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2 Time-frequency Analysis of Musical Rhythm

We discuss a time-frequency analysis of musical rhythm anetliggionship to melodic structure. The mathematical tools mpley are Gabor transforms

(spectrograms) and the new technique of percussion scalsgk&e determine satisfactory parameters for computing peocussalograms as descriptors of
musical tempo. We use our tools to display the hierarchicatgire of both rhythm and melody within a variety of percussamd melodic performances.

Our melodic-rhythmic analysis reveals objectively the mirtiensional, multi-temporal nature of music.

Keywords: Music theory, time-frequency analysis, Gabor transforspsctrograms, continuous wavelet
transforms
AMS 2000 Subject Classi cation Codes:42A99, 00A06, 00A69

Introduction

We shall use the mathematical techniques of Gabor transfamd continuous wavelet transforms to analyze the
rhythmic structure of music and its interaction with metodiructure. This analysis reveals common features to
these rhythmic and melodic structures. Most importantlyshall nd analogous hierarchical structures.

The paper is organized as follows. In Section 1 we summarizentitbematical method of Gabor transforms
(spectrograms) and apply them to analyzing the melodictstre of music. Spectrograms provide a tool for vi-
sualizing the patterns of pitches within a musical passagsijlustrate this with an analysis of a Beatles melody.
In Sections 2 and 3 we mathematically analyze the method afipsion scalograms, a new technique for deter-
mining rhythm and tempo introduced in [27]. We discuss itatienship to a continuous wavelet transform and
deduce satisfactory parameters for displaying a percussialogram (in [27] this was done by trial and error).
Our analysis of a drum solo shows how the percussion scatogeseals the hierarchical structure within the
rhythms of a percussion performance. In section 4 we intedunew methodnelodic-rhythmic analysighat
uses simultaneous displays of spectrograms and percussidmgrams to provide an objective representation of
the multi-dimensional, multi-temporal nature of music. Aelb concluding section provides some ideas for future
research.

Note: musical passages, software for analyzing them, and videmudstrations of our examples, are available at
the website:

http://www.uwec.edu/walkerjs/tfamr/

1 Gabor transforms and Music

We brie y review the widely employed method of Gabor transfisr[12], also known as short-time Fourier trans-
forms, or spectrograms, or sonograms. In [7, 8y Br describes the fundamental aspects of using Gabor+trans
forms for musical analysis. Two other sources for applaraiof short-time Fourier transforms are [17,22]. There
is also considerable mathematical background in [10, J1wlith musical applications in [9]. Using sonograms or
spectrograms for analyzing the music of bird song is deedrih [14, 18, 21]. The theory of Gabor transforms is
discussed in complete detail in [10,11, 13], with focus srdiscrete aspects in [1,25]. However, to X our notations
for subsequent work, we brie y describe this theory.

The sound signals that we analyze are all digital, henceetiscso we assume that a sound signal has the form
ff (tk)g, for uniformly spaced valuetg = k tin a nite interval [0; T]. A Gabor transform of , with window
functionw, is de ned as follows. First, multipl§f (tx)g by a sequence of shifted window functidns(ty  -)g,,
producing time localized subsignafd, (ti)w(tk ‘)9M=o- Uniformly spaced time values, - = tj gl\io are used
for the shifts | being a positive integer greater thin The windows w(ty \)g!"':0 are all compactly supported
and overlap each other. See Figure 1. The valud aé determined by the minimum number of windows needed
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to cover[0; T], as illustrated in Figure 1(b).

(@) (b) (c)

Figure 1. (a) Signal. (b) Succession of shifted window fiorg. (c) Signal multiplied by middle window in (b); an FFT camwn
be applied to this windowed signal.

Second, because is compactly supported, we treat each subsighét,)w(tx  -)gas a nite sequence and
apply an FFTF to it. This yields the Gabor transform of (ty)g:

fEf f (t)w(te  )ady: 1)

Note that because the valugsbelong to a nite interval, we always extend our signal valbegond the interval's
endpoints by appending zeroes, hence the full supports wiredows are included.
The Gabor transform that we employ useBlackman windovde ned by

w(t) = 0:42 +0:5cos(2t= )+0:08cos(4t= ) forjtj =2
forjtj> =2
for a positive parameter equalling the width of the window where the FFT is performed. Fbarier transform
of the Blackman window is very nearly positive (negativeues less thah0 “ in size), thus providing an effective
substitute for a Gaussian function (which is well-known &wé minimum time-frequency support). See Figure 2.
Further evidence of the advantages of Blackman-windowipgdsided in [2, Table I1]. In Figure 2(b) we illustrate
that for each windowing bw(tx  m) we nely partition the frequency axis into thin rectangulamals lying above
the support of the window. This provides a thin rectangulatigg@n of the (slightly smeared) spectrum ofover
the support ofv(ty ~ m) for eachm. The ef cacy of these Gabor transforms is shown by how well theyduce
time-frequency portraits that accord well with our audjtgerception, which is described in the vast literature
on Gabor transforms that we brie y summarized above. We givalNide some new examples that illustrate the
effectiveness of these Gabor transforms. For all of our @tesn we used 024 point FFTs, based on windows of
support. 1=8 sec with a shift of 0:008 sec. These time-values are short enough to capture the iaksent
features of musical frequency change.

