shav theWiener ltering andTaws-spin denoising®of thenoisyimage.The Taws-spin denoising
is superiorbothin termsof SNR andalsoperceptually The Taws-spiN denoisinghasan SNR of

21:6 db, which is 3:0 db higherthanthe SNR for the Wienerdenoising.Perceptuallythe Wiener
Itering retainsagrairy appearancthatstrikesobserersasanoisyimage.Ontheotherhand,the
TAws-sPIN denoisingappearso be essentiallynoise-freealbeitslightly out of focus.

It is importantto expandon theremarkgust madeaboutthe Taws-spin denoisedmage.Like
all wavelet-basedlenoisingsa Taws denoisingaimsto produceanimagefreeof all contamination
by randomnoiseand having greatlyincreasedSNR. Differentwavelet-basedapproachesitilize
differenttheoreticamodelsfor imagingin orderto achiese thisgoal. Later, we shallbrie y outline
thesemodelsfor someof the otherwavelet-baseanethodsanddescriban moredetailthe model
usedto develop Taws. We alsonotedabore thatthe Taws-spin denoisingin Fig. 1(d) appeargo



be a slightly out of focusversionof the original image. We shall seethat this is a kind of over
smoothingthatis endemico all wavelet-basedlenoisingmethodsalthoughTaws suffersfrom it
to alesserdegyreethanthe otherwaveletmethodgiscussedbelow.

We concludehis comparisorby examiningthe SNR performancef Wiener Itering andTaws
on asuiteof testimages.Like all theimagesconsideredn this papertheseimagesaregrey level
imageswith 256 intensity levels (sometimesalled 8-bit grey level images). Gaussiamoise of
variousstandarddeviationswasaddedto six differenttestimages. All of the original andnoisy
imagesareavailableat thefollowing website:

http://www.uwec.edu/academic/curric/walkerjs/denoisings

The noisy imagesweredenoisedusingWiener ltering and Taws-spin. Table1 containsthere-
sults.

Thedatain Table1 provide strongevidencethat Taws-spiN is far superiorto Wiener ltering.
Its superiorityis particularly greatat the lower SNR values,for noisewith = 32 and64. It
shouldalsobe notedthat Taws-spiN is a relatively fastprocedure.The averagetime for a Taws-
spIN denoisingof a 256by 256imageis about3 secondswhile the averagetime for a512by 512
imageis about12 secondgon a 1 GHz machinewith 256 MB RAM). For optimum speedand
ef ciency, a Taws denoising(without cycle spinning)is preferablebut at a costof reducedSNR
andmore visible noiseartifacts. We shall provide more examplesof both Taws and Taws-spPIN
denoisingsandcomparisonsvith otherdenoisingmethodsjn section5.

For thosereadersvho arenot familiar with waveletanalysiswe provide a brief summaryin
thenext section.Evenif you arealreadycornversantwith wavelets,it might be usefulto skim this
sectionaswe shallmake someremarkspertainingto thetheoryof Taws.

2 Waveletanalysis

The Taws denoisingmethod lik e all wavelet-basedienoisingmethodsdepend®n rst perform-
ing awavelettransformof thenoisyimage.Wavelettransformdacilitateseparatinghoisefrom the
transformedmage.In this sectionwe brie y summarizehe principalaspect®f waveletanalysis.
Thoroughtreatmentsanbe foundin Chui (1997),Daubechie41992), Meyer (1992), Resniloff
andWells (1998), Strangand Nguyen(1996),and Vetterli and Kovacevi¢ (1995). Particularem-
phasison discretewaveletanalysigs givenin Walker (1997)andWalker (1999).

We begin by summarizinghewaveletanalysisof one-dimensionanalogsignals.Thenotation
for thattheoryis simpler but the mainideasfor 2D imagesarecapturedn thesimpler1D setting.
Sinceour aimis to explain denoisingof digital imagescontaminatedy randomnoise,we needto
examinetheconnectiorbetweerwaveletanalysisof analogsignalsandwaveletanalysisof discrete
signals. This connectionis mediatedoy an appropriatesignalmodel. The signalmodelwe shall
useis thatanoise-freesignalis a continuouspiecavisesmoothfunction(by piecavisesmoothwe
meanthat piecesof the graphof the functionarecontinuouslydifferentiableto someorder). This
modelhasthevirtue of simplicity. It is alsofairly realistic,sincesignalsaretypically obtainedvia
somemeasuringprocessTherefore anoise-freesignalwill have ary discontinuitiesaveragedut
andirregularitiessmoothedut by the measuringnstrumentt

1Here we are alluding to corvolution by a measuringnstrument. Discussionof wavelet-basedechniquesor
decowolution canbefoundin Mallat (1998)andreferencesherein.



Table 1: Denoisings by Wiener lter ing and TAWS-SPIN.

Image, noise Noisy SNR || Wiener SNR | TAWS-SPIN SNR
Lena, 8 24:4 289 29:6
Goldhill, 8 237 26:1 26:8
Boats, 8 252 281 29:3
Barbara, 8 242 245 26:4
Peppers, 8 235 277 28:0
Lena, 16 184 250 26:1
Goldhill, 16 177 233 23.6
Boats, 16 19.2 250 25:6
Barbara, 16 182 22:1 22:1
Peppers, 16 17.6 24.0 250
Lena, 32 125 197 23:0
Goldhill, 32 119 18.6 20:8
Boats, 32 134 20:2 22:2
Barbara, 32 124 182 18:5
Peppers, 32 11.8 186 216
Lena, 64 7.2 14:5 19:0
Goldhill, 64 6.5 136 18:1
Boats, 64 81 151 19:0
Barbara, 64 7:1 13.6 16:1
Peppers, 64 6:4 133 17:3

Wavelet series

R
A waveletbasisfor functionsin L?(R) = ff i jif (x)j?dx < 1g is a setof functions

f "(x)= 2M=2 (2™X  j)Om;j 2z Whichareanorthonormabasisfor L%(R). Eachbasisfunction

" isadilationby 2 ™ andtranslatiorbyj2 ™ of thefunction . Thisfunction isthegeneat-
ing wavelet(or simply wavelej for this waveletbasis.Becausé¢ ["gis anorthonormabasis;the
following waveletseriesexpansiorholdsfor eachf 2 L2(R):

X X -
f(x) = i) 1)
m2Z j2Z
with waveletcoefcients f ["g de ned by
VA 1
"= f(x) "(x)dx: (2)

1

For the givenwaveletsystemf "g, themapf 7! f ["gis thewavelettransformde ned by the
waveletsystem.

Therearemary waveletbases.A classicexampleis the Haarbasis(Haar 1910). To de ne
the Haarbasis,let 15(x) denotetheindicator functionfor thesetS. Thatis, 1s(x) = 1ifx 2 S



and1g(x) = 0if x 2 S. The wavelet for the Haarbasisis (X) = 1p.1=2)(X)  Ia=21)(X).

Becausedhis Haarwavelet is a stepfunction, ary partial sumof the seriesin Eqg. (1) will bea

stepfunction. Unfortunately approximatiorof ananalogsignalby stepfunctionsis not consistent
with our continuouspieceavise smoothsignalmodel.

Fortunately therearewaveletbasesvhich areconsistentvith our signalmodel. For example,
the Daubechiesvavelet basegDaubechies]1988). A Daubechiesvavelet is continuousand
compactlysupported(0 outsidesome nite intenal). Furthermoremary Daubechiesvavelets
aresmooth;they are continuouslydifferentiableto someorder In orderto obtainsmoothnessa
Daubechiesvavelet isrequiredto have a nite numberof zeromoments:

YA 1
X" (X)dx=0; n=0;1:::;N: (3)
1
Notethat(3) is satis ed by theHaarwaveletif N = 0. The DaubechiesvaveletsatisfyingEqg. (3)
for a given N 1 is supportedon the internval [0;2N + 1]. Eachbasisfunction [ is then
supportecontheintenal [j2 ™;(j + 2N + 1)2 M]. Theseintenalsvary in lengthdependingpn
m, andlocationdependingonm andj . Thebasisfunctions ["(x) = 2 m=2(2™x j) canzoom
in on particularareasof a signal. As m increasesthe supportof thesebasisfunctionsdecreasén
length,andvaryingj allows usto examineparticularareasof the signal. The waveletcoefcients
j" encodeinformationaboutlocal aspectof the signalf by measuringts correlationwith ™.

J
Furthermorethe termsin the seriesin Eq. (1) aremultiplesof the smoothbasisfunctions ", so

partialsumsaresmooth.Whenthesignalmalesrapidtransitions—e.g.whentransitioning;from
onesmoothpieceto another—thewaveletcoefcients " thatre ect this mostprominently(have
largestmagnitudewill be supportedn intenalslocatedaroundthe transitionregion. Sincethose
terms [ ["(x) aresupportedaroundthe transitionregion, a partial sumof the seriesin Eq. (1)
thatincludesthosetermsproducesa smoothtransitionbetweerpieces.

For our signal model, the zero momentrequirement(3) implies that thereare mary small-
magnitudewaveletcoefcients. If f is closelyapproximatedy a polynomialof degreeN, asin
atruncatedlaylor expansiorfor instancepverthesupportof [, thenthewaveletcoefcient |"
will be approximatelyzero. This leadsto mary small-magnitudevavelet coefcients locatedin
regionswherethesignalis smooth.Thecombinationof orthonormalitycompacsupportsmooth-
ness,and zero moments,yields a seriesin Eq. (1) thatis well-adaptedto our signal model of
continuous piecavise smoothfunctions. It alsoproducesan excellentsystemfor performingde-
noising of signalscontaminatedy Gaussiamoise. Sincef ["g is an orthonormalsystem,the
wavelettransformf 7! f ["gis orthogonal. The combinationof an orthogonaltransform(con-
senationof enegy) andlarge number=f smallwaveletcoefcients (compactiorof enegy) is the
principal reasonthat Gaussiarrandomnoise can be separatedrom the signal. We discussthis

furtherin section3.

Scalingfunctions

Theseriesexpansionin (1) canbeviewedasalimit of asequencef functionsf ,, de ned by

WX
fm(x) = . X):



Eachf \, belonggo asubspac#®)y, of L2(R) with basisf "Om<wm :j2z- Forallthewaveletsystems
we discussthereexists a function  suchthat, for every M, thesetf M(x) = 2 M= (2¥x

] )92z isanorthonormabasisfor Vi, . Thefunction is calledthescalingfunctionfor thewavelet
system. Becausef }V'g is an orthonormalbasisfor Vy,, we have the following scaling series
expansionof f  :

X M M
fm(x) = i (X) (4)
i=1
with scalingcoefcients f j"" g de ned by
Z 1

M= 1 f(x) " (x)dx: (5)

Formulas(4) and(5) express v asanorthogonalprojectionof f into Vy, .
The scalingfunction for the Haarsystemis (x) = 1p.1)(X). The Haarscalingfunctionand
waveletsatisfythefollowing identities:

() = pl—_[pé @)+ "2 (2x 1
o 6)
(x) = 9—[ 32 "2 1

Similar identitieshold for Daubechiesvaveletsandscalingfunctions. For eachDaubechiesys-

tem,therearetwo nite setsof constants ¢,g2~,* andf d,g2,;* suchthat
X+ p_
(x) = & 2 (2x k)
k=0
7
2X+l p_ ( )
(x) = de 2 (2x Kk):
k=0
Forexample,if N = 1, Daubechie$oundthatthe constants
C0_1+p§. C_3+'O:§_ o= 3 pé_ R P 3
4pp§ ' 1 p4p§ y 2 493 y 3 4p§p (8)
d_1§__§3_ 3+§_1§
0T P WT P RT P TS

provide asolutionof (7). They de ne the Daub4waveletsystem Noticethatfor the Haarsystem,
the pair of equationsn (6) areaspemalcaseobthoseln (7), otbtalnedby settng = 0. Forthe
Haarcasetheconstantsn (7)areco = ¢, = 1= 2anddy = 1= 2,d; = 1=

Thereis a closerelationbetweerscalingcoefcients andwaveletcoefments. Fromtheiden-
titiesin (7), we obtain

XK+l
m 1 _ m
i T Gk k+2j
k=0
9)
X+l
m 1 _ d m .
i - kK k+2j-
k=0



The secondequationin (9) shavs how the wavelet coefcients f " g are obtainedfrom the
scalingcoefcients f ["g. The rst equationin (9) allows usto iteratethis procedureBy iteration,
all waveletcoefcients f j"gk<m canbeobtainedrom thescalingcoefcients f ["g atscalem.
For all waveletsystemsthe scalingfunction (x) is supportecntheintenal [0; 2N + 1] and
satis es zZ,
(x)dx = 1. (20)
1
This equationwill prove usefulin deriving thediscreteversionof wavelettheory

Discretization of waveletanalysisof analogsignals

The scalingcoefcients f jM g, for large enoughM , provide a connectionbetweenthe world of
analogsignalsandtheworld of discretesignals.For example,givenananalogsignalf (x), we can
generataliscretedataf f; g,z by de ning eachf; to bef (x;), wherex; = j x for some x ed
step-size x. Wereferto f f; g asuniformsamplesor just samplespf f (x). Formula(5) yields
thefollowing approximatiorfor sufciently largeM (providedf is uniformly continuous):

z 2N+1+ j)2 M
M= L f(x)2 M= 2Mx j)dx

Z 2N +1+ j)2 M
fG2™) 2 M= 2Mx  j)dx:
ja M

Becausef Eq. (10) we thenhave?

jM 2M =2f (J 2 M ): (11)

The approximationin (11) is our justi cation for assuming,n the discretesetting, that j’\" =

2Y=%f; . In practice the constanfactor2" = is usuallydropped andwe justassumehat M = f;
for eachj . Thereasorfor droppingthe constanfactor2™ =2 is thattheequationsn (9) thende ne
an orthogonaltransformatioron the samples f; g. This orthogonaltransformatioris a discrete

wavelettransform.

