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| ntroduction

Cantor’s analysis of the different sizes of infinities is ohée crown jewels of mathematics. The
basic ideas behind his analysis have been synthesizechweiitimentary notions of set theory to
such a degree that now they can be taught at a basic levell@g€¢3], or [6]). In this article, we
explore some of the ways that the analysis of infinities has lag@plied in other fields.

The article begins with a detailed discussion of the appboaof Cantor’s diagonal method,
which he used for proving the uncountability of the real nenshto proving the unsolvability of
the Halting Problemin computer science. In discussing the Halting Problem, seermany of the
original notions that Cantor created and touch on importaaelbpments in logic, such as@el
numbers and Incompleteness Theorems. We then provide aayrofmapplications of the notion
of uncountable infinities to a wide variety of other fieldsolbgy, linguistics, economics, and
philosophy. This summary illustrates how Cantor’s ideaslmermeated all of modern intellectual
thought.

This paper arose fromlaesson Studfor an introductory coursentroduction to Mathematical
Thinking, for Liberal Arts students at our university, which uses [&8]text. Lesson Study is a
method for practical research and development of new metbfi@aching mathematics, proposed
by James Stigler and James Hiebert in their excellent bdbk, Teaching Gapl2]. It involves
concentrated studying and researching of an individuat taypd collectively developing a method
for teaching the topic. This involves a cyclesitidy and research, lesson development, teaching,
revision, and renewed teachingading towards a profound understanding of the topic amd ho

to teach it. In [12], it is emphasized that teachers formaitite up their results in Lesson Study
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and publish those results for sharing with other teacheteetame material—this article is the
fruit of our research in connection with teaching Chapter R.6f on Infinity. Additional teaching

material can be found by visiting the website listed in [13].

Applicationsto Computer Science and Logic

Through the years, computer science has split off from nma#tties. Yet, the two fields are still
very connected. There are computer programs that give aoioiota wide variety of problems. A
program that outputs in a finite time an answer to a partiquiablem is said tdalt. The question
then arises if there is a program that can analyze in advahegher or not any given program
will halt (anyone who has suffered an unending loop bug wloenputer programming can see the
value of such an analyzing program). This question is caliedialting Problem.

In a landmark article [2], the computer scientist Gregory i@malescribed three proofs of
the unsolvability of the Halting Problem, i.e. that no sudalstzing program for halting of other
programs exists. We shall provide a more detailed discagsioche first proof that Chaitin gave,
since it touches on several important mathematical topsceh as, Cantor’s diagonal method,

Godel numbers, and Incompleteness Theorems.

Unsolvability of the Halting Problem

We will show that the Halting Problem is unsolvable for a negtd class of computer programs:
programs that are designed to output a natural number wieénitiput is a natural number. We

shall refer to these programs asmputable functions.To begin, observe thall computable
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functions are a countable sefTo a computer scientist, this last statement is obvious useca
a program is compiled in machine language to a finite stringitsf The set of all such finite
strings of bits is countable via the following one-to-onerespondence with a subset of the natural

numbers (hereq, ps, ...,pn, ... denote the prime numbers in increasing order):

(string Of bits):b; by ... b, > pit™h x phr x ..o x pbrt!

€.0.:10011 — 22 x3' x5! x 7% x 112

The one-to-one nature of this mapping is an immediate caesexg of the uniqueness of prime
factorizations. To see one-to-oneness, one could als@aisteach compiled program’s string
of bits with a unique integer in base 2 notation, but we gaeeptoof above first because it is
a simple version of the idea ofd@el numbers that we shall discuss later. We shall also geovi
a more mathematicamachine-independemroof below, which highlights the connection with
Godel numbers in mathematical logic. Since the computabtetions are a countable set, we
shall denote them byf,, }>° ;.

Suppose that the Halting Problem were solvable. We will stimatthat assumption leads to a
contradiction. The solvability of the Halting Problem ingd that we can construct a computable

functionF as follows:

f,(n)+1 if f, halts on input:
for eachn: F(n) = (1)

1 if f, does not halt on input.

Note how the construction df makes use of the solvability (computability) of the HaltiRgpb-

lem. The definition oft" is analogous to Cantor’s diagonal proof of the uncountghiftdecimal
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expansions—we elaborate on this point below, and we alsmedée on the computability (in a
finite number of steps for each inpui} of the functionk'.