1.1 Spectrograms of musical passages

The spectrogram of a waveform for a musical passage provitlegedrequency portrait of the passage. As a very
basic example, consider the spectrogram in Figure 3 of a piarsion of the melody from the Lennon-McCartney
song,All Across the Universé.The short rectangular structures in the spectrogram carnesto the notes of the

1More complex examples are illustrated in [27] and in [3].
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Figure 2. Left: Blackman window, = 1. Right: Time-frequency representation—the units along the hot&a@re in seconds,
along the vertical are in Hz—of three Blackman windows muiktiplby the real part of the kernel2 "k™N  of the FFT used in a
Gabor transform, for three different frequency valne&ach horizontal bar accounts f@8:99% of the energy of the

cosine-modulated Blackman window (Gabor atom) graphed below i

piano playing the passage. This is clearly evident by lisigid the passage as the spectrogram is traced (using for
example the software WbACITY [26, 28]).

To musically analyze this, and other passages, we employn#thods of time-frequency analysis introduced
in [27]. Speci cally, we employ the following principle.

Multiresolution Principle. Music is a patterning of sound in the time-frequency planealgze music by looking
for repetition of patterns of time-frequency structuresrawiultiple time scales, and multiple resolution levels. The
time-scales involved are those at the limits of human peiaegroughly betweef:1 sec t0100 sec).

This principle is an encapsulation in time-frequency terfm¥ackendoff and Lerdahl's hierarchical theory of music
[15, 16]. Pinker has given a succinct summary of their theaéy pp. 532-533]:

Jackendoff and Lerdahl show how melodies are formed by segseof pitches that are organized in three different wdlys, a
at the same time. .. The rst representation is a groupingctire. The listener feels that groups of notes hang togethe
motifs, which in turn are grouped into lines or sections,ahiare grouped into stanzas, movements, and pieces. This
hierarchical tree is similar to a phrase structure of a semteand when the music has lyrics the two partly line up.e. Th
second representation is a metrical structure, repeatiqgesnce of strong and weak beats . ..summed up in musicaiomota
as the time signature. .. The third representation is a tamhat structure. It dissects the melody into essentiatispand
ornaments. The ornaments are stripped off and the esspattalfurther dissected into even more essential parts and
ornaments on them. .. we sense it when we recognize varsatiosm piece in classical music or jazz. The skeleton of the
melody is conserved while the ornaments differ from vasiato variation.

To see how this theory applies to tidl Across the Univers@assage, consider the time-frequency structures
labelledA 1, A2, A3, A4 in the spectrogram at the top of Figure 3. Here we can see tiepatif a basic pattern
A 1, in the bass scale, repeated within shorter time-scalesqlaifted up an octave in frequency to the treble scale)
as the pattern& ,, A 3, andA 4. Notice also that the structur@s,, A 3, A 4 have the following overall pitch pattern:

A Ag

As
which repeatsas groups of noteghe up/down pitch pattern of the individual notes withinghestructures (with
the higher notes foA 3 equalling the lower notes fok , andA 4). This passage has a hierarchical pitch structure,
as characterized in the rst representation described bydPink
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Figure 3. Bottom:Waveform of musical passage frofdtl Across the Universe. Tof8pectrogram of the passage, with the treble
clef at left. The short rectangular structures corresportte notes of the piano that is playing the passage. Thetstesdabeled
A1,A2, A3, Ay illustrate repetition of time-frequency structure at muéiipme-scales (and multiple frequency positions) in the
time-frequency plane.
Listening to this passage as the spectrogram is traced vehasour analysis captures the essence of the pas-
sage's melodic structure. We shall further analyze thehmmjt structure of this passage in Section 4. The basis of

our rhythmic analysis is the method of percussion scalogram

2 Percussion scalograms

In this section we brie y review the method of scalograms ¢owmous wavelet transforms) and then discuss the
method of percussion scalograms.

2.1 Scalograms

The theory of continuous wavelet transforms is well-esthigd [4, 5, 19]. A CWT differs from a spectrogram in
that it does not use translations of a window of xed width te@ it uses translations of differently sized dilations
of a window. These dilations induce a logarithmic divisionh# frequency axis. The discrete calculation of a CWT
that we use is described in [1, Section 4]. We shall only brieeyiew the de nition of the CWT in order to x our
notation. We then use it to analyze percussion.

Given a function , called thewavelet the continuous wavelet transfoi [f ] of a sound signdl is de ned as

1 41 t
W IIGis)= gz (O —)dt 2
1

for scales > 0 andtime-translation . For the function in the integrand of (2), the variabteproduces a dilation
and the variable produces a translation.
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We omit various technicalities concerning the types of fioms that are suitable as wavelets; see [4, 5, 19].
In [4, 6], Equation (2) is derived from a simple model for thespense of our ear's basilar membrane—which
responds to frequencies on a logarithmic scale—to a soimdisisf .