Discretewaveletanalysis

The equationgn (9), startingfrom initial dataf j“" = f; g, provide a discretewavelettransform.
To seehow thisworkswe rst considerthe%rrlplestcaseIhed—|_aartransfor51._
For HaarwaveletsN = 0,cp = ¢, = 1= 2,anddg = 1= 2,d; = 1= 2. Equation(9)then

yieldsthefollowing transformation:

o+ o, . -
Mol fa pf{‘ LM ois fa pfézj L (12)

In practice,theseformulasare appliedto a nite setof initial values. We begin with a vector

1ihWly— ¢ M 1. M 1..... M1 : M 1. M 1..... M 1 \.
(ajb)_( 0 v 2 et (J 1):2] 0 v 1 rrrt (] 1):2)-

2Furtherdiscussiorof (11) canbefoundin Walker (1997).



Themappingf 7! (aljb?) isthe 1 level Haartransformof f. Thevectorat is calledthetrendof
f, andthevectorb? is calledthe uctuation of f.

It is easyto seethatthe 1%t level Haar transformis orthogonal. It preseresthe enegy of
vectorsasmeasuredy sumsof squares.

If J canbedividedsereraltimesby 2, thenseverallevelsof Haartransformcanbe performed.
For example,if J is divisible by 4, thenf hasa2" level Haartransform.Thisis doneby iterating
the 15! level Haartransform by applyingit to thetrendvectora®. Thisis justaspecialinstanceof
theformulasin (9) for theHaarcase.

As anexampleof theseideas,considerthe following analogsignal

f(x) = (sin25 X)1j00.25/(X) + (4 + c0s45 X)1(0:25,0:75/(X)
+ (Sin 35 X)1(0;75;1)(X):

The graphof thevectorf, generatedy J = 16; 384 samplef thesignalf (x) over theinterval
[0; 1), is shavn in Figure2(a). The 1% level Haartransformof this signalis shavn at the top of
Figure2(b). Thetrenda! is graphedover [0; 0:5) andthe uctuation b! is graphedover [0:5; 1).
Notice that it closely resembleghe original vectorf. The trend also contains99:992% of the
enepgy of f. The uctuation b* showvs only two noticeablevalues,which correspondo thejump
discontinuitiesof f (x). Sincethe uctuation containssucha smallamountof enegy, whatlittle
eneqgy it hasis con ned mostlyto thesetwo peakvalues.

Similar remarksapply to the 2" level transformshown in Fig. 2(b)[bottom]. This 2" level
transformis alsodisplayedin Figure2(c), whereeachof the vectorsa?, b?, andb?! aregraphed
over theinterval [0; 1). Comparingthe graphof a? with the graphof f, it is clearthatthey are
closelyrelatedin form, althougha? hasonly a quarterof the valuesof f, spacedour timesasfar
apart. The 2" level trenda? contains99:990%of the enegy of f. Noticethatthe uctuationsb?
andb?!, whengraphedover the intenval [0; 1), provide excellentlocatersfor the positionsof the
jump discontinuitiesof f (x). Wewill nd similar resultsfor images.But with images jnsteadof
jump discontinuitiesatisolatedpoints,therewill beedgsalongcurves.

b2

bl 0
0 025 05 075 1 0 025 05 075 1 0 0:25 05 075 1
@ (b) (©

Figure 2: (a) Test signal. (b) [top] 1%t level Haar transform, [bottom] 2" level Haar transform. (c) [top] 2"
level trend, [middle] 2" level uctuation, [bottom] 15 level uctuation.

For Daubechiesvavelets,thereare similar wavelet transformations.For example,usingthe



coefcients in (8), the 1% level Daub4discretewavelettransformis de ned by?

1_
jm = Cofy + Cif g1 + Cof 542 + Caf 43

m 1 _ .
7= dof g + difgjiq + dofgji2 + daf s

(13)

Theseequationgle ne anorthogonakransformf 7! (aljb?'). Higherlevel Daub4transformsas
with the higherlevel Haartransformsarede ned by iterationon thetrendvectorsal, a2, etc.
Oneadwantageof Daubechiesvaveletsis thatthe momentconditionsin (3) imply correspond-
ing discretemomentconditionson the constantds dyg usedfor generatingvavelet coefcients in
the discretetransform. Thesediscretemomentconditionsare (we set0° = 1 to enablea single

statement):

K+

k"d¢=0; n=0;1;:::;N: (14)

k=0
Given our signalmodel, thesediscretemomentconditionsimply thattherewill be mary small-
magnitudewavelet coefcients. In fact,if the vectorf consistsof sampledrom a signalthatcan
be closelyapproximatedver the supportof jm ! by apolynomialof degreeN (asin atruncated
Taylor expansion)then(14)impliesthat " L will beapproximatelyzero.

Notice how this laststatementor waveletanalysisof discretesignalscorrespondso a similar
statemenmadeabove for waveletanalysisof analogsignals.Basednthiscorrespondenceye can
statethefollowing four basicpropertiedor the discreteDaubechiesvavelettransformgassuming
our signalmodel):

Energy Consewation. Thewavelettransformis anorthogonakransform.

Energy Compaction. Thereare large numbersof small magnitudewavelet coefcients.
Most of theenegy is concentrateth thetrend.

Two Populations. Thelarger wavelet coefcients areclusteredaroundsharptransitionre-
gions(edgesn images).Smallerwaveletcoefcients residein smootheregions.

Clustering. Large magnitudewaveletcoefcients tendto have somelarge magnitudecoef-
cients locatednearthem.

Note thatthe Clusteringpropertywasnot discussedabove. It is not dif cult to seethatit holds,
however. It follows from the large amountof overlapof the supportof the Daubechiesvavelets.
Consequentlywhena waveletcoefcient [ is relatvely large, thereis atendeng for oneof its
neighbors " ; or [, tobelargeaswell.

Wavelet analysisof images

Now thatwe have summarizedvaveletanalysisfor 1D signals,we turn to the caseof 2D images.
Becausehe 2D theoryis essentiallythe sameasfor 1D, we shalljust brie y summarizdts new
features.

3The equationsgn (13) do notapplywhenj = J=2 1, sincethe valuesf 2j+2 andfy+3 areunde ned. In this
casethevaluesof f g andf 1, respectrely, aresubstitutedor theseunde nedvalues. This correspondso a periodic
extensionof thevectorf.
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Generalizingour signalmodelfor 1D, our modelfor 2D imageswill be continuouspiecavise
smoothfunctionsF (x; y). Discreteimageswill consistof J by K matriceskF = (F;.) obtained
via samplesrom thesefunctions.

Wavelet seriesfor 2D imagesarea simplegeneralizatiorfrom 1D series. The wavelet basis
functionsconsistof threekinds: ["(x) {'(y), {"(x) g'(y), and ["(x) g'(y). Forthesethree
kinds of basisfunctions,the zeromomentcondition(3) generalizeso powersof bothx andy. A
2D waveletseriedfor F (x; y) is expressibleas

XX _ z
F(xy) = Mot xy);  with M= F(y) m(x;y) dx dy:

m=1 12 R

Here [(x;y) standdor ary oneof thethreetypesof basisfunctions,andl istheindex setneeded
for labelingall of thesebasisfunctions. Thereis alsoa scalingseries,usingf j"" (x) M(y)gas
basis,which is an obvious generalizatiorof (4). The theoryof wavelet seriesfor 2D imagesis
essentiallythe sameasthe 1D theoryabove, with only slight notationalmodi cations, sowe now
turnto adiscussiorof 2D discretewavelettransforms Suchtransformswill beappliedto matrices,
justasin 1D they wereappliedto vectors.

A discretewavelettransformof aJ by K matrix F, whereJ andK arebotheven,is obtained
in two steps(Mallat, 1989): (1) transformeachrow of F by a 1D wavelettransform,obtaininga
matrix F; (2) transformeachcolumnof F by thesamel D transform.Stepsl and2 areindependent
andmaybe performedn eitherorder

Stepl of this transformprocesgproduces) rows of 1D transforms:

aij bi
F 7! azj_bz :
aljb}
Step2 thenproduceghefollowing 1%t level transform:

Al v11
F71@— A
Hl Dl

whereA?l, V1 H! andD?! areeachJ=2 by K =2 sub-matricesThetrend A ! consistsof scaling
coefcients, while the uctuationsV 1, H, andD? consistof waveletcoefcients for eachof the
threekinds of waveletbasisfunctions.

ThetrendA* containsscalingcoefcients for the scalingbasisf | *(x) }' *(y)g. Hence,
by a 2D versionof (11), it is alower resolutionversionof F. For example,considertheimageof
anoctagonating shavn in Fig. 3(a). Its 1% level Daub4wavelettransformis shavn in Fig. 3(b).
ThetrendA ! occupieghe upperleft quadranof thetransform,andit is clearlyalower resolution
versionof theoriginalimage.Thevertical uctuation V ! containsvaveletcoefcients for thebasis
elements M *(x) ' (y); i.e., uctuations along rows and trendsalong columns. Wherever
thereare vertical edgesin animage,the uctuations alongrows are ableto detecttheseedges.
This tendsto emphasizerertical edges,or edgescontaininga vertical component. This canbe
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Figure 3: (a) Image. (b) 1% level transform. (c) 2" level transform.

seenclearlyin Fig. 3(b) whereV ! appearsn the upperright quadrantNotice alsothathorizontal
edges,wherethe octagonalring imageis constantover long stretchesare removed from V 1.
Thehorizontal uctuation H?! is similarto V !, exceptthatthe rolesof horizontalandverticalare
reversed.In Fig. 3(b) the horizontal uctuation H? is shawn in the lower left quadrant.Finally,
thereis the diagonal uctuation D!, which containswavelet coefcients for the basiselements
M H(x) ¥ Yy). This uctuation tendsto emphasizeliagonalfeatures ascanbe seenclearly
in Fig. 3(b) whereit occupieghelower right quadrantDiagonalfeaturesareemphasizetbecause
uctuationsalongrows andcolumnstendto erasehorizontalandverticaledges.

It is interestingto notethatthis decompositiorof theimageinto alower resolutionsub-image,
alongwith several sub-imagese ective of response$o differentedgeorientationsjs analogous
to operationgperformedoy mammaliarvision systemsWatson(1987)is perhapgshe rst paperto
establisha closeconnectiorbetweernwaveletsandvision. A precursotto thatpaperin the eld of
imageprocessingvasBurt and Adelson(1983). Several papersoy Field (1993,1994,1999)and
by Field andBrady (1997)explore this connectiormorefully. A goodsummaryof waveletsand
vision canbefoundin Wandell(1995).

As with 1D transformshigherlevels of 2D wavelettransformsarecomputedby iteratingthe
15t level transformon the trends. For example,in Fig. 3(c) we shov a 2" level transformof the
octagonalring image. Thetrend A from Fig. 3(b) hasbeentransformednto a trend A? and
uctuations V2, H2, andD2. ThetrendA?2 is aneven lower resolutionversionof the original
octagonimage,while the uctuations re ect edgedetailsin the lower resolutionimageA*. An
exampleof a3 level transformis shavn in Fig. 4.