Now, sinceF is a computable function, it would have to belong to our{it} > ;. Therefore,
F = f;, for somek. But this leads us to a contradiction, by considering the difinof F (k). If f;
halts on inpuk, thenF = f;, allows us to writef'(k) = f;(k), butin(1) we defined" (k) = f(k)+1.
Thus we have a contradiction; forcing us to conclude thaoes not halt on input. But in that
caseF(k) = 1 and therefore, because= f;, we getf,(k) = 1. However,f, (k) = 1 says that
halts on input (it outputsl). Again, we have a contradiction.

We have thus shown that the existence of the computabledmicteads to an absurdity. Since
the definition oft was predicated on the solvability of the Halting Problem nnest conclude that

the Halting Problem is unsolvable.

Connection of the proof with Cantor’s diagonal method

It is not hard to see the connection of the proof above with @antliagonal method of proving
that the reals are uncountable. Let’s briefly review the @isgantor’s diagonal method (our proof
finesses the problem of non-unigue decimal expansions &s)reConsider the s&? of all real
numbers betweet and1 whose decimal expansions do not end in an infinite stringjobr 9's.
To see thaD is uncountable, suppose that, }>> , were a list of all the elements @. Letd,, [x]

stand for thex'" digit in the decimal expansion of a numhebetweer) and1. Then an unlisted
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numberU € D is defined as follows:

dplzs] +1 10 <d,[z,] <7
For eachn: d,[U] = (2)

1 if d,[z,] =8o0r9.
ClearlyU € D; and, by constructiond,,[x,] # d,[U] for eachn. Thus,U ¢ {z,}:>, = D,
contradictingl € D. Hence,D is uncountable. The non-countability Bf of course, implies the

non-countability of the reals.

A philosophical observation

The close analogy between formulas (1) and (2) raises anrtamgghilosophical point. Regard-
less of whether or not one believes in the objective reafitfifeerent infinitely-sized set$pecause
Cantor’s diagonal argument was available as a method of preabimputer scientists, it provided
a simple resolution of the Halting Probleiar) important problem in computer science. Theoretical
problems in mathematics often provide tools to other diseg; here we have just one example,

we shall briefly review other examples below.

Numbering computable functions, and I ncompleteness Theorems

As promised above, we shall providensachine-independemtescription of how to count com-

putable functions. We shall see that this counting alsoigesvan elementary proof of dncom-

For the record, we believe that infinite sets of differenesizlo exist objectivelyvithin the realm of human
thought and discourséour ability to agree, and logically converse about, thestexice of such sets is one hallmark
distinguishing humans from other animals), but they havexistence in some otherworldly Platonic realm for which

there is no empirical evidence. See [3], [5], and [6].



Applications of the Analysis of Infinities 7

pleteness Theorenilhe first such Incompleteness Theorem was the famous theair&ddel,
published in 1931. As pointed out by Chaitin in [2], advangethe theory of computation since
that time allow for results of wider scope and easier prooéstGdel’s original Incompleteness
Theorem.

The counting method involves assigning natural numbelgd&odel numbers, to each com-
putable function. The basic ideas, phrased in the contaxtatfiematical logic, are well-explained
in the standard exposition [8, Chap. VII], so we shall be brigdie idea is to assign exponents to
the building blocks of computable functions, the elemgntamputations with variables shown
in Table 1, and illustrated in Table 2. (We have also includethe elementary logical and set
operations because they will be used in proving an Incorapésts Theorem.)

The formation of a @del number for a computable function, the doubling of anyire num-
ber, is illustrated in Table 2. Because of the uniquenessiofepfactorizations, we see that this
Godel numbering scheme assigns in a one-to-one fashion eahatumber to each computable
function. Thus the computable functions are countable.

Note in passing that the computer operations in the first rowable 1 allow for iteration
of multiple inputs as well as comparisons of sizes of natawahbers. Those operations provide
enough of a foundation for designing a program which readsaments from a list. In particular,
the list of computable functions can be read in sequentaily evaluated—that is how we know
that the functiort' defined above is computable.