We now discretize Equation (2). First, we assume that the ssigndlf (t) is non-zero only over the time interval
[0; T]. Hence (2) becomes

R —
W IFICGis) = Py , FM(—-)de

We then make a Riemann sum approximation to this last integragt,, = m t, with uniform spacing t =

T=N; and discretize the time variable using x = k t. This yields

1
f(tm) ([ tm  KIs 1) 3

X
WG B
m=0

The sum in (3) is a correlation of two discrete sequences.r@iwe N -point discrete sequencés,g andf g,
their correlationf (f : ) kgis de ned by

g 1
(f:)«= fm m «: 4)
m=0
[Note: For the sum in (4) to make sense, the sequéngg is periodically extendedsia ¢ := N «.]

Thus, Equations (3) and (4) show that the CWT, at each s;dkapproximated by a multiple of a discrete
correlation off f = f (ty)gandf §=s 72 ( txs 1)g. These discrete correlations are computed over a range of
discrete values dd, typically

s=2 ™ r=0;L2::50 J (5)

where the positive integéris called the number afctavesand the positive integek is called the number ofoices
per octave. For example, the choiceGbctaves and .2 voices corresponds—based on the relationship between
scales and frequencies described below—to the well-tesdps®rale used for pianos.

The CWTs that we use are based on Gabor waveletGaBor waveletwith width parametet and frequency
parameter , is de ned as follows:

(t)=! 1224 (= )zeiZ = (6)

Notice that the complex exponentig? &' has frequency=! . We call =! thebase frequencyt corresponds

to the largest scale = 1. The bell-shaped factdr =2e (=!)* in (6) damps down the oscillations of, so that
their amplitude is signi cant only within a nite region cemed att = 0. See Figures 5 and 6. Since the scale
parametes is used in a reciprocal fashion in Equation (2), it followstttiee reciprocal scalé=s will control the
frequency of oscillations of the functia =2 ( t=s) used in Equation (2). Thus, frequency is described in terms
of the parametet=s, which Equation (5) shows is logarithmically scaled. Thismpdas carefully discussed in [1]
and [25, Chap. 6], where Gabor scalograms are shown to mavidethod of zooming in on selected regions of a
spectrogram.
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2.2 Pulse trains and percussion scalograms

The method of using Gabor scalograms for analyzing perausgiquences was introduced by Smith in [23], and
described empirically in considerable detail in [24]. Thelmoel described by Smith involved pulse trains generated
from the sound signal itself. Our method is based on the spgretm of the signal, which reduces the number of
samples and hence speeds up the computation, making itfasgle for real-time applications. (An alternative
method based on an FFT of the whole signal,ghase vocodets described in [22].)

Our discussion will focus on a particular percussion segeefmhis sequence is a passage from the sbagce
Around.Listening to this passage you will hear several groups of dvaats, along with some shifts in tempo. This
passage illustrates the basic principles underlying opragzh.

In Figure 4(a) we show the spectrogram of i@nce Arounctlip. This spectrogram is composed of a sequence
of thick vertical segments, which we will calertical swatchesEach vertical swatch corresponds to a percussive
strike on a drum. These sharp strikes on drum heads excite tmmwom of frequencies rather than a discrete
tonal sequence of fundamentals and overtones. The rapid amdelecay of these strike sounds produces vertical
swatches in the time-frequency plane.

0 2:048 4:096 sec
| | |
3 T 5= 73 f T 1
b= § £k s E-§ J ; i bbb
== | et ) ' C s l=24 go3
E i r .. .=-.-' -'_. : :.__ l s 1=22 2:23 striskeecs
1] 1.024 2.048 3.072 4 096
L T R
0 |
E s 1=20 o056

@ (b)

Figure 4. Calculating a percussion scalogram forlaece Aroundsound clip. (a) Spectrogram of sound waveform with its
pulse train graphed below it. (b) Percussion scalogramlamddund clip waveform graphed above it. The dark regionéalizy
G corresponds to a collection of drum strikes that we hear asw@pgand within that group are other subgroups over shtiner

scales that are indicated by the splitting of gr@aipnto smaller dark blobs as one goes upwards in the percussiogsam

(those subgroups are also aurally perceptible).

Our percussion scalogram method has the following two parts

I. Pulse train generationWe generate a “pulse train,” a sequence of subintervalsvaflues and)-values [see
the graph at the bottom of Figure 4(a)]. The rectangular-shgpéses in this pulse train correspond to sharp
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onset and decay of transient bursts in the percussion sigaphed just above the pulse train. The widths of
these pulses are approximately equal to the widths of thécabswatches shown in the spectrogram. Most
importantly, the location and duration of the intervaldlefalues corresponds to our hearing of the drum strikes,
while the location and duration of the intervals®@¥alues corresponds to the silences between the strikes. In
Steps 1 and 2 of the method below we describe how this pulseisrgenerated.