The transformusedin Fig. 4 is basedon the Daub 9/7 wavelet system(Cohenet al., 1992).
This systemis a very popularonein wavelet-basedmageprocessing.For instanceijt is usedin
the JPEG2000imagecompressiorstandardGormishetal., 2000).

Figure4 nicelyillustratesthefour basicpropertieof wavelettransforms.The Clusteringprop-
erty, for instance,is apparenfrom both Figures4(b) and(c). Figure4(c) also providesa good
illustration of the Two Populationgoroperty Comparingit with the imagein Fig. 4(a), we see
thatlargerwaveletcoefcients areclusterecaroundedgessuchasthe boatmastsandrigging, and
smallercoefcients residein smootherregions, suchasthe sky andclouds. The Enegy Com-
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Figure 4: (a) Boatimage. (b) 3 level Daub 9/7 transform. (c) Locations of larger values of V * coef cients .

pactionpropertyis illustratedby the factthatthe 3" level trend,which is shown in the upperleft

cornerof Fig. 4(b),accountgor 98.7% of thetotalenegy of thetransformcoefcients. Finally, the
Daub9/7 systemprovidesgoodEnegy Conseration. Althoughit is notanorthogonakransform,
the Daub9/7 transformpreseres99.7% of the enegy of the original boatimage. This example
illustrateshow closeit is to being orthogonal—closenough,in fact, that we canuseit for all

intentsandpurposessif it wereorthogonal.

The Daub 9/7 transformhas someimportantadwvantagedor image processing. For exam-
ple, its wavelet basisfunctionsusedfor reconstructiorare twice continuouslydifferentiableand
symmetric. Oneadwantageof symmetryis thatimagescanbe symmetricallyextendedpasttheir
boundariesresultingin lessboundaryartifactsin denoisedmagesthanwith periodicextension
(footnote 3). The Daub 9/7 systemwas usedfor the Taws-spiN denoisingsin sectionl. The
smoothnessf its waveletbasisfunctionsis re ectedin the smoothappearancef the Taws-spIN
denoisedmagein Fig. 1(d), sincethatimagecorrespond$o awaveletseriespartial sum.

3 Fundamentalsof wavelet-baseddenoising

In this sectionwe examinethe fundamentatonceptsunderlyingwavelet-basedlenoising. This
will provide theright contet for our descriptionof Taws in the next section.Taws is basedupon
improvementgo two basicdenoisingechniqueswaveletshrinkageandcycle-spinthresholding.

Wavelet shrinkage—V1SUSHRINK

A majorbreakthroughn denoisingwasachiazedwith the now-classicmethodsof waveletshrink-
age(DonohoandJohnstonel 994and1995). We shallfollow themin referringto their methodsas
VISUSHRINK and SURESHRINK. BecauseTaws sharessomeideasin commonwith VISUSHRINK,
we shall rst describethis method. The 1D theoryfor VisuSHRINK captureghe mainideasand
allows usto explain thingsmoreeasily sowe shall stateresultsfor 1D signals. The extensionof
theseresultsto 2D imagess straightforvard. All of theresultsthatwe statebelow for VisuSHRINK

13



areprovedin DonohoandJohnston€1994).SeealsoDonohoetal. (1995)andDonoho(1993).

In our discussionwe assumehat the equationg = f + n describeghe 1D noisy signalg
obtainedfrom the original signalf by the additionof the noisen. The original signalf consists
of samplesof ananalogsignalfrom our piecavise smoothsignalmodel,andthe noisevaluesn;
areassumedo berealizationsof independentero-mearGaussiamormalrandomvariableswith
standarddeviation , i.e.,they arei.i.d. of typeN (0; 2). Wavelettransformsof thesesignalsare
denotedby b, P, andh. Sincewavelettransformsarelinear, we havef = P+ h. Theorthogonality
of wavelettransformsmpliesthatthe transformechoisevaluesh; arealsoi.i.d. of typeN (0; 2).

In VisuSHRINK, the valuesly of the transformedhoisy signalare subjectedo the following
shrinkagefunction:

8
20; if jtj <

S(t) = >t coft (15)
Tt+ o dft

wherethethreshold is assignedhevalue |, = P 2logJ. After shrinkagetheinversewavelet
transformis a%oliedto producethedenoisedignal.ForaJ by K image,the VisuSHRINK thresh-
oldis , = 2logM, whereb/l is thelargerof J andK . We shall con ne our treatmentto
square] by J imagesso ,, = 2logJ.

To be more precise the shrinkagefunctionis appliedonly to wavelet coefcients, the scaling
coefcients areleft unchangedWith anorthogonalransformof L levels,the noiseenepy in the
trendA"t is greatlyreduced—as fraction of total noiseenegy—whenL is large enough.In an
image thenoiseenegy reductionis by afactorof 1=4-, hence.  3is usuallysufcient to greatly
reducethefractionof noiseenegy in thetrend. Thisis in starkcontrasto the Enegy Compaction
propertyfor theoriginalimage,which greatlymagni esthe sizesof imagetransformvaluesin the
trend. Sincethe scalingfunctionscorrespondindo trendcoefcients arewidely spreadout over
theimagewhenL 3, it follows thatrelatvely smallamplitudenoisetermsaremuchlessvisible
in thereconstructedimage.We shallillustratethis with anexamplelaterin this section.

In waveletshrinkage all waveletcoefcients by of magnitudelessthansomethreshold are
setto zero. Thisis calledthresholding Thefactthatthetransformedoisevaluesarei.i.d. of type
N (0; 2), combinedwith the Enegy CompactiorandTwo Populationgpropertiesor the original
signaltransformb, providestherationalefor thisthresholding.If is severaltimeslargerthan
asit is in VISUSHRINK, thenjlgjj < almostcertainlyguaranteeshatly is noise-dominatedin
fact,for the VisuSHRrINK threshold |, , thefollowing limit holdsfor all indicesj correspondingo
waveletcoefcients:

Prob[ maxjb;jj< ]! 1 asJ! 1: (16)

Hencejh;j is almostcertainlylessthan . Furthermorethe Enegy Compactiorand Two Popu-
lationspropertiesmply thatjl*?j 0 for mostindicesj . Therefore asymptoticallythethreshold
, guaranteethatVisuSHRINK denoisedmageswill beessentiallynoise-free.
In orderto apply VISUSHRINK, it iS necessaryo estimatehe standardleviation of thenoise.
Fortunatelyit canbeestimatedrom thehighestievel waveletcoefcients via thefollowing median
estimate:

(medianof highestlevel coefcients)
0:6475 '
This approximations reasonablyaccuratesinceit is derived from anexactformulafor N (0; 2)

(17)
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randomvariablesandthe highestlevel wavelet coefcients aremostly noise. A medianestimate
is used,ratherthansaya meanestimate becauset is relatively insensitve to the existenceof a
few high-magnitudeutliers. Typically therearesuchoutliers,resultingfrom the high magnitude
waveletcoefcients neartheedgesn theoriginalimage.

VIsUSHRINK producesearlyoptimal denoisingresults. This optimality canbe expressedn
termsof its achiezing maximumsNRs. Equivalently VisuSHRINK minimizestherisk error, where
therisk R[€; f] betweertwo signalsf andf is de ned by thefollowing expectedvalue:

1 X! i
REf=E 7§ fij* (18)

j=0

Lettingf, standfor theVisuSHrINK denoisingdf thenoisysignaltherisk R [f, ; f] whichcompares
f, with theoriginal signalf satis es(for asufciently smoothwaveletsystem):

(logJ)?
J

whereC is a constantdependenbnly on the choiceof wavelet system). This asymptoticresult
is signi cantly betterthanfor a Wiener ltering f,, of the noisyimage. For Wiener Itering, the
following holds[seeMallat (1998)]:

R[f,;f] C (19)

R[f, ;f] p= (20)

w 3

for someconstanA. Comparing(19)and(20), we seethatVisuSHRINK is asymptoticallysuperior

to Wiener Itering asJ ! 1 . SinceVISUSHRINK is a non-linearmethod,this superiorityfor

VIsUSHRINK doesnot contradictthe optimality of Wiener Itering amonglinearmethods.
Thenearoptimality of VisuSHRINK is expressedy thefollowing asymptotiaesult:

RIf,:f]  C(logd)2RIf,:f] (21)

whereR[f,; f] istherisk of anidealdenoising, of apiecavisepolynomialsignal. Otheroptimality
results,usingdifferentsignalmodelsandalternatve measuresf risk error, aredescribedn detail
in Donohoetal. (1995).

Although the resultswe have describedprovide ample evidencefor the nearoptimality of
VISUSHRINK, it is importantto examineits performanceon denoisingactualimages.In Fig. 5 we
shaw four differentVisuSHRINK denoisingf the noisy Peppersmageshavn in Fig. 1(b). The
wavelet systemusedfor thesedenoisingsvasthe Daub 9/7 system. The numberof levels used
for the wavelettransformrangesfrom 2 levelsto 5 levels. The 2" level and3 level denoisings
both have greaterSNRs thanthe Wiener Itering shawvn in Fig. 1(c). The 2" level VISUSHRINK
denoisinghasa 1 db higherSNR thanthe Wiener Itering.

By carefully examiningthesefour typical denoisingswe canlearna lot aboutVisuSHRINK,
both its strengthsand weaknessesFirst, obsere that althoughthe 2" level denoisinghasthe
highestSNR, it alsoexhibits a signi cant amountof “mottling” artifacts. This mottling is dueto
the noiseleft unafectedin the 2" level trend. As we notedabove, the reconstructiorof this 2™
level trendnoiseconsistf low amplitudescalingfunctionsspreacdut over wide areaswithin the
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(@) 2 level: SNR =196 db (b) 3level: SNR =19:1db

(c) 4level: SNR =17.9db (d) 5level: SNR = 17:3db

Figure 5: VISUSHRINK denoisings of the noisy image in Fig. 1(b), using four different levels of the Daub
9/7 transform.

image. Sincea noisestandarddeviation of = 32 producegelatively high enegy noise(hence
relatively low SNR), the reductionof noiseenepy by a factorof 1=16in the 2"? level trenddoes
not reducethe amplitudesof the reconstructedhoisetermssufciently to rendertheminvisible.
In the 4™ level and5" level denoisingshowever, the reductionsof trendnoiseenegy by factors
of 1=256 and1=1024 respecitrely, arequite sufcient to renderinvisible the reconstructedrend
noise.The 3" level denoisingexhibits trendnoisethatis just barelyvisible.

Themoststriking weaknes®f theVisuSHRINK denoisingss the over smoothingof therecon-
structedmages.This over smoothings particularlyextremein Figures5(c) and(d), whereit is so
greatthatit causessigni cant reductionin SNRs. Over smoothingis causedy the ViISuSHRINK
thresholdbeingsettoo high to capturethe higherlevel waveletcoefcients neededor producing
a sharpimage. Sincesuccessie trendsof f arerepeatedveragingsthereis a blurring of edges
in successie trends,producinga decreasen amplitudesof signi cant wavelet coefcients near
theseblurrededges.Consequentlythe singlethreshold |, setby VisuSHRINK tendsto threshold
out somewavelet coefcients at higherlevels that are neededor producingsharpedgesin the
reconstructedmage. This is clearly shavn in theimagesin Fig. 5, which becomeprogressiely
moreblurredashigherlevel transformsareused.
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It is interestingto comparethe Taws-spiN denoisingin Fig. 1(d) with theseVisuSHRINK de-
noisings.The Taws-spiN denoisings signi cantly lessblurredanddoesnot exhibit ary mottling.
A 5" level Daub9/7 transformwasusedfor this Taws-spin denoising but thethresholdvasequal
to ,=8. By usinga muchlower thresholdthan VisuSHRINK, TAwWS-sPIN circumwentsthe over
smoothingproblem. Thus Taws-spIN is ableto employ a 5" level transform,which completely
eliminatesany mottling in its denoising.Finally, like the VisuSHRINK denoisingsthe Taws-spIN
denoisingappeardo be essentiallyfree of ary randomnoise—theémageappeargo be produced
from our piecavise smoothimagemodel.

