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VIII REAL NUMBERS

It is a well known fact, and a standard exercise, that V/2 is not rational.
This means the equation 22 — 2 = 0 has no solutions in the rational numbers,
hence the need to extend the rational numbers to a larger set that would

include the solutions to such equations.
The next set we develop is the set the real numbers which we will indicate
by R.

Dedekind Cuts and Real Numbers

Definition A Cut or Dedekind cut of the rational numbers is a subset

A of the rational numbers such that

1. A# 0, and A # Q.
2. fae A, and b < a, then b € A.

3. ifae Add € A, such that a < a’.

From this definition we see that a cut forms a partition of the rational num-
bers into two non-empty subsets, the cut and its complement, where every
element of the cut is less than every element of its complement. The cut is

called the lower set and its complement is called the upper set.

Definition The set of Real Numbers, R, is the collection of all cuts of

the rational numbers.

We define a natural ordering of the real numbers by the following.
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Definition For two real numbers, A and A’, wesay A < A"if A cC A’. We

emphasize the inclusion is proper, i.e., A # A’.

Theorem 8.1 For any rational number r the set z = {p|p < r} is a cut,

and hence a real number.

Proof We demonstrate that z satisfies the three conditions of the definition

of a cut.

r—l<r=r—1€zThusz#0. Alsor£r=rd¢z=2+Q.

2) If ¢ € z and p < ¢, then p < r, thus p € 2.

3)Iquz,thenq<T:>q<¥<r,thusq—Hn

€ z. ]

There is a natural injection of the rational numbers into the real numbers,

the injection is given by
J:q— A where A= {p|p < q}.

We will use the notation ¢ to represent the real number {p|p < ¢}, in partic-
ular the rational number 0 embeds as J : 0 < {p|p < 0} = 0. Throughout
the remainder of this chapter real numbers will be marked by the symbol .
In subsequent chapters the =~ will be omitted, and a number will be known

to be real by the context.
Exercise Show that if r € Q and 7 < z, then r € 7.

Solution 7 = {p|p < r} C &, thus 3 ¢ € Z such that ¢t &€ 7, thus t > r. If

t = r we are done, if t > r, then r € 2.
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Trichotomy

Lemma 8.2 The trichotomy property for real numbers For any real num-
ber & exactly one of the following is true:

£>0, #2=0, orz<0.

Proof Let z be a real number, then exactly one of the following is true:

0c# 2=0,orzc0 =

Definition If £ > 0 then we say 7 is a positive real number. If < 0 then

we say T is a negative real number.

Addition

We define addition of real numbers by the following;:
Definition &+ g ={rlr<p+gq, p€ Z, and ¢ € 7}.
Theorem 8.3 The sum Z + ¢ is a real number.

Proof We show that  + ¢ satisfies the definition of a cut.

1) Since & and y are not empty there exists p € Z and ¢ € gy, and
p+q—1<p+q = T+7#0. Alsosince dc € 7 and Id & § we have
c>tVtezandd > wVYw € g. Wehavec+d >t+wVt+w € £+ y. Thus
c+d¢g x4y, andso z+y # Q.

2) Let a € 2+ g and b < a. We have b < a < p+ ¢ where p € Z and
g€y. Thusb ez +7q.

3) Let a € £ + gy, thus a < p + ¢ where p € & and ¢ € y. There exists
r > psuch that r € 2, thusp+q¢<r+¢q Thusa<p+qez+7y. [ ]
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Corollary z+y={p+g¢q|p €z, and q € y}.
Proof From part 2) we have
{pt+aped, andgey} C{rlr<p+gq, pc? andqecy}

Now if r < p + ¢ where p € T and ¢ € 7, then r — p < ¢, thus r — p € § and
so 7 =p+ (r —p) where p € Z and (r — p) € g, thus

{rlr<p+q, pez, andqe g}t C{p+yq|p €z, and q € §}.
Thus £ +9y={p+¢lp €z, and ¢ € y}. [

We leave to the reader as an exercise to show addition of real numbers is
commutative and associative; i.e., t+9 =9+, and 2+ (§+2) = (T+9y)+ 2

for all real numbers z, 7, 2.