Gabor CWTWe use a Gabor CWT to analyze the pulse train. This CWT calounlé& performed in Step 3 of
the method. The rationale for performing a CWT is that thegtrisin is a step function analog of a sinusoidal of
varying frequency. Because of this analogy between temploeopulses and frequency in sinusoidal curves, we
employ a Gabor CWT for analysis. As an example, see the seatoplotted in Figure 4(b). The thick vertical
line segments at the top half of the scalogram corresporttetdrium strikes, and these segments ow downward
and connect together. Within the middle of the time-intefea the scalogram, these drum strike groups join
together over three levels of hierarchy (see Figure 8). Listeto this passage, you can perceive each level of
this hierarchy. This is a perfect example of Jackendoff andalels theory applied to rhythm.

Now that we have outlined the basis for the percussion scatognethod, we can list it in detail. The percussion
scalogram method for analyzing percussive rhythm consfdtse following three steps.

Percussion Scalogram Method

Step 1. Compute a signal which, at each time-coordinate for the Gatamsform, consists of averages of Gabor
transform square-magnitudes lying within a frequency magnsisting mostly of vertical swatchésr the time
intervals corresponding to vertical swatches, this steglpees higher square-magnitude values that lie above
the mean of all square-magnitudes (because the mean isl plolen by the intervals of silence). For tBance
Aroundpassage, the entire frequency range was used, as it comsigtdy of vertical swatches corresponding
to the percussive strikes. (When analyzing a percussiveagasirom a multi-instrument musical performance,
we may have to isolate a particular frequency range that@mmjust the vertical swatches of the drum strikes.
We illustrate this in Section 4.)

Step 2. Compute a signal that i$ whenever the signal from Step 1 is larger than its mean@aotherwise As

the discussion in Step 1 shows, this produces a pulse traisenintervals ofl-values mark off the position and
duration of the vertical swatches (hence of the drum styikeigure 4(a) illustrates this clearly.

Step 3.Compute a Gabor CWT of the pulse train signal from StepHs Gabor CWT provides an objective
picture of the varying rhythms within a percussion perfonee

We have already discussed the percussion scalogram in Hih)ré\Ve shall continue this discussion, and provide
several more examples of our method in Section 4. In each w&s&d that a percussion scalogram allows us to
nely analyze the rhythmic structure of percussion sequenemd some melodic sequences as well, using the
selection of parameters that we now describe.

3 Choosing the Parameters for Percussion Scalograms

In this section, we describe how to choose the parametera fmrcussion scalogram. Our main result is the
following:

A satisfactory choice (satisfactory in the sense that bottatverage number of beats/sec are displayed and the ingilvid
beats are resolved) for the parameters of a percussion gcao are (given the constraints of using positive integers f
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the octaves$ and voicesM and using256total correlations):

| = — = =
B pT p=4 ;
ey BT % e 2 "
= 0% 53 2 0 ME o

The remainder of this section provides the rationale for th&ilt. Those readers who are primarily interested in
musical applications are encouraged to defer reading saudsion and turn instead to Section 4 where we discuss
a variety of musical examples. These examples provide seorngrical support for our parameter choices in (7),
in addition to the theoretical reasons that we now discuss.

3.1 Choosing the width and frequency parameters

We start with the pulse train described in the previous sagtivhich we denote bfP (tr)g. This signal represents
the percussion b¥ (t,) = 1 during the strike of an instrument af{t,,) = 0 at times when no instrument is
being struck.

We use the Gabor wavelet in (6) to analyze the pulse signateSime are using the complex Gabor wavelet, we
have both a real and imaginary part:

(x)=1 ze =) cos2 'x (8)
()= 1 te 0=)gin? X )

These real and imaginary parts have the same envelope fanctio
e(x)=1 ze )% (10)

The width parameter controls how quickly g is dampened. For smaller values!otthe function dampens
more quickly. Also,! controls the magnitude of the wavelet functiorxat 0. In fact, we have(0) = ! 172,
The width parameter also affects the frequency of osciltatiof the wavelet. A$ is increased, the frequency of
oscillations of the wavelet is decreased. See Figure 5.

i No—

(@! =05 b)! =1 ©! =2

Figure 5. Real parts of Gabor wavelet with frequency parametel and width parametér = 0 :5, 1, and2. For each graph,
the horizontal range i 5; 5] and the vertical range [s 2; 2].

The frequency parameteris used to control the frequency of the wavelet within theedope function. This



10 Time-frequency Analysis of Musical Rhythm

parameter has no effect on the envelope function, as sho&guation (10). As is increased, the Gabor wavelet
oscillates much more quickly. See Figure 6.

JU e

(@ =0:5 b)) =1 (c) =2

Figure 6. Real parts of Gabor wavelet with width parameter 1 and frequency parameter= 0 :5, 1, and2. For each graph,
the horizontal range i 5; 5] and the vertical range [s 2; 2].