Thedefectan VisuSHRINK denoisingsaswell asthe“empiricalgap” presentn thesizeof the
(log J)? factorin (21), hasled to continuingefforts to improve the performanceof wavelet-based
denoising. Major improvementsover VisuSHRINK were obtainedwith the SURESHRINK method
andcycle-spinthresholding.

Wavelet shrinkage—SURESHRINK

The SureSHRINK methodof DonohoandJohnston€1995)is alsobasednwaveletshrinkage But
SURESHRINK usedndependentlghoserthresholdgor each uctuation ateachlevel of thewavelet
transform. This typically resultsin differentshrinkagethresholdgor eachof these uctuations.
By usingdifferentshrinkagehresholdgor each uctuation, SURESHRINK is ableto includemore
signi cant waveletcoefcients—thusalleviating the blurring problemof VisuSHRINK, producing
moredetailedimages.For example,in Fig. 6 we shav two SURESHRINK denoisingf the noisy
Pepperimagein Fig. 1(b). Theseimagesshawv the typical kinds of improvementsobtainedwith

SURESHRINK. Thedenoisedmagesareconsiderablysharpetthanthe corresponding/1SuSHRINK

denoisingswith muchhigherSNRs. In particular noticethatthe 4™ level SURESHRINK denoising
exhibits essentiallynolossof detail,andis slightly betterperceptuallyoverthe3™ level denoising.

(@) 3level: SNR =20:7 db (b) 4 level: SNR = 20:7 db

Figure 6: SURESHRINK denoisings of the noisy image in Fig. 1(b), using two different levels of the Daub
9/7 transform.

To selectthe SURESHRINK thresholdsPonohoandJohnston€1995)make useof anestimator
of risk developedby Stein (1981). This risk estimatorensureghat a thresholdcan be chosen
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for each uctuation which, on average,minimizesthe risk amongall shrinkagethresholds.By
minimizing theserisks, SURESHRINK producesigni cantly lowertotalrisk (andthushigherSNR)
thanVisuSHRINK. For instancejn Johnston€1999)it is shavn thatthe following holdsfor the
risk errorof a SURESHRINK denoisingf ¢ of anoisyimage:

R[f.;f] C(logP)RIf,;f]: (22)

This asymptotiaesultcomparegavorablywith (21); the (log P)? factorhasbeenreplacedy just
logP.

As we shall seein section4, the Taws methodbuilds uponthe SURESHRINK methodin that
differentthresholdsareusedfor differentlevelsand uctuations of the wavelettransform.Unlike
SURESHRINK, however, Taws usesdifferentthresholddor single wavelet coefcients andcorre-
latesthe choiceof thresholdwith thelocationof edgeswithin theimage.This helpsTaws to better
captureedgedetails,andthusproducebetterresohed denoisingghan SURESHRINK.

Cycle-spinthresholding

BesidesSURESHRINK, anothersigni cant improvementover VisuSHRINK is the methodof cycle-
spinthresholding Cycle-spinthresholdingvas rst describedn CoifmanandDonoho(1995)and
in Lang et al. (1995). Althoughit hasnot beenestablishedn as rm a theoreticalfoundation
as VisuSHRINK—see, however, Chambolleand Lucier (2001) for someinitial work—its basic
featuresarefairly well understoocind,in practice,it producedar superiordenoisings.

(a) Original (b) Shift 1 pixel to the right

Figure 7. Comparison of V! wavelet coef cients for the boat image in Fig. 4(a) and a shift of the boat
image. The images show locations of wavelet coef cients with magnitudes at least as great as the threshold
=32

Cycle-spinthresholdingaddressesvo relatedshortcoming®f VisuSHRINK. Oneshortcoming
is the lack of shift-invarianceof wavelettransforms.From formula (2), it is easyto seethatthe
wavelettransformf (x) 7! f g is notshift-invariant. This lack of shift-invariancecarriesover
to the discretewavelettransformaswell. For example,in Fig. 7 we shav V ! waveletcoefcients
for Daub9/7 wavelettransformsof the boatimagein Fig. 4(a) anda shifted versionof this im-
age. At thethresholdof = 32, thesewavelettransformsarenot simply shifts of eachother(as
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would bethecasewith a shift-invarianttransform).Notice,in particular thattherearemary more
signi cant coefcients nearthe centralmastof theboatin Fig. 7(b). Thegoalof cycle-spinthresh-
olding is to includesuchnew signi cant coefcients in shifted-imagdaransformsthusproducing
a sharperdenoisedmagewhich includesmore edgedetails. By including thesenew signi cant

coefcients, cycle-spinthresholdings ableto amelioratethe othershortcomingof ViSuSHRINK,

its over smoothing.

Cycle-spinthresholdingachieses shift-invarianceby averagingall shifts of the noisy image.
More precisely every cycle-shift(G; j,.k k), forjo=0; 1,:::, (J=2 1)andko = 0; 1,
o1, (K=2 1), is denoisedandall thesedenoisingsare averaged(after reverseshifting) via
a simple arithmeticmean? In practice,it hasbeenfound that—ratherthan using shrinkagefor
denoising—itis betterto usesimplethresholdingoecauset yields higher SNRs andperceptually
sharperdenoisingsBy simplethresholdingve meanthateachtransforms valuesaresubjectedo
thethresholdingunction:

0; ifjtj<

t, if jtj

Thus,the coefcient is retainedif its magnitudes atleastaslargeas , otherwisethe coefcient
is setto zero.Generallythe VisuSHRINK threshold |, is used.

T(1) =

(@) 4 level: SNR =21:2db (@) 5 level: SNR =21:2db

Figure 8: Cycle-spin thresholdings of the noisy image in Fig. 1(b), using two different levels of the Daub
9/7 transform.

Although carrying out so mary denoisingsn orderto producethe averagedenoisedmage
may appearto be inordinatelytime consumingjt hasbeenshavn thatthe whole processcanbe
performedin O(P logP) operationswhereP is the numberof pixelsin the noisyimage. Since
all distinctcycle-shiftsareused the operationof cycle-spinthresholdings shift-invariant.

As anexampleof how well cycle-spinthresholdingperforms,considerthe two imagesshavn
in Fig. 8. Thesearecycle-spinthresholding®f the noisyimagein Fig. 1(b). Theseimagesshav
the typical kinds of improvementsthat cycle-spinthresholdingprovidesover VisuSHRINK. The
SNR in eachcaseis signi cantly higherthanthe SNR for the samelevel VisuSHRINK denaising.

4The term, cycle-shift,is usedbecausavhenj jo ork ko fall outsidethe rangeof indicesfor the rows or
columnsof theimagematrix, thenawrap-arounds usedtode ne G; j,:k «,-
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Thereis alsomuchlessdegradatiorof quality, andlessover smoothing.Consequentlyt is feasible
to use4™ level and5™" level transformawith cycle-spinthresholding.

TheTaws methodof denoisingalsobene tsfrom cycle-spinaveraging.Thecycle-spinversion
of Taws, calledTaws-spiN, wasusedfor the denoisingslescribedabove in sectionl. TAwWS-SPIN
will bedescribedn the next sectionwherewe explain thetheoryandapplicationof Tree-adapted
waveletshrinkage.

4 Tree-adaptedwaveletshrinkage

In this sectionwe describethe theoryof Taws andthe detailsof its implementation.Taws is de-
signedto exploit, in acomputationallysimpleway, the four basicpropertieof wavelettransforms
thatwe discussedh section2. We shallelaborateonthesefour propertiesn this sectionandshowv
how they leadto the Taws approachto separatingmage-dominatedvavelet coefcients from
noise-dominatedoefcients. Taws performsthis separatiorvia threeselectionprinciples. These
selectionprinciplesenableTaws to selectimage-dominateavavelet coefcients at muchlower
thresholdsthan the VisuSHRINK threshold;thus supplyingmore details, especiallynearedges.
CapturingmoreimagedetailsgivesTaws denoisingsa particularlysharp focusedappearance.

After providing a theoreticaljusti cation for Taws, we then provide a detaileddescription
of its algorithm. The Taws algorithmis a modi cation of an image compressioralgorithm,
called Aswpr [adaptvely scannedvavelet differencereduction,Walker (2000)]. Improvements
to Aswbpr weremadeby Walker andNguyen(2000a). Theseimprovementded to corresponding
improvementsin Taws, describedn Walker (2001a). This newer versionof Taws is discussed
here,insteadof theolderversionintroducedn Walker andChen(2000).

The closerelationshipbetweenTaws and the image compressioralgorithm Aswbpr hasal-
lowed for the developmentof a combinedimage compressoplus denoiser called Taws-Comp.
Sincecombiningimage compressiorwith denoisingis tangentialto our main subject,we shall
only brie y examineit here.More detailsconcerningraws-Comp canbefoundin Walker (2001a)
andWalker (2001b).

The theory of TAWs—tr eestructur e of wavelettransforms

TheTaws methodof remaving randomnoisefromimagess basednthefour propertieof wavelet
transforms—Enegyy Conseration, Enegy Compaction;Two PopulationsandClustering—which
we discussedbore in section2. In section3 we discussedov Enegy Compactionmpliesthat
noisecan be effectively removed from trend coefcients. We also discussedhow VISUSHRINK
essentiallyremoves all noise-dominatedvavelet coefcients by rejectingall coefcients having
magnituddessthanthethreshold ,, . Toimprove VisuSHRINK denoisingsthe Taws methodmakes
useof the Two PopulationsandClusteringpropertiego distinguishimage-dominateérom noise-
dominatedwavelet coefcients at thresholdghataresmallerthan . Taws usesthreeselection
principlesto performthisidenti cation of image-dominateavaveletcoefcients.

In orderto statetheseselectionprinciples,we rst needto discussthe conceptsof child co-
efcients (children)andparent coefcients (parents).For 1D signals,the waveletcoefcient |",
correspondingo ["(x) = 2 ™2 (2™x j), hastwo child coefcients 7™ and jii. These
childrencorrespondo the wavelets g;*l (x) and S}Tj (x). Thedilation andtranslationstructure
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m+1

of awaveletsystemmpliesthatthe supportof " containsthe supportsof both ;™ and Qj‘ﬁ .
In otherwords,the children Sj”l and g;:i encodanformationaboutthe signalwithin the same
spatialregion astheparent . For example,if the signalis smoothover the supportof ", then
the parentandits childrenwill all have small magnitudegwe shall make this more precisebe-
low). By applyingthe parentandchild de nitions to all levels, we obtaina binary tree structure
connectingoarentsandchildren.

Thegeneralizatiorof the notionsof parentsandchildrento 2D imagess simple.For instance,
a vertical coefcient V[ is the parentof four children V'3, Vo1 o, Vol'se.y » and Vo,
Similar de nitions apply to the horizontaland diagonalcoefcients. Thuswe obtaina 4-leaved
treeconnectingparentswith children. As for the 1D case the supportsof the 2D waveletscorre-
spondingto childrenare containedwithin the supportsof the 2D waveletscorrespondingo their
parentsHence|f animageis smoothoverthesupportof awaveletcorrespondingo aparentthen
it will be smoothover all the waveletscorrespondindo its children. Consequentlyover smooth
regions,away from edgespothparentsandchildrenwill have smallmagnitude.