Exercises Forp, ¢ € Q, and A € N show

) p+i=p+a
ﬁ) Zﬁz = sz'-
€A €A

Theorem 8.4 For any real number & and the real number 0, z + 0 = .

Proof: If r € # 40, then r = p+ ¢ where p € # and ¢ < 0, thus r = p+ ¢ <
p = rei thus @+ 0 C 4. If r € &, then there is a rational number s € #,
such that s > r, thus r — s < 0, thus r — s € 0, and (r—s)+s =r, thus
2 C44+0 Hence 2 +0=7. m

We say 0 is the additive identity.

Definition If for two real numbers #, and § we have & + ¢ = 0, then we
say ¢ is the additive inverse or opposite of z. We use the notation —z to

indicate the additive opposite of z.
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Theorem 8.5 Every real number has an additive inverse.

Proof Let  be a real number and let y = {¢ € Qg+ p <0V p € z}. We

first show that y is a real number, i.e., y is a cut.

1) Since * # Q 3 d € Q such that d € . Thusd > pV p € . Thus
—d< —-pVpei Thusp+ (—d) <0V pez. Thus —d € y. Thus y # 0.
Also we notice for any p € Z, p+ (—p) = 0, thus —p & y, thus y # Q.

2) Let ¢ € y and a < q. We thus have a+p < q¢+p <0V p € z. Thus
a€y.

3) Let ¢ € y, thus ¢ +p < 0 Vp € . Now assume p + g + r > 0 for some
pe€zandVr € Qf. Thusp+r &€ 2 Vr € QF. But Vp € & Is > p such that
s € z. Let r = s — p, and we thus have p +r = s € &, which contradicts our
assumption. Thus Vp € & Ir € Q7 such that ¢ +p+r < 0, thus ¢ + 7 € y,
and ¢ < g+ r.

Thus y is a cut and we write y = .

We now show that # +¢ = 0. If r € &+ ¢, then r = p+ ¢ < 0, thus
& +9 CO.

If s €0, and p € ¢ is arbitrary, then s —p € Qand p+s—p =s <0,
thus s —peg. Thuss=p+s—p e i+, and thus 0 C & + ¢, and thus
&+9=0. [ ]

Lemma 8.6 —(—z2) = z.

Proof We have
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Lemma 8.7 % > 0 if and only if —% < 0.

Proof Assume Z > 0 then 0 € %, so 3p € Z such that p > 0. Now assume
—i& > 0, then 3¢ € —& such that ¢ > —p. Thus ¢ + p > 0, and thus

&+ —i > 0, which is a contradiction.

Now assume —% < 0, then 3¢ < 0 such that ¢ > p Vp € —2. So
—q<-pVpe —z. Thusp+—q<0 = —q € 2. Since we have 0 < —¢q, we

have 0 € Z, and thus & > 0. [
Corollary —0 = 0.
Lemma 8.8 —(z+79)=—2+ (—9).

Proof We have —2 + (—y) = {r +sjr € —2 and s € —gy}. Thus for
re —xand s € —y, r+p < 0Vp € zand s+q < 0Vqg € . Thus
r+s+p+q<0V(p+q) € 2+9. Thus -2+ (—3) = {r+s|(r+s)+(p+q) <

0, 7€ -2, s€—-yV(p+q) €(@+79)}

Now we also have —(Z+¢) = {t|t+ (p+q) < 0V((p+¢q) € T+ y}. Since
(r+s)€QVre —tandse —g we have (r+s) € —(&+ ). Thus we have
—+(=9) € —(@+79).