When using the Gabor wavelet to analyze music, correlatimascomputed using the Gabor wavelet with a
scaling parametes. For our pulse traif® these correlations are denofgl: ) fors=2 =M r=0:1:0IM
and are de ned by

l’( 1
(P: (k= P(tm)s 2 ([ tm kls 1): (11)

m=0

SincefP (tm)g is a binary signal, the terms of this sum will eqwal=2 ([ t,, ]s 1) if P(tm) = 1, andO

if P(tm) = 0. The values of ¢ represent the center of the Gabor wavelet being transldbed) ghe time axis.
So for values of,, closerto x,s 172 ([ tm k]s 1) will be larger in magnitude. Then, at values fgr where
P(tm) =1 andty, = , the corresponding term in the correlation sum will be

S

P(tm)s 1=2 ([ tm k]s 1) = g 1=2 (O) — pj;g FZZ)EBI_

which will represent the striking of an instrument. Seasaches its smallest values, near 2 ', the correlations
will have large magnitude values only negarand wherd® (t,) = 1, i.e. at the beat of the instrument. This happens
because small values sfresult ins 1=2 ([ tp, k]s 1) being dampened very quickly, so very little else other
than the actual beats are detected by the Gabor CWT.

Detection of the rhythm and grouping of the percussion sdigjmaccomplished by the larger values othat
result in a slowly dampened Gabor wavelet. As the corretagion moves to values such thgté , the function
s P2 ([ tm «Is 1) is being dampened. But with the wavelet being dampened nmndysnow, the values of
s 22 ([ tm «Is 1) are larger neat,, = | than they were before. Hence thg values whereP (t,) = 1
will result in summing more values of the wavelet that arest@antly large. Therefore, any beat that is close to
another beat will result in larger correlation values fogkx values ok. Notice also that those valuestaf where
P(tm) = 0 that are close tty, values wherd® (t,) = 1 will result in summing across the lesser dampened Gabor
wavelet values—our scalogram will thus be registering ttoeiging of closely spaced beats.

Now we need to choose the parameterand based orfP (ty,)g to obtain the desired shape for the Gabor
wavelet. To choose these parameters for a speci ¢ percusgimal we will use an approximate measure of the
average beats per second, and time between beats. The maebaweeage beats per second will be calculated by
the total number of pulses in the signBl, divided by the total time of the signal. That is, the average beats per
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second of the signal IB=T. The approximate time between beats will then be the recpaiche average beats
per second] =B. Then we let the width parametkerand the frequency parametebe de ned by

= PT. _B

wherep is a parameter used to control the resolution level of theoGalavelet. With these width and frequency
parameters, the Gabor wavelet is
s

( x)= ;ZJI'BI'e (2Bx=pT )2 4 B 2=(p?T?), (13)

We want to detect beats that are witfirB, the average time between beats, of each other. Likewise,amé w
separation of the beats that are not witfirB of each other. We accomplish this by inspecting the envelope
function evaluated at = T=B,

s
2B

T — 4=p2.
Now, the value of the enveloping function: (T=B) can be written as a function of the paramgterall it M (p):

S
M(p)= e 4P (15)

Remembering thal andB are constants determined by the percussion sound sigeamaximization of the
magnitude of the wavelet at= T=B becomes a simple one variable optimization problem. The esivdtive of

M (p) is

16  p?

M = p—
® 2pde 4=p*" pT=2B

Hencep = 4p ~ maximizes the value of the envelope function of the wavelet & T=B, thus allowing us to
detect beats withiii =B of each other.

With the wavelet function dampened suf ciently slowly, wedwmthat the envelope function is suf ciently large.
But the correlations are computed by taking the magnituditefsum of the complex Gabor wavelet samples.
Since the real and imaginary parts involve products withssaral cosines, there are intervals where the functions
are negative. It is these adjacent negative regions, onstdelof the main lobe of <, that allow for the separation
of beats that are greater théinB apart but less tha?T =B apart (if they are more tha2T =B apart, the dampening
of g produces low-magnitude correlations).

3.2 Width and Frequency for better display

There is one wrinkle to the analysis above. If the width anddescy parameters are set according to Equation (12),
then at the lowest reciprocal-scale valiszes = 1 the display of the percussion scalogram cuts off at the bytemd
it is dif cult to perceive the scalogram's features at thisigc To remedy that defect, when we display a percussion
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scalogram we double the width in order to push down the loveesprocal-scale by one octave. Hence we use the
following formulas

for displaying our percussion scalograms.

3.3 Choosing Octaves and Voices

The variablel=s along the vertical axis of a percussion scalogram [see Fid(lsg for example] is related to
frequency, but on a logarithmic scalle nd the actual frequency at any point along the verticalsawe compute
the base frequency! multiplied by the value af=s. The value ofl determines the range of the vertical axis in a
scalogram, i.e. how large=sis, and the value d1 determines how many correlations per octave we are congputin
for our scalogram.