Waveletcoefcients of smallmagnitudearelesssigni cant, contributing lessenegy to theim-
age,thanwaveletcoefcients of larger magnitude.To make this notion of signi cance precise—
andto relateit to the multi-resolution,parent-childtree structureof imagetransforms—wan-
troducethe following de nitions of insigni cant and signi cant coefcients. Given a threshold
T > 0, we saythata parentis insigni cant if its magnitudes lessthanT, anda child is insignif-
icantif its magnitudeis lessthanthe half-thresholdT =2. Likewise, a parentis signi cant when
its magnitudds greaterthanor equalto T, andachild is signi cant whenits magnitudes greater
thanor equalto T=2. It isimportantto notethatinsigni canceandsigni cancearerelative notions
which dependon the size of the giventhresholdT . Furthermorethe half-thresholdT=2 is used
for testingfor signi canceof children. We will shav below that, with piecavise smoothimages,
it is correctto usethis half-thresholdor children. Moreover, we shall seethat usingthesediffer-
entthresholddor parentsandchildrenclosely correspondso the tree-basedoding structureof
the Aswbpr imagecompressioralgorithm. By usingthe coding structureof this algorithm, it is
possibleto determinesigni canceof parentsandchildrenin alogically consistenmanner

The theory of TAws—selectionprinciples

We have now providedall of thebackgroundheededor statingthe Taws selectionprinciples.For
waveletcoefcients having magnitudedelov theVisuSHRINK threshold Taws useghefollowing
threeprinciplesto distinguishimage-dominatedoefcients from noise-dominatedoefcients:

Taws SelectionPrinciples

A. Only acceptsigni cant childrenwith signi cant parents.

B. Rejectasigni cant parentf all its childrenareinsigni cant.

C. Only acceptsigni cant coefcients with atleastoneadjacensigni cant coefcient.

A goodillustration of theseSelectionPrinciplescanbe seenin Fig. 9. In Figures9(b) and(c) we
shav the locationsof signi cant parentsand children, usingthresholdT = 24, for a Daub9/7
transformof the Peppersestimage.Thegrey pixelsin boththeseamagesndicateinsigni cant co-
ef cients, andthewhite pixelsindicatesigni cant coefcients. Thesimilarity of theregionsmade
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(a) Peppers (b) Parents, T = 24 (c) Children, T = 12

Figure 9: Relation between parent and child coef cients (15t and 2" vertically oriented coef cients). ()
Peppers image. (b) Locations (white pixels) of signi cant parents, threshold = 24. (c) Locations (white
pixels) of signi cant children, threshold = 12.

up of grey pixelsin the two imagesindicatesthatinsigni cant parentstendto have insigni cant
children,which implies SelectionPrincipleA. Lik ewise, the similarity of the regionsmadeup of
white pixelsindicateghatsigni cant parentdendto have somesigni cant children,whichimplies
SelectionPrinciple B. Finally, the clusteringtogetherof signi cant coefcients (in eitherimage)
illustratesthe validity of SelectionPrincipleC. We shallnow shav how theseSelectionPrinciples
aredervedfrom basicideasof waveletanalysis.

SelectionPrincipleA follows from thefactthat,in mostinstancesthe childrenof aninsignif-
icant parentwill all be insigni cant. More precisely within a smoothregion of animage,the
implication

jparenf< T =) jchildj < T=2 (23)

holdsfor thresholdsT thatarenottoo small. To seewhy (23) holds, let's considerthe 1D case.
Supposdhatthewavelet hasK 1 zeromomentsandthatthe 1D signalf (x) hasann-term
Taylorexpansionfor1 n K) aboutthepointx; = j2 ™. Thatis,

1
f(x) = %f (")(xj)(x xj)k + %f M (£,)(x xj)" (24)

k=0
wheret, lies betweenx andx;. Equation(24) is consistentwith our piecavise smoothsignal
model,provided x lies within a smoothregion of theimage. It is alsoconsistenwith our model
to assumahatjf (™ (x)j is boundedoy a constanB, for all x within a smoothregion andlying a
x eddistancefrom the transitionpointsbetweendifferentsmoothregions. We may alsosuppose

thatthe wavelet is supportedwithin the nite internval [ a;a).> The wavelet coefcient Mis

SA symmetricinterval about0 is neededfor Daub 9/7 wavelets, but this assumptionis also valid for all the
Daubechiesvaveletsandall othercompactlysupportedvavelets.
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thenboundedasfollows (usingzeromomentsandthe boundonjf (M (x)j):
Z 1
f(x) {"(x)dx

—
—
1

1
Z a2 4
= i e o Mt)x  x)" "(x)dx
J a:m .
B~ (a2 I
Nl e X (x)j dx:
: j a)=em

Usingthe Schwarzinequalityon thelastintegral above yields

B a n+l=2

n n+1=2 2"

" (25)
Inequality(25) is thekey to proving (23).

To use(25) to prove (23), we rst notethattheright sideof (25) decreasetwardszeroatan
exponentialrate,asn increasesndasm increasesThereforejf thethresholdT is nottoo small,
we mayassumenhat

B a n+l=2
whrm o " (26)

Inequality (26) will hold undera rangeof conditions: (1) if T is moderatelylarge, (2) if n is
sufciently large (sufcient smoothnessf thesignal),(3) if m is sufciently large(coefcients in
lower levels). From (25) and(26) we obtain

i< T ) gt T gaic T2 (27)

Becausesomemixture of conditions(1) to (3) will generallyhold for large numbersof wavelet
coefcients—provided they areisolatedfrom sharptransitionregions betweendifferentsmooth-
nesgegions—itfollowsthat(23)is valid in a statisticalsensgvalid for mostcasesprovidedsharp
transitionregionsareavoidedandthe thresholdT is nottoo small). The generalvalidity of (23)
establisheSelectionPrincipleA.

We have establishedhe generalvalidity of SelectionPrinciple A for 1D piecavise smooth
signals. Similar reasoningappliesto the 2D caseof piecavise smoothimages. As long asthe
supportof thewaveletscorrespondindo parentcoefcients lie within a smoothnessegion (away
from sharptransitionsnearedges)andthe thresholdT is not too small, then(23) will be valid;
henceSelectionPrincipleA will alsobevalid. Noticethatour argumentfor SelectionPrincipleA
wasbasedn smoothnessf theimage,anddoesnot applyto randomnoise.

In demonstratin@electiorPrincipleA, we establishedhevalidity of theimplicationin (23). In
otherwords,aninsigni cant parenthasall of its childreninsigni cant. Applying thislaststatement
to all descendantsf an insigni cant parent,we obtain a zelo-tree of insigni cant coefcients.
Thesezero-treedhave beenusedextensvely in imagecompressioralgorithms,suchasthe EZW
algorithmof Shapiro(1993)andthe SPIHT algorithmof SaidandPearlmar(1996a)°

SelectionPrinciple B canbe veri ed using statisticsassembledrom naturalimages. In the
Taws algorithmdescribedelow, SelectionPrincipleB is usedasa criterionfor choosingnewly

6SeealsoWalker andNguyen(2000b)for a descriptionof bothalgorithms.
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emegentsigni cant childrenwhenthethresholdr is decreasetb ahalf-thresholdl =2. If aparent
coefcient was signi cant when the thresholdis T, thenwe de ne the conditional probability
P (newj old) by

P (newjold) = Prol(new signi cant childj old signi cant parenj: (28)

ThusP (newj old) is the probability that a new signi cant child, whosemagnitudesatis esT >
jchildj  T=2, hasanold signi cant parentwhosemagnitudesatis esjparenf T.

In Table 2 we give the fraction of new signi cant children having old signi cant parentsat
several Daub9/7 transformlevels for four testimagesandfor randomnoise. The valuesfor the
randomnoisewereobtainedby averaging ve realizationsof Gaussiamandomnoisewith mean
0 andstandardeviation 28. (Althoughonly ve realizationsvereused theresultsin Table2 for
the noisewerequite stableshaving deviationsof no morethan 0:01for all values.)The datain
this tableclearly shawv thatthe probabilityin (28) is muchgreaterfor moderatelyhigh threshold
valuesfor thetestimagesthanfor the randomnoise. In otherwords,for the randomnoiseonly,
it is highly unlikely thata newly signi cant child valuewill have anold signi cant parentwhen
the thresholdis greaterthanthe standarddeviation for all the child coefcients. This providesa
statisticalvalidationof SelectiorPrincipleB asa criterion for choosingnewly emepgentsigni cant
childrenwhenthethresholdT is deceasedo a half-thresholdT =2.

Table 2: Fraction of new signi cant children of old signi cant parents. The standard deviations are
for the child coef cients of each level. The Noise values were obtained from averaging values for wavelet
transforms of v e realizations of Gaussian random noise with mean 0 and standard deviation 28. A fraction
in parentheses indicates that it may be an unreliable estimate of the conditional probability P (newj old) in
(28), due to the number of new signi cant values being too small (less than 200).

Parent level/Threshold | 512 256 128 64 | 32 16 8
Lena, 4", = 37 (0:30) | 0:37 | 0:46 | 0:57 | 0:66 | 0:68 | 0:68
Goldhill, 4", =34 | (0:00) | 0:31 | 0:42 | 0:48 | 0:59 | 0:69 | 0:68
Boats, 4", = 47 (0:13) | 0:33 | 045 | 053|061 | 0:69| 0:74
Barbara, 4", =38 | (0:06) | 0:43 | 0:54 | 0:60 | 0:63 | 0:68 | 0:77
Noise, 4", = 25 0:00 | 0:02| 0:25| 0:56 | 0:77
Lena, 39, =15 (0:07) | 0:31 | 0:50 | 0:56 | 0:55 | 0:50
Goldhill, 39, =15 (0:04) | 0:24 | 0:37 | 0:45 | 0:54 | 0:65
Boats, 39, =19 (0:00) | (0:14) | 0:40 | 0:47 | 0:54 | 0:65 | 0:66
Barbara, 39, = 22 0:01 0:09 | 0:26| 0:38 | 0:51 | 0:60
Noise, 39, = 26 0:00 | 0:03| 0:26 | 0:58 | 0:78
Lena, 24, =19 (0:95) | 0:51 | 0:54 | 0:49 | 0:38
Goldhill, 29, =6 (0:07) | 0:32 | 0:35 | 0:40 | 0:46
Boats, 29, =6 (0:41) | 0:43 | 0:50 | 0:57 | 0:55
Barbara, 29, = 12 0:03 | 0:21)| 037|051 | 0:51
Noise, 29, = 24 0:00 | 0:03 | 0:29 | 0:59 | 0:79

SelectionPrinciple B is a consequencef usingwaveletsthat are continuousand have com-
pactsupport.Consequentlysharptransitionan imagevaluesnearedgegroducerelatvely higher
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valuesfor theinnerproductsof theimagewith waveletbasisfunctionssupportedn regionsover-

lapping theseedges. Thusrelatively highertransformvaluesoccur nearedges. Detailedtheo-
retical veri cations of this fact are describedn Mallat and Hwang (1992), Mallat (1998), and
Wang (1995). Furthermore sincethe supportof the wavelet correspondingo a parentcontains
the supportsof the waveletscorrespondindo its children,it follows thata signi cant valueof a
parentoccurringnearanedgewill, atleaststatistically imply thatsomeof its childrenwill alsobe
signi cant. Table2 providessupportingdatafor this lastassertion.

Finally, we give a brief discussiorof the validity of SelectionPrinciple C. Our algumentre-
lies on statisticaldatacompiledby otherresearchersSelectionPrincipleC follows from thelarge
amountof overlapof supportsof adjacentwavelet basisfunctions. Becauseof this overlap,if a
wavelet coefcient is large nearan edge,thenthereis a high probability that adjacentwavelet
coefcients will alsobelarge. HuangandMumford (1999) have assembledtatistics,for alarge
numberof testimageswhichshav ahigh correlationbetweemagnitude®f adjacentoefcients.
They have alsodevelopedtheoreticaimodelsexplainingthis correlation.Liu andMoulin have an-
alyzedthe degreeof mutualinformationcontainedn neighboringcoefcients versusparent-child
coefcients. They found that neighboringcoefcients are,in generalslightly more closely cor-
relatedthanparent-childcoefcients. Buccigrossiand Simoncelli(1999)reportsimilar ndings.
Sincecorrelationbetweernparent-childcoefcients is expressedy the validity of SelectionPrin-
ciplesA andB, it follows that SelectionPrincipleC mustbevalid aswell.

The AswDR algorithm

The Taws algorithmcombineghe threeTaws SelectionPrinciplestogethermwith the Aswbr im-
agecompressioralgorithm. BecauseTaws is an adaptatiorof Aswpr, we shall rst summarize
AswDR. TheTaws-Comp procedurdor simultaneousompressiomnddenoisings alsobasedn
AsSwDR, hencewe have a secondreasorfor describingA swpr.

TheAswbr imagecompressiomlgorithmconsistf ve parts,asshavnin Fig. 10. In thelni-
tializationpartof Aswbr, awavelettransformof theimageis computed An initial thresholdvalue
To is chosersothatall transformvalueshave magnitudeshatarelessthan2T, andatleastonehas
magnitudegreaterthanor equalto To. The purposeof the loop indicatedin Fig. 10 is to encode
signi cant transformvaluesby the methodof bit-plane encoding A binary expansion,relative
to the quantity 2T, is computedor eachtransformvalue. Theloop constituteghe procedurdoy
whichthesebinaryexpansionarecomputed As thethresholds successiely reducedoy half, the
partslabeledSigni cancePassandRe nementPasscomputethe next bit in the binaryexpansions
of thetransformvalues’ We shallseebelawv thatthe replacingof thethresholdT by its half-value
T=2, alongwith theloopingthroughthe Signi cancePass resultsin alogically consistentmethod
for testingthe signi canceof parentsandchildren.