Now let t € —(Z 4+ g), then t + (p+q) <0 Vp € & and ¢ € 5. Also

t+(p+ t+(p+ ) A
t+(P+Q)<¥<O. SO#—p+p<OVp€xandq€y.
t t
Thus#—pe—idAlso +<Z+Q)—q+q<OVp€iandq€g).
t t t

2 2
Thus ¢t € —3 + (—§). Thus —(2 + §) C —& + (—9).

Thus we have —(z+7y) = -2+ (—y). =
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Multiplication

We now define multiplication of real numbers. First we define the product

of two positive real numbers by:
Definition For z, § > 0,49 = {r|r <pg,p € ,q € §, and p > 0,q > 0}.

For ease of notation we will often use juxtaposition to indicate the oper-

~

ation of multiplication. That is 2y = % - y.

Theorem 8.9 If z and gy are positive real numbers, then Iy is a positive

real number.
Proof We show Zy is a cut.

D, g>0=>3p>0,¢>0,p€andqe g, thus 0 < pg, thus 0 € 27,
thus 27 # (). Now Ja € 2 and 3b &€ ¢, thus a > pVp €  and b > ¢q Vq € 7,
thus ab > pq Vp € & and g € 3. Hence ab & zy. Hence 2y # Q.

2) Let r € &y, r < pq for some p € & and ¢ € . If s < r, then s < pq
and thus s € zy.

3) Let r € 7. We have r < pq for some positive p € & and ¢ € ¢. Since
ds € & such that p < s and dt € gy such that ¢ <t we have r < pg < st, thus
pq € Z9.

Since zy satisfies the definition of a cut we conclude 2y is a real number.

To show that 4 is positive we notice that # >0 =0C % =0€ i =
dp >0, p € 2. Similarly 3¢ > 0, ¢ € §y. Now let r € £ and r > 0, s € y and
s > 0 be arbitrary. We thus have 0 <rs = 0e€ 2y = 0C 2y = &§ > 0.
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We complete the definition of multiplication by:

0 1f3%:()org):0
i —(=2)9 if #<0and >0
Ty = X R
—(#(—g)) fz>0andj<0
| (—#)(—9)) if 2 <0andj <0

Corollary If zand gy are real numbers, then 2y is a real number.

Associativity and commutativity of multiplication follows immediately
from the definition of multiplication and the associativity and commutativity

of rational numbers.

Exercise For p, ¢ € Q, A € N show

)p-q=p-1q
i) [Joi=]]»:
icA icA

Theorem 8.10 The real number 1 = {p|p < 1} is the multiplicative iden-
tity.

Proof First consider a positive real number z.
i-1={rlr<pq pei, qel, p>0, ¢>0}

Iftei-1,thenIp e, p>0andgel, ¢>0suchthatt <pg<p ez,

thus t € . Now if ¢t € z, then there exists ¢ € Z, ¢ > 0, such that t < q. We
t t t
now note that ¢ < % q and % < 1. We thus have t < ¢ - %, thus
q q

teci-1. Hence -1 = 7.
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For & = 0 we always have 0 -1 = 0.
For i < 0 we have -1 = —((—=2) - 1) = —(-2) = &. m
Theorem 8.11 & # 0, if and only if 37 such that &g = 1.

Proof In the converse direction we simple note that 0§ = 0 V§ € R. Thus,

if #) = 1, then neither Z nor ¢ can be 0.

In the forward direction, let Z > 0, and let

g={s|3p,¢>0,qg€ &,pqg <1 ands <p}.

We first show that ¢ is a cut.

1.2>0 =0€% = Jge i whereq>0. Since 0-¢ =0 < 1 Vg we
have 0 € . Thus 3 # (). To show that g # Q, pick ¢ € &, ¢ > 0, then
gl-q=1,thus ¢t €7.

2. f segandt<s, thent < p, thust € y.
5] Ifseg,thens<p,thuss<%p<p,thuss+7p€?].
We conclude that g is a cut and thus is a real number.
For any s € 9, ¢ € £ and p > 0 where pqg < 1 we have s < p, thus sq < pg < 1.
Hence & = {r|r < s¢ <pg <1, s,p,q >0} = {r|r <1} = 1.