In order to have a satisfactory percussion scalogram, wd tlee maximum wavelet frequency equal to the

1=swe can use is calculated as follows:

}:2|M=M :2|:

Now let be the minimum distances between pulses on a pulse trainn&8pgy of our pulse trains with sinu-
soidal curves, we postulate that the maximum pulse frequshould be one-half of= . Setting this maximum
pulse frequency equal to the maximum wavelet frequency,ave h

1_ I
> =72 (17)
Notice that both sides of (17) have units of beats/sec.
Using the equations for and! in (16), we rewrite Equation (17) as

1_ |
7 "1
= E ’ 2' .
pT '
Solving forl yields
212
I =log, DBTZ 1 (18)

Becausé is required to be a positive integer, we shall round downeRkéct value fot . Thus we set

2T2 3
= (29)

= log, B2z >

To illustrate the value of selectingper Equation (19), in Figure 7 we show three different scalmgréor the
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Dance Aroundpercussion sequence. For this example, Equation (19) yiblisaluel = 4. Using this value,
we nd that the scalogram plotted in Figure 7(b) is able to detiee individual drum strikes and their groupings.
If, however, we set too low, sayl = 3 in Figure 7(a), then the scalogram does not display the timofghe
individual drum beats very well. On the other hand, i§ set too high, saly = 5 in Figure 7(c), then the scalogram
istoo nely resolved. In particular, at the top of the scakmay; forl=s = 2°, we nd that the scalogram is detecting
the beginning and ending of each drum strikeseparate eventsyhich overestimates by a factor 2the number
of strikes.

1] 1038 2.076 3115 4153 n 1038 2.076 315 4153 0 1038 2.076 3115 4153
23 7t YT T T

2°2.25 2°3.73

2073 2°1.25

(@)1 =3 (b))l =4 ©1 =5

Figure 7. Examples of percussion scalograms using diffe@oes ofl , the number of octaves, for tfizance Around
percussion passage. Graph (b) uses the valleo# calculated from Equation (19).

Having set the value df, the value folM can then be expressed as a simple inverse proportion, degeo
the program's capacity. For example, withviav the number of correlations used in a scalogram is consttdme
be no more tha@56, in which case we set

M= 22 (20)

and that concludes our rationale for satisfactorily chogs$he parameters for percussion scalograms.

4 Examples of Analyzing Rhythm

In this section we shall apply the technique of percussiaograms to various percussion passages and to some
examples of the interaction of rhythm and melody. Our dismrswill reveal objectively the multi-dimensional,
multi-temporal nature of music.
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4.1 Percussion passages

The percussion scalogram technique provides a tool for liegehe rhythmic structure of musical passages. Typ-
ically we nd that the rhythm divides up into a sequence of greof notes, or beats or strikes, that are organized
into a hierarchy. For example, in Figure 8 we show suchyahm hierarchyobtained from a portion of thBance
Aroundpercussion scalogram in Figure 4(b). This rhythm hierarchyesponds to a grouping of the drum strikes
within the time interval corresponding to a group that weehiabeleds . At the rst level of this hierarchy we see
individual dark bars that correspond to the individual drsinikes. These strikes merge at Level 2 of the hierarchy

Level 1

Level 2

Level 3

Figure 8. A rhythm hierarchy, obtained from the region cspanding tdG in Figure 4. The top level, Level 1, comprises the
individual strikes. These strikes merge at Level 2 into regithat mark off the main tempo for the drumming. Notice that these
Level 2 regions lie at positions of slightly increasing letrfrequency as time proceeds; this is aurally perceptilblenwistening to
the passage. Finally, the Level 2 regions merge at Level 3rtgpage the largest group , the complete interval for the tempo at
the previous level. Levels 2 and 3 thus mark off the time sigwesfor this rhythmic drumming.

into larger regions that mark off the main tempo for the drimgnFinally, the Level 2 regions merge at Level 3 to
comprise the largest group, the complete interval for the tempo at the previous levelele2 and 3 appear to
mark off thetime signaturdor this rhythmic drumming.

We can see in the percussion scalogram for the whole passamen in Figure 4(b), that the entire drum solo is
composed of a sequence of similar rhythm hierarchies. Supresees of rhythm hierarchies are generic to percus-
sion performances. For example, we show in Figure 9 the luieical structure of rhythm for four different drum
performances chosen from a variety of different musicdestyWhat is most apparent in these percussion scalo-
grams is this common featurhat they consist of arrangements of rhythm hierarchidss illustrates perfectly the
hierarchical theory of music expounded by Jackendoff andaldy especially the rst representation described by
Pinker in the quote above. The third representation is alsstitited by these examples. For instance, the individual
drum strikes at the rst level of the hierarchies are oftendlioning as ornamentations on the essential structures
at the second level (which are providing the fundamentapteor time-signature).