We shall now describeeachpart of the Aswpr algorithmin more detail. The Initialization
part,asdescribedibove, involveswavelettransformingheimageandchoosinganinitial threshold
T = To. Oneothertaskin Initializationis theassigningpf ascanorder. For animagewith P pixels,
ascanorderis a one-to-oneandontomapping; = Xk, fork = 1;::: P, betweerthetransform
values(lg;; ) anda linear ordering(xy). This initial scanorderis a zigzagfrom higherto lower
levels(Shapiro,1993),with row-basedscanninghroughthe horizontalcoefcients, column-based

’SeeWalker andNguyen(2000b)for amorecompletedescriptiorof bit-planeencoding.
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Initialization
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New Scan Order
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L Divide Threshold by 2

Figure 10: Block diagram for ASWDR and TAWS algorithms.

scanninghroughthevertical coefcients, andzigzagscanninghroughthe diagonalcoefcients.

The next partof the algorithmis the Signi cance Pass.In this part, new signi cant transform
valuesxy, satisfyingT  jxnj < 2T areidenti ed. Theirindex valuesm areencodedisingthe
differencereductionrmethodof TianandWells (1996). Thedifferencereductionmethodessentially
consistsof a binary encodingof the numberof stepsto go from the index of the last signi cant
valueto the index of the presentsigni cant value. More detailscanbe foundin Tian andWells
(1998) or Walker andNguyen(2000b). The quantizedvalueq,, = T sgn,) is assignedo the
index m atthis point.

Following the Signi cancePass thereis a Re nementPass.The Re nementPassis a process
of re ning the precisionof old quantizedtransformvaluesq,, which satisfyjq,j 2T. Each
re ned valueis a betterapproximationof an exact transformvalue. The precisionof quantized
valuesis increasedo make themat leastasaccurateasthe presenthreshold.For example,if an
old signi cant transforms magnitudgx,j liesin theinterval [32, 48), say andthepresenthreshold
is 8, thenit will be determinedf its magnituddies in [32 40) or [40; 48). In the latter case the
nev quantizedvalue becomesA0sgn(x,), andin the former case,the quantizedvalue remains
32sgnx,). The Re nementPassaddsanotherbit of precisionin the binary expansionsof the
scaledransformvaluesf x,=(2To)Qg.

Following the Re nementPass,the New ScanOrder partis performed. This is the part of
the Aswpr algorithmwhereideassimilar to the Taws SelectionPrinciplesareemployed. A new
scanorderis createdby a bootstragprocesgproceedingrom higherto lower levels of thewavelet
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transform.We call this bootstragprocesgshe Aswor New ScanOrderProcedure:

AswbDR New ScanOrder Procedure

At the highestlevel (which containsthe trendcoefcients), usetheindicesof theremaining
insigni cant valuesasthe scanorder at that level. Assumingthat the nev scanorderis
alreadycreatedat level r, a new scanorderis createdatlevelr 1 in the following way.
Usethe old scanorderto scanthroughthe signi cant waveletcoefcients atlevel r in the
transform. The rst part of the new scanorderat level r 1 containsthe insigni cant
childrenof thesesigni cant waveletcoefcients. Rescarthroughthe insigni cant wavelet
coefcients at level r. The secondpart of the new scanorderatlevel r 1 containsthe
insigni cant children, at least one of whosesiblingsis signi cant, of theseinsigni cant
waveletcoefcients. Rescara secondime throughthe insigni cant waveletcoefcients at
level r. Thethird partof thescanorderatlevelr 1 containgheinsigni cant children,none
of whosesiblingsare signi cant, of theseinsigni cant waveletcoefcients. (Althoughthis
descriptionis phrasedn termsof a three-scarprocessijt canbe performedin onescanby
linking togetherthreeseparatehainsat the endof onescan.)Usethis new scanningorder
for levelr 1to createthenew scanningorderfor levelr 2, until all levelsareexhausted.

The rationalefor the creationof a new scanorderis to reducethe numberof stepsbetween
the new signi cant valueswhich emege whenthe thresholdT is reducedio T=2. For example,
considerFigures9(b) and(c). If thevalueof thethresholdT is 24 for the Peppersmage,thenthe

rst partof the new scanorderfor the transformcoefcients in Fig. 9(c) will betheinsigni cant
childrenof the signi cant parentlocationsshavn aswhite pixelsin Fig. 9(b). This will capture
a high percentagef new signi cant childrenwithin the rst part of the new scanorder—thus
greatlyreducingthe numberof steps,andhencethe numberof bits neededor encoding.Notice
alsohow thelocationsof signi cant valuesarehighly correlatedvith thelocationsof edgeswithin
the Peppersmage. The scanningorder of Aswbpr dynamicallyadaptsto the locationsof these
edgedetailsin animage,andthis enhancesheresolutionof theseimagesin Aswbpr compressed
images® Sincethe Taws algorithmmakesuseof a similar dynamicallyadaptedscanningorder it
alsoenjoys high resolutionof edges.Consequentlyaswe shall seein section5, Taws denoised
imagesaresharpermorein focus,thandenoisingbtainedwith otherwaveletmethods.

The Aswbr procedurecontinuesuntil eitherthe thresholdT is lessthan somepreassigned
value , or until a preassignedumberof bits (a bit budget)hasbeenusedfor encoding.The rst
stoppingcriterionis usedby the Taws algorithm,while the secondstoppingcriterionis usedby
the Taws-Comp simultaneougsompressiomnddenoisingalgorithm.

The Taws algorithm

The Taws denoisingalgorithm combinesthe three Taws SelectionPrincipleswith the Aswbpr
imagecompressiomethodsummarizedibore. In orderto achieve thiscombinationthreeparam-
etersareused.

Oneparameters thedescentndex D, whichis anon-n@ative integer The Taws threshold
isthensetat |, =2°, wheretheheightindex satis es1 2. For all of theTaws denoisings

8Theimportanceof edgesfor humanvision wasemphasizedby Marr (1982). A waveletanalysisof the key role
playedby edgesn imageformationwasdevelopedby Mallat andZhong(1992).
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reportedonin this surwy, thevalueof this seconcdparameter wassetaspi Notethatif D = O
and = 1,then ; = | andTaws reducedo the VisuSHRINK method.Thethird parameters a
depthindex D, whichis anintegerlying betweenl andL, whereL is the numberof levelsin the
wavelettransform.We shallclarify belov the natureof thedepthindex D.

The basicstructureof Taws is diagrammedn Fig. 10. We now describen detailthe imple-
mentationof TAws.

The Taws Algorithm

Stepl (Initialization). As describedbove for the Aswpr algorithm,in this steptheimageis
transformeda scanningprderf x g is de ned for searchinghroughthetransformedmage,
andaninitial thresholdT = Ty is chosen.For later use,the integer K is de ned via the

equation2Tp)=2¢ = . ThatK is anintegercanbearrangedy arescalingof transform
values. This rescalingof transformvaluesis neededo ensurethatT = | afterK + D
cyclesthroughSteps2 to 5.

Step 2 (Signi cance pass). Determinenew signi cant index values,thoseindicesm for
which x,, hasa magnitudesatisfying T Xmj < 2T. If T v» thenassigng,, =
T sgnf) asthequantizedvaluecorrespondingo X, .

Step 3 (Re nementpass).Re ne the quantizedransformvaluescorrespondindo old sig-
ni cant transformvalues.Eachre ned valueis a betterapproximatiorto anexacttransform
value.There nementprocessorrespond$o computingthebitsin the binaryexpansionof
the scaledransformvaluesf x, =(2To)g.

Step4 (New ScanOrder). Createa new scanningorderasfollows. For the rst K cycles
throughSteps2 to 5, duringwhich T »» producea new scanningorderby following the
Aswbr New ScanOrderProcedure.

ForcyclesK + 1toK + D, thethresholdT satisesT < . Forthesecycles,proceedas
follows. If thelevelr is largerthanD, thenusethe Aswbr New ScanOrderProcedureo
producethe new scanorderfor levelr 1. For eachlevel r from D to 2, producethe new
scanorderatlevel r 1 asfollows. Usethe old scanorderto scanthroughthe signi cant
waveletcoefcients in level r. Includein thenew scanorderall of theinsigni cant children
of X, . (ThisimplementsSelectionPrinciple A, andimplementsSelectionPrincipleB asa
searchingprocedurdor new signi cant coefcients.)

Step5 (Divide Thresholdoy 2). Replacahethresholdl by 1=2 of its valueandrepeatSteps

2 to 4 until this new thresholdT is lessthan . .

Whenthe procedureas nished, SelectionPrinciple C is invoked by settingto zeroall quantized
transformvaluesof magnituddessthan ,, which do not have anon-zeroadjacentwalue. Further
more,in orderto ensuregreateraccurag of non-zeroquantizedransformvalues,the re nement
passs executedseveraltimesmore( ve furtherre nementsusuallyprovide sufcient increasan
SNR). Finally, shrinkageis appliedusing = ., andaninversetransformis performedon the
guantizedransformto producea denoisedmage.

An importantfeatureof the Taws algorithmis its fastexecution. The whole procedurecanbe
performedn O(P) operationswhereP is thenumberof pixelsin thenoisyimage.In fact,it takes
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only 1:3 secondso denoisea512 512imageonal GHzmachinewith 256MB RAM. Moreover,
this speedwasattainedwithout any codingoptimizations(suchasexpressingthe rescaledrans-
form in purebinaryform to allow for replacingdivisionsby bit-shiftsandfor fastercomparisons).
In theoriginaldescriptiorof Taws in WalkerandChen(2000),thechoicesof theparameterg,,
D, andD, werenot automaticallyspeci ed. With theimprovementsof Taws describedhere,it is
now possibleo specifychoicedor thesgparameters/hich areautomaticallyset,independentlyy
thealgorithm. For all imagestested thefollowing parameteralueshave beenfoundto generally
producethebestdenoisingghighestSNRs andgoodvisualcharacteristics)Thelevel parameteis
setasL = 5. Using5 levelsin the Daub9/7 transformgreatlyreduceghefractionof noiseenepgy
B1_the 5 level trend. The descenindex is setasD = 3. The lowestpossiblethresholdis then
2 ,=8 which is slightly above the standarddeviation of the noise. The depthparameteD is
givenoneof two values dependingnthesizeof . If 256, thenthedepthparameters setas
D = 2;andif > 256, thenthedepthparameters setasD = 3. Thereasorfor thedifferenceis
thatwhen isfairly large (> 25.6), thenmorenoisevaluescontrikute signi cant enegy at higher
levels of the transform. UsingD = 3 insteadof D = 2 allows for a more stringentapplication
of the Taws SelectionPrinciples,including at one higherlevel of the transform. Consequently

morenoiseis generallyremovedandahigherSNR is generallyobtainedwhenD = 3is usedwith
highervaluesof

(a) Boats image (b) Transform (c) Noisy transform

(d) VISUSHRINK (e) ,-shrinkage () Taws

Figure 11: Effectiveness of TAWS selection principles.
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As anillustrationof theeffectivenes®f the Taws algorithm,considetheimagesshowvn in Fig-
uresllandl12. In Fig. 11(a)we shav the Boatstestimage. A portionof the Daub9/7 transform
of thisimageis shavn in Fig. 11(b). To be precisethe 1% level vertically orientedcoefc&‘-nts are
showvn. Only signi cant coefcients, thosewhosemagnitudes atleastaslargeas , = = 2 =8,
areshavn in Fig. 11(b) andin Figures11(c) through11(f). The grey backgroundn thoseim-
agescorrespondso insigni cant coefcients, darker pixelsindicatenegatively valuedsigni cant
coefcients, andlighter pixelsindicatepositively valuedsigni cant coefcients.

(a) Noisy image: SNR = 17.3db  (b) VISUSHRINK: SNR = 20:8 db

(c) ,-shrinkage: SNR =21:1db (d) TAWS: SNR =239db

Figure 12: Comparison of TAWS with VISUSHRINK and , -shrinkage.