To complete the proof, assume & < 0, then 3y such that (—z) -y = 1,
thus

~

Bo(-f)=—2j=(-8)-§=1 =
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The set of Real Numbers is a Field

To complete the verification that the real numbers form a field we demon-

strate that multiplication distributes over addition.
Theorem 8.12 Z-(y+2)=2-y+2- 2.

To prove Theorem 8.12 we need the following lemma.
Lemma If p €  and ¢ € § where p,q > 0, then pq € 9.

Proof dr € 2 such that p < r, thus pq < rq, thus pq € 2y [ ]

Proof of Theorem 8.12

i) Assume Z, ¢+ 2 > 0, then either § > 0 or 2 > 0.
- (g+2)={tlt<p-swherep € i,s€y+zandp,s>0}

If g and Z are positive, then for s € (g + 2) we can write s = ¢+ r

where g € ¢y, r € Z and ¢, » > 0. Thus we have
- (g+2) = {t|t < p-s = p(g+r) = pg+pr,p,q,r > 0withp € &, g € g, r € Z}.
Now

2+ 22 = {tlt <u+v,u €2y and v € T2}

= {tlt <pg+p'r, p,q,p/,r >0, p,p €%, g€, r €z}

Thus 2 - (§ + 2) C &4 + #2.
/

Now let p,p’ € &, p,p’ > 0, then pg+ p'r = p(q+ %T) =p'(=q+r)

/
/ /

and either il <1 or P < 1, thus either glq € g or 27’ € Zz.
p p b

v
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N>

Thus 29+ 22 C - (§ + 2), and thus 29+ 22 =2 - (§ +

).
Now without loss of generality, assume § > 0 and 2 < 0. Then we have

T-(g+2) ={t|t <ps,p>0,s>0,pezand s €y+ 2}
Now, s =q —r, where g € y, —r € 2, ¢, > 0. Thus

&- (9 +2) ={tlt <ps=plg—r)=pg—pr,pqr>0}
Now

ty+iz2=2y—2(—2)={tlt <p—q,p € 2y, and q € T(—2)}.
We have p = su, ¢ = rv, where s € ,u € y,r € x,v € —2. Thus
T+ 32 =2y — 2(—2) = {t|t < su—rv}.

Thus we again have Z - (y + 2) C 2y + Z2.

r s s r
And again either — < 1 or — < 1. Thus either —u € g or —v € —2Z.
s r r s

Thus su —rv = s(u — —v) = r(ﬁu —v), and one is in & - (§ + 2).
s r

~

Thus 25+ 22 C & - (§+ 2), and thus 29+ 22 =2 - (§ + 2).
ii) Now assume # > 0, § + 2 < 0. Then

z-(G+2) = —(@- (=@ +2)
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iv) Assume & < 0, § 4+ 2 < 0. Then

~ ~

E-(W+2)= (=2 (=G +2)))
)

vi) Finally, if & = 0, then

A

- (G+2)=0-g+2)=0=0-9+0-2=085+422 m
The Least Upper Bound Property

The real numbers enjoy a property that is not shared by the rational

numbers, known as the least upper bound property.

Definition If X is a set of real numbers and the real number u satisfies the
condition that x < u Vx € X, then u is said to be an upper bound for X.
Equivalently if the real number [ satisfies the condition that x > [ Vz € X,
then [ is said to be a lower bound for X. Any set that has an upper bound
is said to be bounded above, if the set has a lower bound it is said to be
bounded below. If a set has both an upper bound and a lower bound, we say

it is bounded.

Definition An upper bound, u of a set X, that satisfies the condition, if v

is also upper bound, then u < v, is said to be the supremum, or the least
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upper bound of X. A similar definition can be made for the greatest

lower bound or infimum.
We can now state and prove the following theorem.

Theorem 8.13 The Supremum Property  Every non-empty set of real

numbers bounded above has a supremum.