We will not spend time here analyzing these passages. Wedmalgzed thédance Aroundpassage over the
course of the paper. THauenos Airepassage has already been analyzed in [27] and in [25, Sec&pW shall
analyze theJnsquare Danc@assage later in this section. TRangorapassage is left as an exercise for the reader.
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8:93

. strikes
2:23 Moo

. 0:56
0 2:048 sec 4:096

Dance AroundRock drumming. (All frequencies)

T

4:096 sec 8:192
Buenos AiresLatin percussion. (Frequencies betw@®0 and3000 Hz)

. strikes
2:11 Moo

“ﬂ“ l‘ )l VT

Unsquare DancéClip 1). Jazz drumming. (Frequencies ab&a90 Hz)

] 1 6:71
. ik
‘ 1:19 sties

0:21
0 4:096 sec 8:192

Bangora.Indian folk drumming. (Doubling of frequencies bel@90 Hz)

Figure 9. Four percussion scalograms. In parentheses vikdiftequency data used from the Gabor transforms.

4.1.1 Perception of loudnessWhen listening to these passages one perceives, espdoiallye Buenos Aires
passage and tigangorapassage, that the darker groups of strikes in the percussaagrams seem to correlate
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with loudness of the striking. This seems counterintuitgiace the pulse train consists only@$ and1's, which
would not seem to re ect varying loudness. This phenomenorbeaexplained as follows. When a pulse is very
long, that requires a more energetic striking of the drund, this more energetic playing translates into a louder
sound. The longer pulses correspond to darker spots lowen dowthe scalogram, and we hear these as louder
sounds. (The other way that darker spots appear lower dowrgi®iuping of several strikes. We do not hear them
necessarily as louder individual sounds, but taken togétiey account for more energy than single, narrow pulses
individually.)

4.2 Melodic-rhythmic analysis

We now use both spectrograms and percussion scalogramsliz@melodic pieces. We rst discuss the Beat-
les melody that we analyzed earlier. This discussion ilies how combining both spectrograms and percussion

1000 -—— v -
p—_ ==

1:12

strikes
sec

0:98

strikes
sec

0:2

0 2:97 sec 5:94 0 2:97 sec 5:94
(@) Clip1 (b) Clip 2

Figure 10. Melodic-Rhythmic Analysis @fcross the Universén top are the spectrograms from Clips 1 and 2, below them are
their percussion scalograms constructed from Gabor tremdfequency data abo@500 Hz. The structures marked
A 1;A2; A3 are similarly labeled in Figure 3.

scalograms allows us to perform a new type of visualizatidh@music, which we calinelodic-rhythmic analysis.
We then discuss a lyrical passage from Buenos Airesong and a passage from the jazz performadosguare
Dance,to further illustrate our method.
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4.2.1 Melodic-rhythmic analysis of a Beatles melody\e analyze two clips from th&ll Across the Universpassage.
We used only frequencies abo2B800Hz in their spectrograms to generate the percussion seategie did this
because the fundamentals of piano notes often overlap @behia time, while much higher pitched overtones
dissipate more quickly and hence are more clearly sepamatéte. In Figure 10 we show spectrograms and
percussion scalograms for the two clips. Clip 1 isolatesstingctureA 1 from Figure 3 and Clip 2 isolates the
structuresA , andA s.

The percussion scalogram for Clip 1 is consistent with theloyn pitch pattern of the notes shown o within
its spectrogram. We see a simple two-level hierarchy ctingisf groupings of a darker strike followed by a lighter
strike. This is consistent with the high-low note patterrdaf with the higher note slightly longer than the lower
note, thus shown as a darker strike on the percussion seatodihe consonance of these two representations of
the music, the melody within the spectrogram and the rhythitinimvthe percussion scalogram, creates the simple,
mundane, effect of the music (like the ticking of a clock).

Clip 2 shows the more uplifting pattern Af, andA 3, as repetitions oA 1 at a higher pitch and over shorter time
scales (with an overall up-down pattern at a higher hiefaatthevel). With this clip, the individual strikes for the
lower notes are longer than for the higher notes, reversiagattern for Clip 1. The percussion scalogram captures
the slight variations in tempo that correspond to the vianmatin pitch in the spectrogram; the correspondence of
these slight alternations in tempo and pitch give the pasgagharm.

We observe that, because of the overlapping in time of twrspaipiano notes, they are not separated within
the two longest width stripes of the percussion scalogra@lipf2. Those two stripes each represent groupings of
two piano notes, which we clearly perceive on listening ® piece. Although this is a defect of the percussion
scalogram representation, it is important to note that oethisd of melodic-rhythmic analysis requiresth the
percussion scalogram and the spectrogram to be displagether, and we see these notes clearly separated within
the spectrogram.

4.2.2  Melodic-rhythmic analysis of a lyrical passageln the melodic-rhythmic analysis of the passage filBoenos
Airesshown in Figure 11 we can see the formants of the singer's woite spectrogram. The percussion scalogram
shown below the spectrogram was obtained through rst pgingghe Gabor transform by increasing its values by
25%for time values greater th&h048 This equalized the volume level of the singer's voice (simgdhe beginning
lyrics at a higher volume). Listening to the recording playaasursor moves across the percussion scalogram,
we perceive that the rhythm hierarchies of the percussiatogam align closely (although not perfectly) with
the hierarchies of the words of the singer's lyrical phrgsira nice example of what Pinker describes as “This
hierarchical tree is similar to a phrase structure of a smeteand when the music has lyrics the two partly line up.”