Having demonstrated the countability of computable fuordi we are now prepared to prove

an Incompleteness Theorem.
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Incompleteness Theorems

Recall that @del’'s Incompleteness theorem states that there are figroradecidable propositions
in a consistent mathematical logic that is elaborate entagitlude number-theoretic statemefits.
Consider the set of all provably computable functions, hese which can be proven to return a
natural number for each given natural number as input usiagbmputable Functionsyntax
summarized in Table 1, which we shall refer to from now on ass@fitax. Note that CF-syntax is
also assumed to include basic axioms of set theory, e.gAsxttoen of Infinity specifying that the
natural number8l exist. Furthermore, it is important to note that (as ex@dim [8, Chap. VII])
the proof that a proposition holds in the logical system gateel by CF-syntax is subsumable
under factorization of @del numbers-a computable process using the logical and program atoms
summarized in Table IThis set of provably computable functions in CF-syntax isntable, by
the formation of ®del numbers as described above. It is alscsthe qua norof number theory.

We now outline the proof that there is a computable functiwt is not provably computable
using CF-syntaxand that this yields incompleteness of the logical systemegeed by CF-syntax.
Let F denote the countable set of all provably computable funstizssing CF-syntax. The beauty
of Cantor’'s diagonal method is that it generates a functi@t tltoes not belong to any list of
functions, in this case a listing ¢f. We will now show that there is a computable functiGrihat
simultaneously lists all elements &f and, by construction, does not belongfa

The functionG is computed as follows. For each number= 2,3,4,..., in succession,

2Godel reformulated the famous Liar paradox statement (S8 [This statement is fals@to This statement is

not provableThis latter statement is then either true (so there is indetapess) or false (so there is inconsistency).
SpParaphrasing Hilbert:Gentle ones, let us compute!.’
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decompose: into its prime factorization. If this prime factorizatioa @ Gddel number of a proof

of computability of a functiory € F,* then adds to the list ags = g, and put
G(k[n]) = gk (k[n]) + 1. 3)

This procedure simultaneously computes lists the elements of (repetitions allowed)and
constructss so thatG does not appear in the generated listing of all the eleméi3#s @ herefore,
G is non-halting and computable, but it cannot be proven toobgsgng CF-syntax. In particular,
the statement

neN = G(n)eN (4)

is known to be true, but cannot be proven using the stateroé@B-syntax.
To summarize, we have sketched the proof of the following@ingleteness Theorem.
Theorem The logical system generated by CF-syntax is (1) large entugtclude elementary

number theory, (2) eithenconsistenbr consistent but incomplete.

Further Applications

The ramifications of Cantor’s ideas go well beyond just pur¢heraatics and computer science.
Indeed, they permeate much of modern intellectual life. \&ectude this article with a brief

survey of some tantalizing references to Cantor’s ideashardtelds.

“Note: Here we are implicitly assuming that the logical sysgenerated by CF-syntax is consistent, so that a

proof ofg € F does, in fact, imply thag € F.
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Biology

In [7, p. 49], the biologist Richard Lewontin uses the cona&pan uncountable infinity in his

critique of the abstract concept of an ecological niche:

The concept of an empty ecological niche cannot be made etaicrhere is a non-
countable infinity of ways in which the physical world can hg fpgether to describe
an ecological niche, nearly all of which would seem absurdrbitrary because we

have never seen an organism occupying such a niche.

Linguistics

The linguist, Stephen Anderson, contrasts the countabtetinof the rationals with the uncount-
able infinity of the reals in a fascinating comparison of tl@ck language of bees with human

language ([1, pp. 78-79]):

The waggle dance [of honey bees], however, conveys its messalocation in
terms of three parameters (distance, direction, and qladibd each of these parame-
ters can in principle haveny value within a range of possibility . . .

In mathematical terms, a parameter that ranges over a coutginterval can take
on as many values as there are real numbers, a value re@sgmibolically a®t.

A human language such as English, in contrast to the bee&myproduces new
messages not by choosing points on a continuous intervaiatiogér by combining
discrete elements in new ways. As a result, the number oésees in such a system

is the same as the number m@tionalnumbers, oR,. Because, is less tham, the



Applications of the Analysis of Infinities 11

communication system of the waggle dance is — in principlectaaly richer than

English, in terms of the sheer number of potentially digtmessages.