Proof Let A be a non-empty collection of real numbers that is bounded

above by u. We will show that U Z is a real number and is the supremum.
T€A

1. Forany2 € Adp€id = pc U:f: = Uﬁ:#@.
T€eA zT€EA
z<uVie Aand
Jgdiu=>qdiVieAd = ¢¢ U:z = U:i"#@.

zcA z€A

2. If ¢ < p where p € Ui =pezforsomer =qE€T =qé€ Ui"
€A T€EA

3. Ifpe Ui‘ = p ez forsome r = dg>psuchthat g€z = q¢€
geA

K2

TEA

Thus U Z 1s a cut and hence a real number.
€A

Now we show that U Z is the supremum. If & € A, then = C U Z, thus
z€A zeA
T < U 2. Hence U Z is an upper bound. Now let y < U T =dpe€ U z
#eA $e€A ZeA teA
such that p &€ 9. Since p € & for some & we have y < p < z, thus ¢ is not an
upper bound. Thus if Z is an upper bound, we must have z > U z. Thus
zeA
U Z is the supremum. [ ]
GeA
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Exercise Show that {¢ € Q|¢* < 2} is bounded above in Q, and does not
have a supremum in Q. We conclude that the rational numbers do not have

the supremum property.
The Cardinality of the Real Numbers

Theorem 7.10 asserts that the integer and rational numbers are countable.

We now investigate the cardinality of the real numbers.

To facilitate our investigation we will develop an alternate representation
of the real numbers. We will show that every real number can be represented

as the sum of integral powers of 2. However, the computation

T :ZQn—z:2n+2n—1+
IS

= op = 2n+l L om 4.

= xr=2r—x=2"H

shows that the representation need not be unique. Thus we must take care

not to allow the duplications.

Definition Any function whose domain is an ordinal number is called a
sequence. If the domain is the ordinal number o we say the sequence is an
a-sequence, if the image of a sequence is in a set a, we say that the sequence is
an a-valued a-sequence. We use the notation (s,) to represent the sequence

s:a — s(a) where n € a.

We begin with some terminology.

1. A sequence k, is decreasing if k,, < k,, whenever n > m.
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2. Let k, be a decreasing sequence of integers. We say k,, is inessential
if there exists N € N such that k,,y = k, — 1 Vn > N. We say k, is

essential if it is not inessential.

3. We will say any rational number of the form 2%, k € Z is a binary.

Consider the set of all binary-valued sequences on a C w of the form s,, = 2~
where k,, is an essential decreasing integer-valued sequence, i.e.,

B = {(2*")|(k,) is an essential decreasing integer-valued sequence}.

We will construct a bijection, b, between B and the positive real numbers,
i.e. we construct b: R* « B. If b(2) = (2), we will say (2*») is the binary

representation of z.

We construct b by demonstrating how to compute the image of & € RT.

>0 = 0€i = Ip>0, pei.

Thus
3k € Z such that 2% < p.
Now
Jq ¢ & and Im such that 28t > ¢.
Thus

In such that 257" > 7.

Consider {m|2¥™ > &} C w. Pick the least element,n, thus 2¢*" > & and
ok+n=1 < & thus 287" is the largest element of the form 27 in Z. Set

Now consider & — 2. There exists a largest element of the form 27 in

& — 2% call that element 2F!.
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We show 2kt < 2ko
<2k = 9k g Sk <
If 2%0 < 2%1 then we have
Oko 4 ko < Ok 4 Sko - 3
Thus
okotl — 5.9k < 3.
Since 2% is the largest binary in & we have a contradiction, thus 2% < 2o

We pick 2%2 to be the largest binary in & — 2k — 2% = 3 — (2F1 4 2k1),
Again 2%2 < 2F1. We continue in this fashion to construct the sequence. This
construction process defines our map b. We now need to show that b is well

defined, one to one and onto.