4.2.3 Melodic-rhythmic analysis of a jazz performancdn Figure 12 we show our melodic-rhythmic analysis of
a clip of a jazz recordingUnsquare DanceThis clip has two instrumental parts, drumstick strikingsl drass
notes. We have separated these parts into two percussiogissas using different frequency ranges of the Gabor
transform. The drumstick strikings exhibit a very complemp® that appears to re ect different time-signatures
than the time-signature exhibited by the bass notes. We\@mabserve four levels of hierarchy within parts of
this complex tempo (see the hierarchy labeteith Figure 12)—a testimony to the virtuosity of the drummer.
Following the passage recorded in Clip 1, there is a tramsitd a performance involving hand claps, piano
notes, and bass notes. In Figure 13 we show our melodic-rhgtnalysis of this second passage. We used three
different frequency ranges from the Gabor transform tagigothe different instruments from the performance. The
clip begins with a transition from rapid drumstick strikggp hand clappings when the piano enters. The rhythm of
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Figure 11. Melodic-Rhythmic Analysis @uenos Airedyrics. Top: spectrogramBottom:percussion scalogram (from
spectrogram modi ed by increasing its magnitudes2B96 for times greater thad:048).

the hand clappings plus piano notes has a 7/4 time signadot&e that the bass notes are playing with a simple
repetition of 4 beats that helps the other musicians plafiwithis unusual time signature. The scalogram that
isolates these bass notes (the bass scalogram at the béfdguie 13) may not be clearly perceived to correspond
to the bass playing in Clip 2, due to the faintness of the bagssn To show that this percussion scalogram does
capture the timing and duration of the bass notes, we predeke Gabor transform of Clip 2. We multiplied Gabor
transform values for frequencies less than 400 Hz by a faét®® (and left higher frequency data unchanged), and
then performed an inverse Gabor transform ( [19, 27], [25pCh]) to create a new sound signal. This processed
sound signal has a percussion scalogram (using all fregudaia) that is identical to the one at the bottom of
Figure 13. When itis played along with the percussion scalmgione perceives the exact correspondence between
the scalogram and the bass notes.

4.2.4 Syncopation. Our melodic-rhythmic analysis of Clip 2 frotdnsquare Dancahows that the piano perfor-
mance exhibits some syncopation. We can see this syncogaticomparing the piano notes in the spectrogram
(in line with P at around 600 Hz), with the emphases they are receiving ipitii® percussion scalogram. There
is less emphasis, thinness in the scalogram, on the conglygano notes that are in line with the concluding,
emphasized, fourth notes played by the bass (which areethickhe bass scalogram).
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2:35 ¥
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Figure 12. Melodic-Rhythmic Analysis d&fnsquare DancéClip 1). Top: SpectrogramMiddle: Percussion scalogram of
frequencies abov@000 Hz. Drumstick percussion is emphasized. The group labeldd isythe fourth level of a hierarchy of
strikings.Bottom:Percussion scalogram of frequencies bef®@ Hz. Bass notes are emphasized.

4.25 Remarks on nearly simultaneous note#s with Clip 2 of theAll Across the Universe Passagee nd for

Clip 2 of Unsquare Danc¢hat there are a few groups of nearly simultaneous piansngieesolved within their
percussion scalogram. But we see them clearly resolvednatitie spectrogram. We reiterate that our melodic-
rhythmic analysis method requires analyzimgth the spectrogram and percussion scalograms. It also is worth
noting that resolving these notes within the percussiotogcams would preclude the time signature analysis that
we made in Figure 13.

Conclusion

We have shown how spectrograms and percussion scalograwvisigoa multi-dimensional, multi-temporal, de-
scription of music. The new method of musical theanglodic-rhythmic analysisntroduced here will be applied
in subsequent papers to a wide variety of music. Other reBe@ould involve applying our methods to real-time
critiques of musical performances and to rhythmic/melga@cessing of recordings.
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1:02 stikes

0:13
—
1 2 3 45 67

. strikes
0:94 L2

. strikes
1:84 2

0:12
0 4:096 sec 8:192
Figure 13. Melodic-Rhythmic Analysis d&fnsquare DancéClip 2). Top: SpectrogramP aligns with the piano noteS§econd
from Top:Percussion scalogram of frequencies ab®®@0 Hz. Drum stick and hand clap percussion are emphasizadi from
Top: Percussion scalogram of frequencies betw&&hand3000 Hz. Piano notes are emphasiz8dttom:Percussion scalogram
of frequencies below 400 Hz. Bass notes are emphasized.eNbttthe hand clapping interlaces with the piano notes—attie
a measure of 4 (marked off by the bass notes)—a time signaturéd.of 7
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