Economics

In [9, pp. 43—44], the economist Paul Ormerod, uses the gdrdean uncountable infinity in his

critique of orthodox mathematical economics:

To take just one example, the phrase ‘assume a continuuradgrs’ will be en-
countered in many theoretical papers on the idealised rhadogomy. . ..

But what does this phrase ‘continuum’ actually mean? It seupdte innocuous,
yet spelt out in words it might lead people to query the realid any academic paper
based on this assumption, or even begin to doubt whetherttbkeavas worth writing
in the first place. For the phrase means that the number of@e@lpether as individu-
als or as firms, carrying out trade in this theoretical ecop@mot just large but quite
literally infinite. In fact, to be strictly accurate, it evemeans rather more than this. If
one were to start to count the whole numbers — one, two, thrésaon — one could
go on for ever. There is an infinite number of them. ... But madécians have the
apparently bizarre but nevertheless logical concept afiiids which are even bigger

than this infinity! A continuum is exactly one of these. Ine@thvords, it is assumed

51t should be noted that no claim is made in [1] that the wagglece language of beesastually richer than
English, since Anderson goes on to state tf#es are not capable of arbitrarily fine discrimination érgeption and
production of various elements of the dance, though, sdttégission of continuous-valued parameters is undoubted|

irrelevant in practice, at least as the basis for estimatiegexpressive capacity of the dance system.”
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that there is not just an infinite number of traders, in theseghat the set of whole

numbers is infinite, but there is an even bigger number of ttiem this.

Philosophy

We conclude our survey of examples from other fields with seramples from philosophy. The
following quotation from a student essay [11] is a fine exampl how the notion of separate

infinities leads to philosophical ruminations:

there is a profound aesthetic quality—something univetsgfond numbers—to the
notion of separate infinities. One example | can see hereasralation to the human
mind, with one mind, for example, possessing its own infisige of possibilities,

determined by a combination of its unique genetic strucéureé the myriad unique
impressions on it over a lifetime, then another mind havaggin, another infinite set

of possible outcomes, and so on.

In considering this passage, we observe that it highlidtgsriteraction of a discrete language, the
language of genes, which could only generate a countablatyndf instructions, with the envi-
ronment, which generates an uncountable infinity (a contimwof interactions with the organism.
That brings us full circle, back to biology: see [7, Figur&Qd, p. 35] for an illustration of how
the continuum of effects of developmental noise interaats the countable infinity of messages
from the genetic code to produce the endless variety of @atarganisms.

We conclude with some wisdom from Buddhist philosophy, aipomf a Zen meditation chant

from the Ring of Bone Zendo [4, p. 103]:



Applications of the Analysis of Infinities 13

Beings are numberless: | vow to enlighten them
Obstacles are countless: | vow to cut them down

Dharma gates are limitless: | vow to master them

and recall the famous rejoinder of Hilbert:

We shall never leave this paradise Cantor has created for us.
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Table 1: Assigning Godel exponents to components of the Computable Function syntax.
There are an infinite number of memory variables (assigning as exponents the primes
larger than 20) and an infinite number of input variables (assigning as exponents the

squares of primes larger than 20).

Program atoms: Input Output Do Untl Loop < + — O 1
Godel exponents: 1 2 3 4 5 6 7 8 9 10
Logical/Set Atonts Vv ~ = = ) — ) , €

Godel exponents: 11 12 13 14 15 16 17 18 19 20

Memory Variables: X Y Z X, Yi Zi Xo Y, 2,

Godel exponents: 23 29 31 37 41 43 47 53 59

Input Variables: k m n k1 m ny  Jjo ke Mo

Godel exponents: 232 202 312 377 412 437 47% 532 59?

*The symbol Vv stands for logical or, the symbol ~ stands for logical not, the symbol =
stands for logical implication, and the symbol 3 stands for the logical statement there
exists. The symbol ¢ stands for the empty set, the symbol — stands for the computer
command store in (e.g., the statement n — X means store the value of n in the memory

variable X), the symbol € stands for is an element of in set notation.
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Table 2: Godel numbering of a program that doubles a natural number k.

16

Statements Exponents
Input & 1,232
(k+k)— X 17,232, 7,232, 18, 16, 23
Output X 2,23
Godel number: 2" x 323" x 517 x 72 x 117 x 13% x 17'® x 19'6 x 23% x 292 x 31%