Theeffectof addingrandomnoisewith = 20, shavn in Fig. 12(a),is illustratedby the noisy
transformin Fig. 11(c). Many of the detailsapparentn Fig. 11(b) are obscuredn Fig. 11(c).
WhenVisuSHRINK is appliedto the noisy transformin Fig. 11(c), thenthe transformshawn in
Fig. 11(d) is obtained. We canseethatalmostall the detailsfrom Fig. 11(b) arelost. This loss
of detailleadsto the blurred,oversmoothedienoisingshavn in Fig. 11(b). If shrinkagds applied
with thesmallerthreshold . , thenwe obtainthetransformshavn in Fig. 11(e).A largeamountof
residualnoiseremains.Thedenoisedmagein Fig. 12(c) correspondingo this transformretainsa
correspondinglyarge amountof residualnoise.

Finally, we shaw in Fig. 11(f) thetransformresultingfrom usingthe Taws algorithm. Thereis
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far lessresidualnoise,comparedvith Fig. 11(e),andconsiderablynoredetailthanin Fig. 11(d).
Consequentlythe Taws denoisedmagein Fig. 12(d),resultingfrom thetransformin Fig. 11(f), is
asharpermorefocusedmagethanthe VisuSHrINKk denoisingandyetit doesnotcontainresidual
noiselike Fig. 12(c). The Taws denoisingis superior both perceptuallyandin termsof SNR, to
boththe VisuSHRINK denoisingandthedenoisingobtainedoy shrinkagewith .

This exampleillustratesthe superiorityof Taws over VisuSHRINK. Much higherperformance
denoisershowever, have superseded 1SUSHRINK. In section5, we shallcompareTaws with such
stateof theartdenoisers.

The TAaws-spiN algorithm

Sinceit utilizes thresholding,the Taws algorithm can be improved by an averagingof shifted
versionsof the noisy image,just aswe discussedn section3 for cycle-spinthresholding. This
averagingalgorithm, called Taws-spin, simply consistsof averagingTaws denoisingsof a nite
numberof cyclic shifts of the noisyimage: (G; «; m) fork;m = 0, 1,:::, (N=2) 1. 1t
is importantto remembetthat althoughcycle-spinthresholdings an O(P logP) method.,it still
requiresconsiderablenemoryresources—anthirly complicatedbookkeeping—tostorepartsof
previously computedransformsof shiftedimages.The Taws-spin methodrequiresonly amodest
increasean memoryresources—jusivo extra arraysequalin sizeto theimagearrayfor holding
theimageshiftsandfor storingpartialaverages—anthereis no extra bookkeepingneededsince
completedenoisingsareperformedo createthe averages.

Experimentsvith Taws-spPiN shav that SNR valuesrapidly converge asthe numberof shifts
increasesandthatN = 1yieldsagoodcompromiseébetweerincreasedNR valuesandincreased
time and memoryconsumptiomeededo performaverages.For N = 1, just 9 denoisingsare
averagedhenceTaws-spiN still performswith O(P) complity. As mentionedn sectionl, the
time for a Taws-spiN denoisingwith N = 1 of a512by 512imageis about12 seconds.Using
N = 2 providesalmostthehighestpossibleSNR values(atabout3 timeshighercostin calculation
timethanfor N = 1). The Taws-spiN denoisingsn sectionl wereobtainedusingN = 1, while
thosein section5 were obtainedwith N = 2. Experimentshave alsodeterminedhat a height
index of = 2, adescenindex of D = 4, anda depthindex of eitherD = 2 (when 25.6) or
D = 3(when > 256), provideexcellentTaws-spiN denoisingsAll of theTaws-spiN denoisings
reportedon in this suney usedtheseparametesettings.By usinghighervaluesfor andD, the
TAws-spPIN algorithmappliesthe Taws SelectionPrinciplesover agreaterangeof thresholdvalues
(beginning with a highervalueof ), andis thusableto selectout moreresidualnoisevalues
thanTaws alone.

The TAws-CoMmP algorithm

A major attribute of Taws is its closeconnectionto the image compressiorprocedureAswpR.
This closeconnectiorallows for the Taws algorithmto be transformednto a simultaneousom-
pressinganddenoisingalgorithm,calledTaws-Comp. Theessentiaideais to simply transmitbits
during the Signi cance Passand Re nementPass—agdescribedabore for the Aswpr compres-
sionalgorithm—which encodendex valuesfor new signi cant coefcients andhow to re ne old
signi cant coefcients. Thesebits constitutethe compressednage.They describehow to rekuild
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the denoisedmagetransform.Whencompressinghowever, ary noise-dominatetransformval-
uesthatwould be removed by SelectionPrinciple C (which is invoked after Stepsl through5 in
Taws) shouldnot be encoded.Therefore,SelectionPrinciple C mustbe invoked during Stepsl
through5. Moreover, by removing isolatednoisy transformvalues—whichcontritute to isolated
noisyartifactsin Taws denoisedmages—nbotlihe perceptuatjuality andcompressiomatio of the
denoisedmagescanbeimproved. Most of theseisolatednoisy transformvaluescanberemoved
by usingSelectionPrincipleB to remove signi cant parentsvithout signi cant childrenaspartof
Step4.

We now give a descriptionof the Taws-Comp simultaneougompressioranddenoisingalgo-
rithm. In this descriptiorwe highlightthe compressingartsof the algorithmby usingitalics.

The Taws-Cowmp Algorithm

Step 1 As describedabove for the Aswpr algorithm,in this steptheimageis transformed,
ascanningorderf X, g is de ned for searchinghroughthetransformedmage,andaninitial
thresholdT = T, is chosen.

Step 2 (Signi cance pass). Determinenew signi cant index values,thoseindicesm for
which X, hasa magnitudesatisfying T KXmj < 2T. If T v thenassigng, =

T sgnf ) asthequantizedsaluecorrespondingo X,,. Encodehesenew signi cantindices
usingthe differencereductionmethoddescribedoy Tian and Wells (1996,1998) or Walker
andNguyen(2000b).

Step3 (Re nementpass) Re ne quantizedransformvaluesby successiely computingthe
bitsin thebinaryexpansiornof scaledransformvaluesf x[m]=(2T,)g. Encodethenext bit in
thebinary expansionfor eat pass.

Step4 (New ScanOrder). Createa newv scanningorderasfollows. For the rst K cycles
throughSteps2 to 5, duringwhich T v » producea new scanningorderby following the
Aswbpr New ScanOrderProcedure.

For cyclesK + 1toK + D, thethresholdT satisesT < . Forthesecycles,proceedas
follows. If thelevel r is largerthanD, thenusethe Aswpr New ScanOrderProcedurdo
producethe new scanorderfor levelr 1. For eachlevel r from D to 2, producethe new
scanorderatlevelr 1 asfollows. Usethe old scanorderto scanthroughthe signi cant
waveletcoefcients in level r. If suchasigni cant coefcient, x,, satis esjxnj < , and
hasno signi cant children,thensetx,,, = 0 andq, = 0. (Thusinvoking SelectionPrinciple
B.) Ontheotherhand,if jxnj < , andx, hassomesigni cant children,or if jxny] v
thenincludein the nev scanorderall of the insigni cant childrenof x,, thathave at least
onesigni cant sibling. (This implementsSelectionPrinciple A, and partially implements
SelectionPrincipleC, for thesdower levels.)

Step5 (Divide Thresholdoy 2). Replacahethresholdl by 1=2 of its valueandrepeatSteps

2 to 4 until this new thresholdT is lessthan . .

Eitherintegerto-integer (Calderbanlet. al, 1998),or oating pointwavelettransformscanbe
usedwith the Taws-Comp procedure Whenanintegerto-integertransformis usedthenarescal-
ing of thetransformis performedduringthe Initialization Stepwhich approximatesnorthogonal
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transform(SaidandPearlman1996b).(Whenanintegerto-integer transformis usedwith Taws,
thentherescalingof transformvaluesin thelnitialization Stepof Taws is replacedy therescaling
justdescribedor Taws-ComPp.)

When the Taws-Comp procedureis nished, then decompressioran be performedon the
compressedata.This decompressiononsistf thefollowing 5 steps:

1. Recapitulatestepsl—-5above in orderto obtainthe quantizedransform.

2. Roundquantizedtransformvaluesto the midpointsof their quantizationbins (to improve
accurag).

3. Setto zeroall quantizedransformvalueshaving magnituddessthan ,, which do not have
anon-zeroadjacenwalue(thisimplementsselectionprinciple C).

4. Apply shrinkageto the quantizedransformusingthreshold . .
5. Invertthe quantizedransform(androundto 8-bit precision).

The descriptionof Taws-Comp given abore makesit appearasif the only exit point of the
compressiorprocedureis whenT < . occursin Step5. However, Taws-Comp also allows
for checkingthe cumulatve total of bits outputthroughoutthe compressiomprocessandexiting
may occurwhenthis bit total exhaustsa prescribedit budget. Thus Taws-Comp canmatchpre-
assignedbit rates.A similarexiting criterionwithin thedecompressioprocessllows Taws-Comp
to decompresatary bit rateup to thetotal compressedate.

A morecompletedescriptionof Taws-Comp canbefoundin Walker (2001b).An exampleof
a Taws-Comp compressiorplus denoisingwill be given below in section5. This examplewill
illustrate that Taws-Comp can performdenoisingnearly aswell as Taws while simultaneously
compressingheimage.

Other transforms for TAwWS

The Taws procedureganbe usedwith a variety of differenttransforms.In this surwey, we em-
ployed the Daub9/7 transformexclusively. Othertransformsthat canbe usedare: (1) comple
wavelettransformgKingshury, 1998],(2) steerablavavelettransformgSimoncelliandFreeman,
1995], (3) integerto-integer wavelet transformgCalderbanket al., 1998], and (4) the GenLOT
transformgde Queirozetal., 1996]whenmappedo a four-leavedtreestructure[Tran,1999,and
TranandNguyen,1999].

Furtherresearchs neededntheeffectivenes®f theseransformdor Taws denoisingandhow
they compare.The comple andsteerablevavelettransformshave alreadyproventhemselesto
be quite effective in otherdenoisingalgorithms[Choi etal. (2000),andStrelaetal. (2000)].

5 Comparisonof TAws with other techniques

In this last sectionof our suney, we compareTaws with other prominentdenoisingmethods.
This comparisorwill be donein two ways. First, we shall make an objectve comparisorusing
SNR. We comparetheincreasesn SNR, obtainedusingTaws andotherdenoisingmethodspn a
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suiteof testimagescontaminatedvith Gaussiarrandomnoisehaving a rangeof standardlevia-
tions. Thiscomparisorwill shav thatTaws producesSNRs essentiallyequalto thoseproducedy
SURESHRINK, andthatTaws-spiN produceghe highestSNRs of all of themethodsexamined.Sec-
ond,becauseNR doesnot alwaysaccordwell with humanvisual perceptionwe shallalsomalke
a subjectve, visual comparisorof several denoisings.This visual comparisorwill illustratethe
superiorability of Taws to producedenoisingghataresharplyfocusedwith well-de ned edges.

Table 3: Comparison of SNRs for various denoising methods. Key: W = Wiener lter ing,
SuSh = SURESHRINK, C-S = cycle-spin thresholding, H-S = HMmT-sPIN, T-S = TAWS-SPIN.
[Reproduced from Walker and Chen (2000), permission requested.]