To demonstrate that b is well defined we need only show that the maximal
binary in any real number is unique. If 2" and 2" are maximal binaries in Z,
then 2™ = 2" = m = n. Thus the maximal binary is unique and b is well

defined.

To show that b is onto, we need to define some notation and prove a

lemma.

Let (a,) be an a-sequence, where a C w.

Let Zak =ag+a+---+a, for n € a. Then we have (Zak> is an
ken ken
a-sequence. Which we call the sequence of partial sums of (a,).

Now let (a,) be an a-sequence of non-negative rational numbers, o C w.

Each element of <Z ak> is a rational number since each sum is finite. Also
ken
Zak < Zak if n < m, since each a; > 0.

ken kem
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If the associated sequence of real numbers <Z ak> is bounded above,
ken
then we define
Z ap = sup{z an}.
nea ken

Lemma If (a,) = (2%) where k, € Z, n € a C w and k, < k,, if n > m,
then (Z 2’“) is bounded above.

iEn

Proof

221% < Z ko—i < Zkao—i _ gho+1

€n 1EN €W
Thus
Y k<ol ynea= Y 2 <2t Vnea
€N €N
Thus (Z 2’“) is bounded above. |
1€En
Now let (2%") be a sequence where (k,) is a decreasing essential sequence
of integers. Since k,, is essential Z 2kmin < 9km Y € N. Thus we see

neN—{0}

—

that (2%") is the binary representation of the real number 3 2k».

To show that b is one to one, if b(%) = b(§), then {2} = {2/} only if
2kn = 2in /.

Theorem 8.14 The real numbers are uncountable.
To prove this theorem we need two lemmas and a corollary.

Lemma 1 The set of all bi-valued w-sequences is uncountable.

That is S = {s: w — {0, 1}} is uncountable.

Proof The demonstration is by contradiction.
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Assume there exists a bijection b : w — S. Define a bi-valued w-sequence

s by

which is a contradiction. ]

Lemma 2 The set of all bi-valued w-sequences where s(k) = 0 for only a
finite number of times is countable.

That is, A = {s|dN € w such that s(n) =1 Vn > N} is countable.

Proof There is a reasonably obvious bijective map

jiAe U{s:n—>{0,1}]n€w}.

new

Thus C(A) < C (U{s :n—{0,1}|n € w}), and the countable union of
new
finite sets is countable. ]

Corollary The set of all bi-valued w-sequences where s(k) = 0 infinitely

often is uncountable.

Proof of Thoerem 8.14
Let A= {s:w — {0,1}, where s, = 0 infinitely often}. There exists a
bijection

b:AH{anQ—”\seA}CR

new
—_—

defined by b(s) = Z Sp - 27", Since A is uncountable, so is R. u

new
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Exercise

Show that {s: w — {0,1}, where s,, = 0 infinitely often} = {z]|0 <z < 1}.

The Cauchy Sequence Construction of the Real Numbers

We conclude the chapter with a set of exercises that leads to an alternate

construction of the real numbers.

Definition The functions Abs : R — R defined by

4 if x>0
Abs(x) =

—z ifxz<0

is the absolute value function. We abbreviate Abs(z) by |z|,

i.e. Abs(x) = |z|.
Definition A rational-valued sequence, s,,, that satisfies the following:

Ve > 0,e € Q, 3N € N such that Vn,m > N = |s,, — s,| < €

is called a Cauchy Sequence.

We define an equivalence relation on the set of all rational-valued Cauchy

Sequences by

Sp = t,, iff Ye > 0 AN € N such that Vn > N = |s, — t,]| < e.

We define an order on the equivalence classes of Cauchy Sequences by

S > T iff 3N € Nsuch that Vn > N = s, —t,, > 0V(s,) € Sand V(¢,) € T.
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Exercises

1. Show that the relation as defined above is in an equivalence relation.

2. Show that the order defined for the equivalence classes of Cauchy Se-

quences is a linear order.

3. Show that the set of equivalence classes of rational-valued Cauchy se-

quences is order isomorphic to the Real Numbers.