Image, SNR W HMT | SuSh | TAws | C-S | H-S | T-S
Lena, 8 244 || 289 | 289 | 289 | 29.0 || 285 | 29.9 | 298
Goldhill, 8 | 237 || 26:1 | 260 | 26.6 262 || 263 | 26.9 | 268
Boats, 8 252 | 281 | 284 | 28.8 | 28.8 | 284 | 293 | 294
Barbara, 8 | 242 | 245 | 234 | 26.4 25.7 235 | 241 | 26.4
Peppers, 8 | 235 || 27.7 | 265 | 271 273 || 269 | 271 | 28.1
Lena, 16 184 | 250 | 255 | 25.6 | 25.6 || 257 | 26.4 | 262
Goldhill, 16 | 17:7 || 23.3 | 228 | 23.3 231 || 232 | 235 | 23.8
Boats, 16 | 192 | 250 | 246 | 25.1 250 || 250 | 253 | 25.9
Barbara, 16 | 182 || 221 | 20:0 | 22.3 221 || 220 | 205 | 22.3
Peppers, 16 | 17:6 || 240 | 236 | 242 | 244 || 244 | 242 | 25.2
Lena, 32 125 | 197 | 22.3 | 22.3 222 || 221 | 229 | 23.3
Goldhill, 32 | 11:.9 || 186 | 20:2 | 20.5 201 || 205 | 208 | 20.9
Boats, 32 134 || 202 | 21:14 | 21.7 215 || 21:8 | 21:9 | 22.5
Barbara, 32 | 1224 || 182 | 17:7 | 19.0 185 || 185 | 181 | 18.6
Peppers, 32| 11:8 | 186 | 205 | 207 | 20.8 || 212 | 209 | 21.8
Lena, 64 72 || 145 | 19.2 | 188 187 | 188 | 19.6 | 19.6
Goldhill, 64 | 6:53 || 136 | 17:7 | 17.8 173 || 175 | 181 | 18.3
Boats, 64 81 | 151 | 18.6 | 185 182 | 183 | 189 | 19.1
Barbara, 64 | 7:1 || 136 | 16.0 | 16.0 157 | 159 | 162 | 16.3
Peppers, 64| 6:4 || 133 | 17.0 | 17.0 167 || 173 | 172 | 174

Objective, SNR Comparison

In Table3 we list the SNRs for denoisingsf ve standardestimagesknown asLena Goldhill,
Boats Barbara, andPeppes. Theseimageswerecontaminatedvith Gaussiamandomnoisehav-
ing standarddeviationsof = 8, 16, 32, and64. Thesestandardleviationsrangefrom fairly low
( = 8)tomoderat = 16), to moderatelyhigh( = 32) andextremelyhigh( = 64). Seven
differentdenoisingmethodswere usedto producethe SNRs in Table3. Thesemethodsinclude
Wiener ltering, SURESHRINK, TAws, cycle-spinthresholding,and Taws-spiN, which were dis-
cussedabore. In additionto thesemethods;Table3 alsoincludesSNRs from two otherprominent
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denoisingnethodsthe HuT method(Rombeg etal., 1999a)andthe HmT-spin method(Rombeg
etal., 1999c).

TheseHmT methodsiseaBayesiarprobabilisticapproachn connectiorwith Markov relations
for the signi cance statesrelative to thresholding,of the nodesin treesof wavelet coefcients.
Completedetailscanbefoundin the papersitedabore. HuT methodsearsomesimilarity to the
Taws procedureput they are basedon a probabilisticdecisiontheory while the decisiontheory
for Taws is deterministic.

(a) Boats image (b) Noisy image, 17:3 db (c) SURESHRINK, 24:0 db

(d) TAws, 239db (e) HMT, 235db (f) Wiener, 23:6 db

Figure 13: Denoisings of noisy Boats image, with SNR values. The noisy image in (b) has = 20.

Columns2 to 5 in Table 3 containthe SNRs for denoisingsusingWiener ltering, the HmT
method, SURESHRINK, and Taws, respectrely. Thesemethodsdo not employ spin-averaging.
Among thesenon-spinaveragedmethodsthe datain Table 3 clearly indicatethat SURESHRINK
generallyproduceshe highestSNRs. Taws produceshigher SNRs than SURESHRINK for one-
guarterof the denoisings. The differencesn SNRs, however, betweenthe threewavelet-based
methodg(HMT, SURESHRINK, and TAws) arenot very signi cant—generallylessthan0:5 db. In
termsof SNRs, thesehreemethodgprovide roughlyequialentperformanceThesewavelet-based
methodsall outperformWiener Itering, particularlyatthehighernoiselevels( = 32and64).

Theremainingcolumnsin Table3, columns6 to 8, containthe SNRs for spin-averagedienois-
ings. Thesespin-averageddenoisingsarecycle-spinthresholdingHmT-spiN, and TAws-spiN. All
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of thesemethodsare averagesof denoisingsof cyclic shifts, (G; «; m) fork;m = 0, 1,:::,
(N=2) 1, of thenoisyimage.In eachcaseacertaintypeof denoisingnethod—eithethreshold-
ing, or HvT, or TaAws—is appliedto eachcyclic shift, andthenall denoisingsareaveragedafter
reverseshifting). For eachmethodit is possibleto carryoutthiswork in O(P log, P) operations.

It is importantto remember however, that althoughcycle-spin methodshave O(P log, P)
complity, it still requiresconsiderablenemoryresourceso storepartsof previously computed
transformsof shiftedimages.Experimentshav that SNR valuesrapidly cornverge asthe number
of shiftsincreasesandthatN = 2 (averaging25 differentshiftings)yields a goodcompromise
betweenncrease®NR valuesandincreasedime andmemoryconsumptiomeededor perform-
ing averages.Theresultsreportedin Table3 for eachof the threespin-avzeragedmethodsarefor
thecaseof N = 2. Theseresultsshav that Taws-spin generallyproduceshe highestSNRs, and
sometimests SNRs aresigni cantly higher(at least0:5 db higher)thanoneor both of the other
spin-averagednethods.Taws-spiN alsogenerallyprovidesthe highestSNR valuesof all seven of
thedenoisingmethods.

(a) Boats image (b) Noisy image (c) SURESHRINK

(d) TAwWS (e) HMT (f) Wiener

Figure 14: Magni cations of images in Fig. 13.
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Subjective, Visual Comparison

Although SNR providesanobjective standardor measuringhe effectivenessf denoisingjt does
not always accordwell with humanvisual perception. For example,althoughthe VisuSHRINK
denoisingdn Fig. 5 all have muchhigher SNRs thanthe noisy imagein Fig. 1(b), mostpeople
would preferthe noisy imageto the denoisingsn Figures5(b) to (d). Thereasornthatthe noisy
imagewould be preferredis dueto the considerabldossof detailin the denoisings.Fig. 5(a) is
the exceptionthatprovestherule. It is preferredoy somepeoplebecausat retainsenoughdetail
while simultaneoushhaving muchreducednoise. Thuswe seethat SNR cannot be usedasthe
only measureof denoisingeffectiveness.We mustalsoconsiderour subjectve visual perception
whencomparingdenoisings.

(a) Barbara image (b) Noisy image, 182 db (c) SURESHRINK, 223 db

(d) TAWS, 221 db (€) HMT, 20:0 db (f) Wiener, 22:1 db

Figure 15: Denoisings of noisy Barbara image, with SNR values. The noisy image in (b) has = 16,

Thereis animportantpoint to considernere. Humanvisual perceptiorhasbeenre ned over
millions of yearsof evolution, thusproducinganexcellentsystemfor distinguishingmagedetails
from noise. Distinguishingimagedetailsis vitally important—thesurvival of individual humans,
and our mammalianancestorshasdependediponit. Our perceptuakbility to separatemage
detailsfrom noiseexplainsthe VisuSHRINK examplediscussedn the previous paragraphWhen
a denoisingappearslurred, and mary imagedetailsare lost, humanobsererswill preferthe
original noisyimage.Theability of Taws to retainedgedetails,andtheimportanceof suchdetails
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for thefocusedappearancef imagesn our visual perceptionenablesTaws denoisinggo appear
more sharplyfocusedthan denoisingswith other methods. The examplesdiscussedelon will
con rm thislaststatement.

(a) Noisy image: 17:3db (b) Cycle-spin: 237 db

(c) TAWS-SPIN: 247 db (d) HMT-SPIN: 24:1 db

Figure 16: Spin denoisings of noisy Boats image, with SNR values.

Our rst exampleis a denoisingof the noisy Boatsimageshaovn in Fig. 13(b). This noisy
imagewas obtainedby addingrandomnoisewith = 20 to the Boatsimagein Fig. 13(a). In
Figures13(c)to (f), we shav denoisingof this noisyimageusing SURESHRINK, TAws, HMT, and
Wiener ltering. Althoughthe SURESHRINK denoisinghasthe highestSNR, the Taws denoising
is slightly morefocusedthanary of the otherdenoisinggexcepting,perhapsthe Wiener lter -
ing). TheHmMT denoisingappearparticularlyblurred. Althoughthe Wiener Itering mightappear
slightly morefocusedthanthe otherdenoisingsit retainsconsiderabl@mountsof residualnoise.
Theseobsenationsareevenmoreclearly evidentin the magni cationsshowvn in Fig. 14.

As a secondexample,we usedthesesamedenoisingmethodson the Barbaramage,contam-
inatedwith randomnoisehaving = 16. Becausat is nearlyimpossibleto distinguishbetween
the full-size denoisings, we shaw in Fig. 15 magni cationsof the variousdenoisings. Although

9Thefull-size denoisingsanbefoundatthe following webpage:
http://www.uwec.edu/academic/curric/walkerjs/denoisings
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(a) Noisy image (b) Cycle-spin

(c) TAWS-SPIN (d) HMT-SPIN

Figure 17: Magni cations of images in Fig. 13. The original Boats image is in Fig. 13(a).

SURESHRINK hasaslightly higherSNR, it retainssomeannging isolatednoiseartifacts. TheHmT
denoisings somavhatblurredandalsoexhibits someisolatednoiseartifacts. TheWiener Itering,
aswith thelastexample,containsalargeamouniof residuaihoise(hencewe shallnotconsiderary
moreexamplesof Wiener Itering). Finally, we notethatthe Taws denoisingappearshe sharpest
of all the wavelet-basedlenoisings.Note, in particular the sharpnessf the stripesin Barbaras
scarfandthe faithful reconstructiorof Barbaras lips. The Taws denoisingalsoseemshe most
free of noiseartifacts.

We now consideran exampleof spin-arerageddenoising. In Fig. 16, we shav a cycle-spin
thresholdinga Taws-sPiN, anda HmMT-spIN denoisingof the noisy Boatsimagewith = 20. In
this case,the Taws-spIN denoisinghasthe highestSNR and appearghe sharpestmostclearly
focusedof the denoisings.The magni cationsof theseimagesin Fig. 17 con rm the superiority
of the Taws-spiN denoising. In particular the lettersin the boats nameand the boat's masts
andrigging aremoresharplyde ned for the Taws-spindenoisingthanfor eitherof the otherspin
denoisings.

We concludeour comparisonsvith anexampleof denoisingarealimage.The previousexam-
plesusedtestimagesvhichwerethencontaminatedby addingrandomnoise.In our nal example,
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(a) Underwater image (b) Histogram

Figure 18: Underwater camera image and approximate histogram of noise.

we considerthe denoisingof animageacquiredfrom an underseaameraundervery noisy con-
ditions. This imageis shavn in Fig. 18(a). The histogramof its D ! wavelet coefcients, shavn

in Fig. 18(b), illustratesthe Gaussiamatureof the noisecontaminatinghis image. To perform
denoising,we appliedsix differentwavelet-basednethods. The resultsareshovn in Fig. 19. It

is interestingthatfor this realexample,the SURESHRINK denoisingis clearlythe worst, dueto its

very blurredappearancelhe Taws denoisings muchlessblurred,andretainsfar morestructure
in the seaveedon the lower right. Thereare,however, someisolatednoiseartifactsin the Taws

denoising. Theseartifactsareremoved in the Taws-spiN denoising,which is alsomore sharply
de nedthaneithertheHmT or HMT-spIN denoisings.

In this underseacameraapplication, it is necessaryo transmitthe acquiredimage over a
very low-capacitychannel. The low-capacitynecessitategansmittinga compressedmnage. In
Fig. 19(c)we shav a Taws-Comp denoisingwhich hasbeensimultaneouslcompresseadt arate
of 32:1. This Taws-Comp denoisings notasgoodasthe Taws or HuT denoisingsbut doesretain
more detailsthanthe SURESHRINK denoising,even thoughit is compressedt the rate of 32:1.
Furtherexamplesandmoredetaileddiscussiorof Taws-Comp canbefoundin Walker (2001b).

Conclusion

In this surwey we have describedhe theorybehindTaws, andcomparedt with otherdenoising
methodsothin termsof SNR andperceptuallyThe Taws methodis particularlygoodat preserv-
ing edgedetailsandthusproducingsharplyresoheddenoisingsSuchsharplyresoheddenoisings
have notbeenpreviously achiezedwith otherwavelet-baseanethods.

Futureresearchwill be neededo examinethe propertiesof Taws denoisingausingdifferent
wavelettransforms suchasthe complex wavelet transformswhich have beenshowvn to improve
theperformancef otherwavelet-basedienoisersAn important,andlong unsohed, problemis to

nd ameasuref errorwhichis betterin accordwith humanvisual perceptiorthanSNR. Perhaps
suchameasurevould objectively demonstratéhat Taws is superiorto competingmethods.
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(a) SURESHRINK TAWS (c) TAWsS-COMP, 32:1

(d) TAWS-SPIN (e) HMT (f) HMT-SPIN

Figure 19: Denoisings of underwater camera image in Fig. 18.
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